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"Note on a functlonal inequality with the n-th iterate of the unknown
function

by E. TUurRDZA

In this paper we shall deal with solutions of the inequality
(1) y"(w) = g (@)

in the class C[a, b] of functions y: [a, b]—[a, b] continuous in the interval
[a, b]. v"* denotes here the n-th interate of the functiqn . We ghall assume the
following hypothesis : _
(H) The function g is strictly increasing and continuous in the interval [a, b],
gla)=a,g(b)=b,g(2) > for we(a,b).

We proved in [1], inter alia, the following

THEOREM 1. Let the funmon g fulfil the hypothesis (H). Let a function y satisfy
the conditions

yeOla,b], p(@) >z for me(a,d), p(a)=a, y(b) =10,

and lot there ewist real numbers a,fe(0,1), and a’, b’ such that

2) ¥(@) >og(@)+(1—a)e  for we(a,a),
®) p(@) > g@)+(1—Pz  for 2 < (b,b).
If there exists a positive number s such that

(4) 9(y)—g(®) = s(y—2)

Jor y >z and z,y e (a,a’) or x,y e (b', b), then there is a positive integer n such
that the inequality (1) holds for z e [a,b].
Remark 1. Conditions (2) and (3) are equivalent to the following:
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The aim of this paper is to show that in a certain class of funections the con-

‘ditions (2') and (3") are also necessary for the function v € C[a, b] to be a solu-

tion of (1) for a positive integer ». Namely we shall prove
THEOREM 2. Let the function g fulfil hypothesis (H) and let a continuous Sfune-
tion y: [a,bl—[a, b] fulfil the inequality

(5) . p(@) >x for we(a,b).

a) If there exists a number A >0 such that

(6) 9(y)—y < A(g(x)—)

for z,y [a,a’)Cla,b], g(@) >y >=

and

(7) , | tim PO =7 g
zsat § () — @

then for évery positive integer n there exisis a number ay € (a, a’) such that

Y (@) >g(@) for we(a,an).
b) If there exists a number B >0 such that

(8) g(y)—y < B(g(z)—2)

fOT L,y € (b'y b] C (“: b]y y>o

and .

(9) G e
a-sb- §(Z)—@

then for every positive integer n there exists a number by ¢ (b', b) such that
y@) >g(x)  for we(bn, D).

Proof. We shall prove part a) of the theorem. First we shall prove by
induction the following equality

L yhz)—w
I + =

For n =1 the condition (A10) reduces to (7).
Let the condition (10) be fulfilled for a % > 1. We have

=0 forn=1,2,.

Y@ —e _ yMy)—y 9@y  y(@)—a
g@—v  gW)—y g@)—=z  g@)—-a

where we put y: = (). By (7) and (5) we have g(#) >y > « in a neighbourhood
(a,a+90)Cla,a’) of the point a, and from (6) we get

(11)

9(y)—

12 0
(12) S g@)=

<A for z ¢ (a,a--9).




221
\ ‘ .
It follows from (7) that lim (y(#)— ) = 0 so that y(a) = @ since the y is con-

z—at
tmuous at a. Consequently if #—a, then y—a and passing to the limit in (11) we

get by the inductive hypothesis, (12) and (7) the equallty
k+1
z-sat g(av) @

and the inductive proof of (10) is completed.
Let » be a positive integer. It follows from (10) that there exists a number
as e[a,a’), for which

Y (@) —a

g(x)—

<1 for xe(a,an), /

whence
Yi(2) < g(x) for me(a,an),

which ends the proof of the theorem in case a).

Case b) may be proved in a similar manner.

, Remark 2. Assumption (6) is fulfilled if there exist a K >0 and an a’ >a
such that '

9(y)—g9 (@)

Yy—x
for 2,y e[a, a'),x < y < g(x), i.e. it would also be enough to assume that the right
derivative of the function ¢ is bounded from above in the right neighbourhood
of the point a. A similar remark is valid for case b) of the theorem (assumption

(8)

< K
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