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More general sufficient conditions for the convergence of the Bubnové
Galerkin method

by J. BOCHENEK

Introduction. In 1915 B. G. Galerkin published in paper [2] an approximative
method of solution of certain equations. This method (we shall say the Bubnov-
 Galerkin method cf. [5]) had a wide application, but for some time had no
basis. Many authors spoke of the convergence of the Bubnov-Galerkin method,
but most of the general sufficient conditions were proposed by 8. G. Michlin
in 1948 and 1950 (cf. [3] and [4]).

. The purpose of this paper is to give more general sufficient conditions for
the convergence of this method. :

§ 1. The Bubnov-Galerkin method. Let H be a Hilbert separable space and
let A be a linear operator with domain D(4) C H. We shall consider the follow-
ing equation
(1) Au=f, feH.

In order to solve the equation (1), we choose a sequence {p,} such that ¢, e D(A)
and the sequence {p,} i8 a complete system in H. Let us denote by

(2) ' Uy = Z”: aQx Pk

k=1

‘the n-th approximative of the solution of the equation (1) in the sense of
Bubnov-Galerkin. The coefficients ax (k= 1, ..., n) are defined as solution of
equations

(3) (Aun—fr@s) =0 (j=1,..,n).
The equations (3) may be written in the form
n
(4) | > ax(Agr, ¢1) = (f,01) G=1,.m.
k=1

The equations (4) are called the Bubnov-Galerkin system.

§ 2. A special case of the Bubnov-Galerkin methold. Let the operator A in the
equation (1) have the form ' '

(5) | A=E+T,
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where F is the identity operator, but T is a linear operator defined in H
such that

(6) ' T <a<1.

We shall prove the following :

THEOREM 1. If the operator A in the equation (1) satisfies conditions (b) and (6)
then the Bubnov-Galerkin method for the equation (1) is comvergent for any se-
quence {pn} of choice satisfying the conditions laid down in § 1 and then

' 1
(7) : flowg— wnll < i‘:‘a ll960— Pyl 4

where u, denotes a solution of the equation (1) *), but Py is the projector of H into
the close linear subspace L, spamned by ‘

{(Pl’ A (pn} *
Proof. Under the assumptions of Theorem 1 the system: (4) take the form

(8) kZ,:a’G(q’"'i'T% )= (fyp)) J=1,.,n,
or the other form
(9) tUn~+ PuTUn = Prf .
Onrthe other hand by (1) we have
(10) Prpttg+ PpTuy = Pyf .
From (9) and (10) we have |
(11) tn— Pty = PpT (t1g— tn)
From this follows ,
(12) lltn— Pl < alftto—tiall ,  ({Poll = 1)
Let us observe that "
[[40— Uall = [[(%o— Prntho) + (Prtho— ttn )l < fltig— Pro il +
A lun— Prtioll < llto— Prttgl] + atl|ttg— vl

From this follows inequality (7). Since {g.} is a complete system in H, therefore

we have the thesis of Theorem 1. '
Remark 1. The inequality (7) gives the rate of convergence of sequence

{un} to u,. From this it follows that the rate of convergence is as the rate con-

*) From (8) and (6) it follows that equation (1) has the unique solution wu,.

|
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vergence {Pnu,} to u,. As we know, the rate of convergence {Pnto} t0 u, i8
- dependent on the choice of the sequence {@n}- : :

§ 3. The sufficient conditions for the convergence of the Bubnov-Galerkin
method. Let B be a linear self-adjoint positive definite operator such that
D(B) is dense in H. In D(B) we define the scalar product [+, -] and the norm
[, by the formulas [u,v]= (Bu,v) and |jul, = [u, ul, u,veD(B).

In the sequel we define the Hilbert space H, as the close the domain D(B)
in the norm ||-|l,. Let A be a linear operator defined in D(A) dense in H.

First we shall prove the following two lemmas '

Lemma 1. If G is a linear self-adjoint positive definite operator and C is
a bounded linear operator in H such that C(D (G))C D(&), then GCG is the
bounded. operator in H.

