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A statistical approach to the heat equation

by M. CAPINSKI -

In [1] C. Foiag has introduced the notion of a statistical solution of the Navier-Stokes
equations. In this paper we apply his methods to the heat equation, giving detailed proofs
of the existence (Th. 4) and global uniqueness (Th. 7) theorems.

1. Introduction

1.1. Let Q be a bounded domain in R” with boundary of class C2. The Hilbert space
of measurable real valued functions u defined on Q with a finite norm

hul: = (e

will be denoted by L?. We put

fu(o(x)dx =:(u,v) for u,vel?.
2

We define the subspace Hj of L? in the following way: Hj is the closure of C2(Q) in H*

0
where  H! = { uel?: 5—3 el*k=1,.., n)} (derivatives are taken in the sense of the
k

a2 .
) . H} is a Hilbert

Z : ou

theory of distributions) with norm [u|g = (]Iull2+ '5—{

) . Xy
k=1

space with a scalar product

n

ou ¢
(u,v);: = i,l for u,ve Hy .
0x;, Ox;

k=1

We denote |lull,: = ((u, w);)"? for ue H.
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1.2. Let us consider the operator —A4 defined on C3(). There is a unique self-adjoint
extension 4 of —A4 such that

D(4)<=Hy,
D(4'?) = Hy,
(u, v); = (4*%u, A%,
lull < ey lluly
for u, ve H) (see [2] p. 191, [3] p. 110, [4] p. 24).

1.3. For any fixed u € L? applying the Riesz theorem for a functional (u, - ): H)-R
we get a unique Ju e Hy satisfying

(u,v) = (lu,v), for veHy.

It is easy to see that I: L*— H} is linear, continuous and such that [[Jull, <c, ||u]| for ue L2,
The complete extension of the unitary space (L2, (-,)_;) where

(W, v)_;: = (u,v) = (lu, Iv),
will be denoted by Hy'. We have
Hicl?cHg!t,
lull -1 ey llu)  for wel?.
Extending continuously 7 on Hg' we get the bijection I: Hg 1, H} such that
(¢, f)_y = (I, IB), for «,Be Hgt.

For we H,', ue Hy we put

afu]: = lim (v,, v)

where v,—a, v, € L. We have the following properties

for [l < Nl - faell s
alu] = (e, u), .

H;! can be identified in the following sense with a set of all continuous linear functionals
on HY. For aeHy' I(w):=afu] is a linear continuous functional I,: H)-R,

)]
ey = 1l = sup |
wend N4l
a unique v, € Hp such that /(4) = (v;, u); = I 'v;[u]. We put a;: = I7'y; e H! obtaining
1] = flogliy = leegll 1. (for details see [5] ch. I).

. Conversely for /: Hy— R linear and continuous there exists

1.4. We extend the operator A on the whole Hp. For ue Hy we put
Au:=1"'ue Hy'.

We have
Aulv] = (u,v), for any veHp.
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For ue D(A4), ve Hy we get
(Aeu: U)~1 = (IAeu3 Iv)l = (u: Iv)l = (Al/zus AHZIU) = (Aua Iv) = (All, U)—i
hence A, u = Au.

1.5. In [6] (p. 163) the following theorem may be found:

THEOREM 1. Let us fix any fe L*(0, T; L*) where T>0 or T = + 0. For each u, e L?
there exists exactly one u: [0, T)—L?* such that

1) u(H)e Hy for te(0,T),
2) there exists a constant ¢, such that

T T
(1) oss sup Ilu(t)ll+(of lu (@11 de)' 2 < a3 ol + 6[ 17 @wido),

@ 3) (@, v())—(uo, v(O))——of (u (), vy(1))de+ of (u(®, v(0) dt = ojt( SO, v(@®)dt

holds for all te[0,T), ve C(0,T; H(I,) such that there exists v; e L*(0, T; L?),
4) the mapping S: [0, T)x L*>L* defined as follows S(t,uz): = u(f)
is continuous with respect to each variable.

1.6. We shall prove the following corollary of Th. 1.

THEOREM 2. Let f'€ L*(0, T; L?). For every u, € L? there exists exactly one u: [0, T)—L3
such that

D uel®0,T; L% o L¥0, T; HY),
2) u has a weak derivative u' (for definition see {7] p. 387) as a function u: [0, T)—Hy !,
3) {u'(t)+Aeu(t) =f() for almost all te(0,T)
u(0) = uy,
4) there exist constants cy, ..., cg such that
lul><es lugl*+¢4  a.e. on (0,7)
3

T
OJ lu(IF dt<esllugll®+c .

