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A continuous and a discrete boundary value problem

by J. TRAPLE

. 0. Introduction. The purpose of this paper is to study the question of the
‘existence and the uniqueness of solutions, respectively, of the continuous
boundary value problem '

(0.1) m". = f(t,.m, x'),

(0.2) 2(0)=0, a(l)=0,

where f: X = [0, 1] x R?x R*— R%, and of the discrete ’bounda.ry value problem
(0.3) : ‘ = g(i,m, dws), i=1,..,m—1,

(0.4) . =0, xp=0,

where g: ¥ = {0,1, ..., m} X R*x R*—R? and to give a theorem such that,
as the mesh ig refined to zero, the solutions of the appropriately defined discrete
problems of the form (0.3), (0.4) converge to the solution of problem (0.1), (0.2).

In the sequel we shall assume that the function f satisfies the Carathéodory
condition (i.e. 1° for every u, v R?, f(-, %, v) is measurable on [0, 1], 2° for
almost every ¢ [0, 1], f(¢, -, *) is continuous on R%x R%) and there exist func-
tions p e L} (see Notations) ¢=0,1,2, s,=1, s, > 1, 8, > 2 satisfying the
condition

1

2\ 1 1
(0.5) | c= n_z(z) |24 s, + 1 (4)% |pals, <1
such that .
(0.6) £ (2, %, 9)] < Po) +po(t) ] + Bo(t)]0]

for u,v e R% te[0,1]. In particular, the last assumption is fulfilled if the
function f satisfies the Lipschitz condition

(0.7) £t 0y 0)—F(y 5, )] < Pa(O)lu— ]+ Blt)o— ]

where p‘eL;t,- i=1,2, 8>1, §>2 and f(',0,0)eLi. ;
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As regards the funétion g, we shall assume that it is continuous and satisfies
the condition
(0.8) 9@y u, o) < g+ @il +-Gelol, i=1,..,m—1,

where the Vectors q = (Qoy ey @m)y G = (Goy --rs Gm)y G = (Gos --+5 Gm) have non-
negative coordinates and obey the inequality

1 1
‘ m \* m\* _
(0'9) 7 = 12 (412 ) IQIsl_'_l‘l’in (4‘1;:'”) |QJs, < 1 ’
‘ w \7! m-4+1
where 1, = (2 sin 2—”—;) y Moy = 5 [ 5 ] , {[#] denotes the whole part of z). It is

apparent that the Lipschitz condition

(0.10) l9(8, uy )= g (3, @, )| < Glw— @]+ Gilo— 5,

i=1,..,m—1, u,d,v,deR% implies the relation (0.8).

The proofs of the existence theorems are based on the theory of the topo-
logical degree of completely continuous mapping, more precisely we apply
the Leray-Schauder Alternative [4]. For a priori estimates we follow the con-
cepts of M. P. Colautti [2] and Z. Opial [8] using inequalities of Wirtinger’s
and Opial’s types.

Similar results for one equation with the right-hand side satisfying more
- restrictive assumptions were given by A. Lasota [7].

Section 2 of this paper contains some generalizations of Wirtinger’s and
Opial’s inequalities in continuous and discrete cases. In Section 3 a priori
estimates for some differential and difference inequalities are given. The exist-
ence and the uniqueness theorems are contained in Section 4. The next section
deals with the approximation theorem.

1. Notations. We shall denote the Euclidean norm and scalar i)roduct in
d-dimensional space R? by |-| and (-, -), respectively. If b ¢ (R%)™*?, b = {bs},
b; ¢ R?, then by definition

o} = max{jb]: i=0,..,m}.

For a¢R% a= (ay, ..., ag), $ >1 we shall put |al; = (2 |a,18) Let Ls; be the -

linear space of all real functions defined and summa.ble with p-th powers on
the interval [0, 1], endowed with its usual norm

ol = (f Ip(twdtﬁ :

The subset L} C L, contains all non-negative functions. ¢* will denote the
linear space of all real d-dimensional vector functions defined and continuous
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on the interval [0,1], endowed with the norm: lz| = |uly, where %(t) = |x(t)],
t €[0,1], # ¢ C% The set €% C 0? consists of all continuously differentiable func-
tions. Let @ = (%4, ..., ¥m) € (R%™+1, The symbols 4 and V7 denote the difference
operators from (RH)™' to (RH™, as follows: Aw = (A, ..., A2y, 0),
Ve = (0, Ve, ..., Van), Where

Bt — e, t=10,..,m—1,

A”"={0, i=m,

fo i=0
Vmi= ? ) . !
Ly Bi—gy t=1,..,m.