Proof. Let us observe that D(GCG-!) = H. Indeed, D(G) = R(G) = H,
because the operator G is the self-adjoint and positive definite in H. Let f be
any element of H; then G0G-Yfis defined. Now we shall prove thatthe operator
G0G- is close. Let f,—f and GCG-'f,—g. Let us denote h, = 0G-f,. Since
(G- is the bounded operator, therefore CG-f,—CG'f, 80 hp—h. On the other

hand Gh,—g. Since the operator G is a close operator, therefore h ¢ D(G) and

Gh = g, 80 GCG! is a close operator. Thus GCG— is defined in the whole Hilbert
space H and the close operator, therefore as is known G0G! is a bounded
operator (cf. [6], p. 427). - : ‘

LiEvma 2. If B-A is a bounded operator in H,then B-'A is a bounded operator
n H,. , : :
~ Proof. Let us observe first that if B4 is a bounded operator in H, then
B-tAB-t is a bounded operator in H.Indeed, B-4AB~t = B! B-14B~¥ = GOG™
where G — BY, ¢ = B™'A, therefore by Lemma 1 B~34B~% is a bounded oper-
ator in H. :

Let % be any element in H,. Since H,C H, so u ¢ H and we have

|B-tAu|f = [B-'Au, B-*Au] = (Au, BAu) = (B~ 4u, B~ t4u)

— (B~¥4B-Btu, B-1AB 1BY) < |B~1ABHp|Bhu? = 1B~ ABHp|julf; .
From this follows the thesis of Lelﬁma. 2 and the inequality
(13) | IB4)ly < BB .

Now we shall consider the equation (1). We now assume additionally that
D(A)C D(A*). Since D(4*) is a dense subspace in H, the operator A may
expand to a close operator in H (cf. [6], p. 557). In the sequel by 4 we shall
denote the smallest close expanding of A. ‘

TrEOREM 2. If 19 D(A) = D(B) where A and B are the operators fulfilling

the above mentioned conditions, 20_(Bu, u) < ¢|(Au, w)|, u ¢ D(4), ¢ >0,3° {pn} 18
a complete system in Hy, gn € D(4), 4° equation Aw = f has the unique solution u,,
then the sequence {un} defined by (2) is convergent in the space H,.
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Proof. The coefficients ax, k=1, ..., in formula (2) satlsfy system  (4).
System (4) ma.y be written in the form

(14) Zakm,w]= (9,9 G=1,0,n,

F=1
or in the other form
(15) Pozn = Pag,

¢

n n
where 2, = 3 axBdpr = 3 aryr; yx = B-14Agx, g = BY.
k=1 k=1
Let Vn € Mu (M, be a close linear subspace spanned by {i,, ..., ¥»}), therefore

Vg = 2 Bryr and Ppop = 2 az@r Where a,, ..., ay, are defined by the condition
. k=1

(16) l[on— Pnvpllo = min.

From (16) follows that the coefficients ay,..., a» and fi, ..., f» satisfy the
following system

n

17) | s Z Prlye,pl = a0 i=1,..,n.

k=1

Let us observe that

(18)  loully = | Zﬂmno—uB-lﬂ Zﬂmuo IB=ABH| Zﬁmu*

k=1 k=1 k=1

— |B-tABHE Y gt

in

On the other hand

jﬁ% (BZ Brox, Zﬁk%) o|(4 kﬁ:ﬂk%, gﬂkwk)l =

i=1 k=1

= GIIZ” Pe B Agr, Z"’ﬂmll e 2 14l Z |Belwe, @il =
k=1 a1

=l k=1

= chmﬂs (2 a,)*(z gt

From this we obtain

(19) - (S afi<o( S at.
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By (18) and (19) we get

(20) [oallo < €l|Pavalle  Where ¢, = c|B~1AB7Y|.

Since z,— g ¢ My *) in virtue of (20) we have

(21) e agle < eillPa(en—7ng)lo = GlIPa(g—mn o
< ellg—7nglo -

From (21) by the completeness of {y,} in H, it follows that
(22) : len— 7ngllob—0  when n—oo.
Since |lg— 2all < [lg— 7agllo+ll2n—nglo, 50
(23) ltn—gllo—0 when n—oo .
‘By definition of the norm in Ho,. sequence {z;} and g we have
llen— gl = [B-*Aun— B, B-*Au,— B-Yf]
= (Aun—f, B Aus—f)) = 1B HAun—f)F =

= |B~H Aun— Aug)|t = |B~A (un— o).
From the last inequality by (23) we gét
(24) B *4 (up—u,)—0 when n—co.
Since BYA-1B} is a bounded operator, therefore

BYABY B~V A (un— o)} —0 **)
or
B¥uy— up)—0

that is '

[[n— tollg—0 -

The proof of Theorem 2 is completed.
Remark 2. The result of Theorem 2 may be carried into an equation of
the form

(25) ‘ Av+EKu=f,

where A is a operator satisfying all the previous conditions and K is a linear
operator such that D(4)C D(K)C D(K*), and A-1K and KA-! are completely
continuous operators in H. In the case of the equation (25) the reasoning is
analogous to that in the paper [1], § 3.

*) 7, is the projector of H, into 'M,..

**) Since A B is a bounded operator; it follows from Lemma 1 that Bt A7'B} is a bounded

oporator.

o diialin
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