Proof: We take u obtained in Th. 1. For every ve Co(0, T; Hy') having integrable
v;: (0, T)»Hy' we have
T

T
— oj(u(t),u,’(t))_ldz = — [(u®, I(vi(®))dr .

]
It is easy to see that (/o v)’ exists and that (Jov)' = Iov'. This yields

T T
- (! (@), 1(s} (D))t = — i‘;(u(t), (I < vy(5))dt

= g [—=@(®), Iov(®),+(f(®), Lo v(D)]dt

8 — Prace matematyczne, z, 20
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[=(4.u(d), v(D)-1+(f O, v(h))-11dt

Qtam ] Oty ™}

(= Au()+£ (@), (D)) 1dr

thus u has a weak derivative #’ and #/(f) = — A, u(?)—f(t) a.e. on (0, 7). Properties I), 4)
are simple consequences of (1); thus theorem 2 is proved.

2. Statistical solutions of the heat equation

2.1, Let us fix py— any Borel, probability measure on L* such that |
4) L_E flu)) dpolu) < + oo .

For any fixed te (0, T) S(z,+): L*~>H,. We put
lw): = po(S(t, )™ Hw)

for any Borel subset of L?.
Definition 1. A family {§t;}:c o, of Borel, probability measures on L? will be called
basic if
1) { lful®>du(u) is an essentially bounded function of 7&(0,T)
Hj
(shortly | llul|>du ()€ L*(0,T)),
, Hy
2) | lullidp ) e L0, T),
H
3) p(LA\Hp) =0 for te(0, 7).
THEOREM 3. The family of measures defined above is basic.
Proof: We rewrite the inequalities (3) in the following form

”S(t9 uo)ﬂzgcs 1[“0"24'6'4 a.¢. on (O,T)

T
oj 1S, u)lidi<cs luolh®+ ce -

Hence
[ 1S(t, )12 duolu) <5 | Nul*dpg(w)+ca<c;  a.e. on (0,7),
L? L2

T
LQOI I8, u)"?dtdﬂo(u)<05£2H”“2dﬂ0(“)+¢'6<08 )
which yields
T

]

T
LIS wlitduotds = § £1SE wlididiiged <cs
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For any mapping y: He—R if ¥ o S(¢,-) is p, integrable then y is y, integrable and
&) J ¥ duu) = IL#I(S(I, u))duo(u)  for te (0, 7).
Hy

We can apply this well-known fact, obtaining

§ ul?du()<c; ace. on (0,7),
oy
T

OI § luliduuydi<cs ,

Hg
which finishes the proof of the first and second parts of Def. 1. At the end we notice that
w(LNHY) = po{S(t, ) HLANHY) = (@) = 0 for all 1€(0,T), thus theorem 3 is
proved.
2.2. We define the set I of time independent test functionals in the following way:

Definition 2. We say that continuous functional ¢: L*—R belongs to g if
1) there exist constants ¢y, ¢, such that

(6) lo(w<co+cpollull  for uel?,
2) for every ue L? there exists ¢'(x) € Hy such that

lo (u+0)— @) —(¢' (W), )
el

3) ¢': L’ H} is a continuous mapping,

4 o (W), <cyq for all ue L? (constants ¢g, ¢44, ¢;; depend on o).
{Wi}i=1.2,.. will denote the orthonormal basis of L? such that 4w, = 4;w; for some
A;=0 (i = 1,2,..). P, denotes the orthogonal projection of 12" on the subspace spanned
by {wi, e, Wyt (for m=0 P, =0).

Definition 3. ¢ € .7 will be called elementary (¢ € 7% if for some m (depending
on ) we have @(u) = @(P,u) for all ue L*

-0 as ||o]| -0, ve Hy ;

2.3. We introduce the notion of a statistical solution of the heat equation only in terms
of this equation: the solutions of heat equation are not used here.

Definition 4. A family of measures {y},c(0, ) Will be called a statistical solution of
the heatr equation with an initial measure p, if

1) {ﬂ:}te(o,r) is basic,
2) for all p e 7, 1€ Bc(0,T) we have

N §eduu)— § @) due(u)—~ g [ (s ¢/ 0)s i)
H} L o
= f j(f(z)a (,O’(u))du,(u)d[ >
0 H},

where B does not depend on ¢ and is a set of full measure in (0, 7).
83
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Remark. All results of this paper remain valid if we take another definition of the
statistical solution, namely

Definition 4. A family of measures {i};co 1, Will be called @ staristical solution
of the heat equation with an initial measure p, if

1) {#e}eeo, 1y Is basic,

2) (7) holds for all 7e(0, T).