2. Continuous and discrete inequalities of Wirtinger’s and OpiaPs types.
We shall start by recalling Wirtinger’s inequality.
LEMMA 2.1. If ©e CF and ©(0) = (1) = 0, then

1 1
= | 1’ (t)[2dt .
]

B

1
@.1) [ tottypa <
| b

The value n-? is the smallest possible constant. >

The proof for the case d = 1 can be found, e.g. in [5]. The proof for the vector
function follows directly from applying (2.1) to every coordinate.

The following inequality is true: '

LeMmA 2.2. [10] If p e Lf, ® e CF and x(0) = o(1) = 0, then

1 1 1
1 .
2.2) f PO < ] j p(t)dt f @ (B)[2dt .

The value } is the smallest possible constant.
The next lemma is a generalization of (2.1) and (2.2).
LEMMA 2.3. Let p e LT, s > 1. If © ¢ Cf and 2(0) = x(1) = 0, then

. 1 1 1
1 /a%\;s s
(2.3) f P00 (t) dt<y—z~2(1> ol | 0.

Proof. The case s — 1 is contained in Lemma 2.2. Let s >1 and s’ ¢ K be
1 1 v
such that §+§7 — 1. From Holder’s inequality and Lemmas 2.1 and 2.2 the

foHoWing relations may be obtained:

( fl |m(t)|2dt)“’—1' <

W |fpl,,(f woral () (f woraf

Q|-

L _
f p(t)|z(t)Pdt < ( f ps(t}lw(t)]adt)
0 o s
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Remark 2.1. If weput p(f) = 1 on all [0,1] and if we pass to the limit in (2.3)
as s—oo, then we obtain the inequality (2.1).

Z. Opial proved the following inequality:

LEMmA 2.4, [9] If © e CF and 2(0) = x(1) = 0, then

B ] 1
eh / el 0@ < [ wra.

Tte value % is the smallest possible constant.
Now we have an-inequality of a similar type to that in Lemma 2.2.
LemMmA 2.5. [10] Let p e L. If @« C% and z(0) = x(1) = 0, then

2.5) { 2(0) |0 ()] 2(8)| &t <§( f pzmdt)* f l@/(8) 2 .
0 0 0

The proof follows immediately from Schwarz’s inequality and Lemma 2.2.
The next inequality is a generalization of those from (2.4) and (2.5).
LeMma 2.6. Let pe L}, s> 2. If 2 OF and 2(0) = x(1) = 0, then

| 1 R
(2.6) [po@IR©Ia<g @ipl, [ wopd.

0

2 1
Proof. Lemma 2.5 includes the case s — 2. Let s >2 and ; —}—; =1,

By Holder’s inequality and Lemmas 2.4 and 2.5 we have

@

Jr@ @) @ia< ([ o |w(t)||w(t>|dt) (f Im(t!lw(t)ldt)

< (%)Elpls (f ‘Iw'(t)ladt);(i)"—' (f ‘Ix'(mzd,)ﬁ

Remark 2.2 If we put p(t) = 1 for ¢ ¢ [0,1] dnd pass to the limit in (2.6)
as §-»oo, then we obtain the inequality (2.4).

The next few lemmas will be the discrete analogues of the previous ones.
The discrete case of Wirtinger’s inequality which follows is due to Ky Fan,
O. Taussky and J. Todd [6] (see also [T7]). :

Lemma 2.7. If a vector w= (uy, ..., Un) e (R, uje R%, i=0,..,m,
satisfies the boundary condition wy,= wy = 0, then

m m-—1
(2.7) Dl <2 3 | Au,
=0

=0
-1

where Ay = (2 siné%ﬁ) . Am 18 the best possible coefficient.
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The proof for the case d > 1 is a. direct consequence of the case for d = 1.

LEMMA 2.8. Let p = (Do, -, Pm) e R™™, pi =0, i=0,...,m. If a vector
W= (Ugy vy Um) € (RE™H! satisﬁes condition Uy = Um = 0, then

2.8) 21’* e < Zpiz ' dusi.

‘ . m
For even m the mlue;—z‘s the smallest constant.

i

Proof. From the conditions #, = un = 0 and the definition of the opera-
tor 4, we have

t=1 .
=2Auj', uiz—ZAu,,‘ i=1,..,m—1.
i=0

j=1
Hence

m—1

] < Zm«m, i=1,..,m—1,

and, using Cauchy’s inequality, we obtain
m—1 m—1

m m ) m
1 ) 2 M %)
Siwr<d Do S <2 oS iaur.
i=1 " i=0 i=0 im0 j=0
,i=10,.,mj=1,..,d, pi=0fori+# 5

.1 1
The vectors )= -m— |i—m
2 2

pi=1 for ing give the equality in (2.8) for even m.