LemMa 1. I (7) holds for every @ € T59 then it holds also for all @ € T,

Proof: We take any ¢ € 7™ and we put ¢,(u): = @(P,u) (m = 1,2,...). We shall
show that

s-ind

® 0T g for all m .
We put @ {u): = P,¢'(P,u). Of course ¢, (u)e Hj .

]q)m(u + L‘) - qom(”) - (Pm gDI(Pm u) » U)I
fol

< ‘(P(Pmu—*'va)_—(p(Pmu)_:_(q)l(Pmu)’ va)l -

20l

0

when [Jo]—0, ve H).
lm@ly = 1Pwe’ (Lot <@ (Puw)lly <oy

and ¢, is obviously continuous, thus (8) is proved.
We denote ¥,(t, u): = —(u, '), +(f (), ¢'(w)). We shall show that

€)) Vomlt, W)W (t, u)  as m—w
for all (1, u) e (0, T)x Hp.
W pml > ) =11, )| < |1t @) = 0" (@)1 | +1( S (1), @)~ @' ()i
_ <Jully - o=@ @I+ FOI - ¢1 - lon) —@' @], ;
[pm@) =@’ )] = [Py (Ppit) = @' W) £ L@’ Wy <Py 0" (Prt) = P 0" ()| +
+ [P0’ )= @' @) <l @ (Pyit) = @' Wl + | P’ () — ") [, =0
as m—>oo because it may easily be verified that |P, v—p|,—0 as m— oo for any ve H.

Thus (9) is proved. Now we shall demonstrate, that § | ,(¢, u)du(u)dt makes sense and
O by ‘
that

(10) 6( § ¥om(r. H)dﬂl(u)a’taoj § o2, uydp (u)dr
Hp

H}
as m— o, for each 7€ (0, 7).

Won(t, WI<{ully - ca 1S O - e1 - €y -
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The sequence i, has a y, integrable majorant for almost all 7€ (0, T) so that in virtue

of Lebesgue’s theorem on dominated convergence [ (¢, u)du(u) makes sense and
0

§ Womlt, wauu)— | ¥ (¢, wyduu)
a} Hy

as m— o0, for almost all 1€ (0, T).

| § Yom(®, w)dp<eys § lull} du()+cis | £ (D).
A} Hj

The majorant is ¢ integrable on (0, 7") and we may apply Lebesgue’s theoiem once more.

Thus (10) is proved. Similarly we can prove that | ¢ (u)du. (1), | ¢(u)dy, make sense and
Hl L2
that °

| 0. di )~ | ow)duuy as m-oo,

Hy HYy
L{ com(u)duo(u)—ﬂ @@ dpueu)  as m—oo .

Thus Lemma 1. is proved.

THEOREM 4. The family of measures defined in sec. 2.1 is a statistical solution of the heat
equation with initial measure u,.

Proof. We take any ¢ € 709, It is easy to show that ¢'(1) = P, ¢'(P,u) where m is
such that ¢(u) = ¢(P,u). We extend P, to P, : Hy'—Hpy putting

P, = alwlw +.. +alw,]w, for aeHg!.

me

We have
o(u(®) = o{P, (u(®)) for te(0,7).

We shall show that ¢ o P, ou has a weak derivative and that
d
an X (@ o P, o )(®) = (@' (Pp,u(D), Pp,u (7))
1
We take any non-negative, symmetric ¢ € C*(R) such that ¢(7) = 0 if |¢| 21 and | o(r)dt = 1.
. -1

For g e L*(0, T; Hy *) we put g,(9): =0j?g,(|t—1|)g(r)dr where g, (f) = 31(9 cu (0, Ty
H;! has a weak derivative «' thus (cf [8] p. 116) for each O<a<b<T

= (),

u, - u,

u, =,

as ¢—0: convergence in L*(a,b; Hg ). ¢ o P, is a continuous mapping from Hy! to R
thus
PP, (D)= @ (P, u(D))
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as -0, for almost 1€ (0,T). ¢ o P, ou, € C*0,7: R) and

d
2} ((P ° ng e us)(t) = (qp’(Pm,uz(l))’ Pm.u;(!)) -
We have
(@' (P, (D)) Pre (D)= (@' (P u (1)), P (1)

as ¢—0 a.e. on (0, 7) and moreover
I(q"(Pm.us(t)): Pm.u;(t)n ¢y 11‘; uy (D wil - wil <y gDl -y

Now we take any ke C5(0, T) and we have

T

J%wmmwmwmm=—jw»mnmmwmm
0

0

Letting e—0 we get

T T
6[(([)'(Pm‘u(t)), P, (l‘))h(l‘) dif = — 0!‘ (o Py, o Wy (DK (D) dr
thus (11) is proved.
(@ (P (), Pt (©)) = (0 (Pat(D), z (0 bl - )

( (Puu(D), (T (), w)ywi)

I

.