The next lemma gives the generalization of inequalities (2.7) and (2.8).
LEMMA 2.9. Let 3 > 1. According to the assumptions of Lemma 2.8, the following
inequality holds:

m m 1 m—1
R - 3 B
2.9) Z Dt < A7, (m)s |pls 2_‘ [ Aug)?
’ i=0 ] =0
Proof. The case s = 1 has been dealt with in Lemma 2.8. Let s >1 and

1 1
; —}-;: 1. From Hélder's inequality and Lemmas 2.7 and 2.8, we have

m

i’pi el < (i’pzlmlﬂ)g (2 wif)
=0 1=0

S
8

h >(Z HmZ i (3 ey
272 3

A simple calculation concludes the proof.

S g
fee il O nied G AR -




Remark 2.3. If in Lemma 2.9, p;=1 for ¢=0, ..., m, then (2.9) gives
inequality (2.7) as s— oo.

The next inequality, mtroduced for the case d =1 by A. Lasota, is the
discrete equivalent of Z. Opial’s inequality.

LEMMA 2.10. [7] If vector u = (ug, ..., Un) e (RH)™F fulfils the condition
Uy = Um = 0, then :

m-—1

(2.10) | Zlutlléluil Mo ZJAW

i=1

where pZ, = 3 [m;— :’([m] denotes the whole part of ). For even m, uZ, is the smallest
possible constant. : _

The proof of (2.10) for the case d >1 can be performed analogously as in
the case of d = 1 (see [7]). '

Now we have the inequality: ‘

LEMMA 2.11. Let p = (Pyy oy Pm) € R™, 9, >0, 4= 0, ..., m. If a vector

W= (lhgy .., Unm) € (R fulfils the condition wy= tpm = 0, then
— m—1 ‘ .
= N ,
(2.11) D pelul lau < ( ) (Zpi) D) lduge.
£=0 t=0 =0

Proof. By Cauchy’s inequality and Lemma 2.8, we have

:Z:’Ipzlummn (Zp ) Z dugs)!
(S i (e

We shall now give a generalization of inequalities (2.10) and (2.11).
LEMMA 2.12. Let s> 2. From the assumptions of Lemma 2.11 the following
tnequality holds:

1 m—1

(2.12) Zptlmllzlml ( )lpisZMWF,

=0
fwhere us = é[m;l] .

2 1
Proof. The case s = 2 was treated in Lemma 2.11. Let s > 2 and : + v = 1.
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On the base of Holder’s inequality and Lemmas 2.10 and 2.11, we obtain:

m—1 m—1. 4 2 m-—1 1
5 Ve O s
D pelwddud < { 7 w1 4u ) { D) st 4
1=0 i=0 i=0

e m=—1 2 , m=1l 1
< (4—) iple( D) 1w (v ( D 1duite)”
=0 ‘ i=0

- Remark 2.4. If p; = 1 for ¢ = 0, ..., m, and in iinequality (2.12) we proceed
to the limit as s—oo, we obtain (2.10).

3. A priori estimates. Using the results of the previous section, we shall
prove two lemmas giving an estimate of the solutions of certain differential and
difference inequalities. '

LEMMA 3.1. Let p;eL}, i=0,1,2, be functions satisfying the condition

1
1 (7\5 1 2
(301) ¢ = ;E(I)s ’plisl+ i(4)s’ '.’p2|s, <1 )

for certain s, =1, 8, > 1, 8, > 2. If a function x ¢ C* has an absolutely continuous
derivative © and fulfils the boundary condition

(3.2) 2(0)=0, x(l)=0 N
and inequality
(3.3) 2" ()] << Po(t) +21(t) | ()| +-24(1) |#'(2)]
almost everywhere in [0,1], then
| Pl . 1Bk

Proof. Multiplying both sides of (3.3) by |»(¢)| and integrating over [0,1],
we obtain

1 1 1 1
35)  [la"@lle®ldt < [ po0) le@ldi+ [ pu0) @ ()2dt+ [ po(t) jo ()] 2'(2)] a2

From the formula for integration by parts and assumption (3.2) and also

Schwarz’s inequality for the scalar product, we have the relations

1 1

(3.6) [l WPat= [ [Ke"(t), s @< [ o (@)l |o(t)]dt .
1] o

¢

Condition (3.2) implies

e (8)] < f le'()|dt  for te[0,1].