 (Ju @, wi)u (9 (Puu(®)), wi

fi
“Ma "Mg “Ma

(Iu 0, (¢'(Puu(0), Wt)w)1

= (Iu'(t) , ; (@' (Puu(t)), w;) wi}l

= (Iu’(t)’ PmQD,(Pmu(I)))l

= (L' (1), @' ()
= u(Oe' )] -
Finally we get for almost all 1€ (0, 7)
d
(12) = 0u®) = ¥ o'
4
'd—tfp(u(i)) <N @l -1 - @@ < I4u@) - e+ 1S Ol -1en

<lu@®iyer+1/@legey  ae on 0,7).
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The right side of this inequality is ¢ integrable on (0, 7) and
T

T
di<cey, ji[u(t)ﬂldt'i‘c: CllJ.||f(t)”d’<C14+c1s luol® .
0

0

T
d
) [[ewo
0

We rewrite this last inequality in the following form

T
d 2 2
d~z<p(S(t,u)) di<ciates|ull®> for all ue L?.
0

The right side is p, integrable, hence

T
J j iﬁ o(S(t, w) [drdug(u) < + o .
dt ,

L2 0

From Fubini’s theorem

d
g(): = j 2 (S0, 1)t

L2

is ¢ mtegrable on (0, 7). We shall prove that
h(D): = LI (S, w)duo(w)

has a weak derivative g for almost all € (0, T). We take any r: (0, T)—R of class C* with
compact support. We get

T

—- 6[ r(Oh()dt = — g fzr'(t) (S, w)duy(u)dt

L

=[[- oj P (D) @(S(t, u))dt]due(u)

Lz

T
= er(t)gdtw(S(t, u))dt dpo(td)

L2 0
T
=6fr(t)g(t)dt

applying Fubini’s theorem twice by means of (4), (6), (13). Finally we have

‘ d
(%'[(,D(S(t, u)) dg(u) = ~[Etfp(s(t,u))a'/«to(w) a.e. on (0,7).
L

L?
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From (12) we get
d 0
o o(S(r, u)) = 5}5(1, W [@'(S(, W)} = (— 4.5, w+f D) [¢' (S, w)

= —(S(t,u), @' (S, W)+ (@), @'(S(t, w)
so that

d
7 jq)(S(t, u)) dpo(u) + J(S(t, u), '(S(t, w))), duo(u)
L2 Lz
= I(f(?), @'(S(z,w))duo(w) a.e. on (0, 7).
Iz

Applying (5) we get

d
? faﬁ(u)da,(m j( o001 i) = j(f(t), o' @)dinG@) a. e on (0, 1.
H}

1
Hy Hy

Integrating this last equality from 0 to 7 with respect to ¢ for almost all T € (0, T) we get
the result; thus theorem 4 is proved.

Remark. We may simply prove that (7) holds for all 7€ (0, T). It suffices to observe
that | @w)duu) = jJ(p(S(t, u))duo(u) is a continuous function of 7€ (0, 7).

HY L

2.4. The notion of a statistical solution is a certain generalisation of the usual one in
the sense described by the following theorem.

THEOREM 5. A function u: [0, T)—Hb satisfies (2) for almost all 7 € [0, T) and all v such
as in sec. 1.5. if and only if a family of Dirac measures {S,@}tc(0,) 15 @ statistical solution
of the heat equation with the initial measure dy(uo = u(0)).

Proof. If u satisfies (2) then

Bu(@) = 3, (S(t, )™ (@)

so that by means of theorem 4 implication from the left to the right is obvious.
Conversely let us assume that {5,¢)} is a statistical solution. For any ¢ € ¢ we have

@ (u ()~ @ (o) + Of (@), ¢'@®)),dt = f( F@), o' w@®)dr  ae. on (0,T).
0

We take @ (u): = (1, v) where v is arbitrarily fixed in Hj. Ttis easy to see that the functional
so defined belongs to I (¢'(u) = v), hence

(u@), ) o» )+ § (a0, Ot = oj (f (@), v)dr.
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We shall prove that u satisfies (2) with test functions of the form g (z) - v where g: [0, T)>R
is differentiable, g’ is integrable and supp g<[0, T).