[\
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Thus, on the basis of Schwars’s inequality

(3.7) f OO f poli)di f (0]t = 3 Ipoh f @) pat)’
. 0

Applying the deduced relations (3.6) and (3.7) and also Lemmas 2.3 and 2.6 to
the inequality (3.5), we obtain:

/2<1 ’ «1 n‘zs—l‘ lmlz 14)5 7[|12
@ < 5 oo+ () Pl Jo1 4 L (4)%Ials ]
Hence, for |jz’|| # 0 we obtain
, 1
[#l(1—e) < 5 [Pols 5

and from assumption (3.1) we have the second inequality in (3.4). The first is
obtained from the second and from Lemma 2.1. The case |#'|| = 0 together
with (3.2) implies |lz]| = 0. .

The difference equivalent of Lemma 3.1 is the following:

LEIEIMA 3.2. Let vectors ¢ = (Goy +ves gm)y § = (o -5 Gm); 3 = (am ey a’m) € Rm+17
ey §iy qi = 0 satisfy the condition (0.9) for certain s, = 1 and s, > 2. If a vector
U= (Ugy eny Um) € (RY™ satisfies the boundary condition

(3.8) Up=0, Up=0

and the inequality

(3.9) \VAus) < qi+Golwel +qelAug|, i=1,..,m—1,
then
V'min g, < Vg
. < .
(3.10) Jul < 5 o)’ |Au 2 o)

(lu] is the Euclidean norm of u in (R%H)™1),
' Proof. As in the proof of the previous Lemma, we shall multiply both sides
.of inequality (3.9) by |u¢| and sam over ¢ =1, ..., m— 1. We obtain

m— m—1 } m—1 m—1 _ '
(3.11) 2 Pdwd ludd < D) qeloal + D) Gelwal+ > Geldua] fue] .
i=1 i=1 t=1 =1

By assumption (3.8)

m—1 m—1

(3.12) mz-, |[Auq)2 = iZ VAug, m)[ < 2 IV Awg| juq| .
im0

t=1 i=1
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Also from assumption (3.8) we have the estimate

m—1

1 .
1ui|<éz |Au1|7 "’=‘1’""7'm‘_17

i=0

from which, on the basis of Cauchy’s inequality, we have the relations

(313) anml 22 qaz ) < —lqh(z duf)’

i=1

Applying (3.12), (3.13) and Lemmas 2.9 and 2.12 to (3.11), we obtain

1
cVm
M < B2 a4+ (5 "l Aue- i

Let |4du| # 0. Dividing by this expression and bearing in mind the definition ‘

) R

m,

. of e, we get [du|(1—cp) < %n |gl, . Hence the agsumption (0.9) gives the second

relation in (3.10). The first is obtained from the second and Lemma 5.7. The
cage |Au| = 0, together with (3.8) implies |u|= 0.

4, Existence and uniqueness theorems. In this sections we shall, prove the
existence and uniqueness theorems of the solutions to the boundary problem
in the differential case (0.1), (0.2) and subsequently in the difference case (0.3),
(0.4). Our tool for the proof will be the Leray-Schauder Alternative. The results
of the previous section will be used for a priori estimates of solutions to the
appropriate equations.

TurorREM 4.1. If the mapping f: X —R? satisfies Car atheodory’s conditions on
the set X and there emist fumctions pielf, i=0,1,2, 8,=1,82>1, s=>2
satisfying condition (0.5), such that the imequality (0. 6) holds, then the boundary
problem (0.1), (0.2) has at least one solution.

Proof. Let E be the linear space of all functions defmed and having an abso-
lutely continuous derivative on the interval [0,1] and assuming values in E%
By the norm of » ¢ £ we shall understand |ja]| |z

Since the unique solution of the equation z'(t) = 0, t e [0,1], fulfilling the
boundary condition (0.2) is the function «(f) = 0, ¢¢[0,1], then, as is well-
known from the general theory of differential equations [3], there exists a func-
tion G: [0,114[0,1]1—R%*%, such that the differential boundary problem (0.1),
(0.2) is equivalent to the integral problem -

1 .
(4.1) ()= [ G(t,8) (s, a(s), a'(s))ds, te[0.1],
0

where 4 = 1. We shall now show that all solutions of (4.1) with any 4 € [0,1] are
bounded by a common constant. If a function » fulfils equation (4.1), then from