(161, 9 90)~ 02 90)0) - ] (@), g )0} +
+ j[(uw, 9(0):=(f (0, g (Oo)]dt
= (09 90)= (w0, 90— [ (), g’ (D)dr+
+9 [ [0, 0 ~(/ . V] -
- ig’m 0I'[(uu), 0=/, v)]dsad
= (@), 9@ )~ (o, g O)r) g'(u(t), g (@) di+
+ (o, 9 (7)) —(u(z), g (1) v) ~ J g' (D) g, v)dt+
+of (u(0, g ()0)dr
= [g (1)~ g(0)1 (g, ) —(up» v)éftg'(t)dt =0 a.e on0,7)
Now we take v as in sec. 1.5., i.e. v e C(0, T; H}) with v; € L?(0, T; L?) and supp v<= [0, 7).
o) = (00, v,
{0 = 3 (10, ww.

We put g(0): = (v(), w;) (i = 1,2, ...). g, are differentiable and g;(z) = (1;(1), w,). g are
integrable in virtue of |(v;(2), w)| < ||vi(2)]|, thus (2) holds for test functions of the form

Git): = Y gi(OHw;.
is1
G (D)-v(t), G()—>1,(f) as n—co (covergence in L?) so that

(@), G@)-(u(@), v(x)),
(uO ’ Gn(o))""(uo ’ U(O)) .

(0, GLON< X160, ) - ), w

< 3 (G0 W)+ ), W)

< Jlos (2 + Nu (@)
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{Buiy}eeco,) is @ basic family of measures, hence the majorant of the sequence |(u(f), G,(D)}
is ¢ integrable on (0, 7).
Applying the Lebesgue’s theorem on dominated covergence we get

j't(u(t), Gi(D))dr— f(u(t), u())dt  as n—ow.
0 4]
We have

n

(), GO < Z @@, wil - @), w)l

I COR (@), w))l

'M= ||[\/J_1 |

L, w)l* + Zl l(v(1), wyl?
<Hu(t)1ll+llv(t)l|1 ,

and similarly

(f@), GONSILOI+TvO*

Thus applying Lebesgue’s theorem once more we get

of [40), G (D)1 (£ (1), G,(0)] dit — s (40, o) (£ (), v(D)|de as novoo,

theorem is proved.
Remark. We can prove in the same way the following theorem:

THEOREM 5'. u: [0, T)—Hp is a solution of the heat equarion with initial data u, in the
sense of theorem 1 ((2) holds for all t€ [0, TV) if and only if {Syp}ico,1) 5 @ statistical
solution of the heat equation with initial measure J,, in the sense of definition 4'.

3. The problem of uniqueness for statistical solutions

3.1. In this section we shall prove a theorem showing equivalent forms of equation .

Definition 5. ¢: [0, T)x L?*—R will be called rest functional (p € ) if
1) ¢ is continuous,
2) for any fixed ue L?, (-, u) is of the class C* and

lpi(t, wl<eygt+eyqu  for all 2,u,

17
where o1(t, u): = Py o(t, u).
3) for any fixed 7€ [0, T), for each ue L there exists @5(t, uye Hy such that

lp(t, ut+v)—o@(t, W) —(o3(t, 1), v)|
o]l

~0




123

as {v|—-0, ve Hg. Moreover @5(-,-): [0, T)xL*>H} is continuous and bounded:
201, W)l ey

Definition 6. @ € 7 will be called elementary (p € ) if for some m (depending
on @) we have @(f,u) = ¢(t, P,u) for te[0,T), ue L2 ‘

LemMA 2. For any ¢ € T, t€[0,T) there exist constants ¢\, ¢y, such, that

lo(t, ) <cioteqgliull  for all ueL?.
Proof. For any fixed pe 7, u,veL? se[0, 1] we put

g(s): = cp(;, su+(1-s)v).
Obviously

9'(s) = (@a(t, su+(1—5)v), u—v) .
1
lp(t, 1) —@(t, v)| = lg(q);(t, su+(1—5)v), u=-v)ds]

- ](u—v, @a(t, 5u+(1 —E)v))]
i, su+(1=5)v)),

lp3(t, Su-+(1—9)v)],

Slu—vll_ie;y (€00, 1D).

Now we find constants cq, ¢, fixing v, thus lemma 2 is proved.

LemMa 3. @ belongs to 7 if and only if for each r e CZ([0, o) W(t, u) = r()e )
belongs to 7.

Proof. First we assume @ e 7.
Wi, wl = 1)@ @] <max|r(dl(co+cyo lull) .

WD) = (0= (D9, D) _ | 0G0 =00 ~(0'(0), )

ol ol

-0

as lv] =0, ve Hy, hence yi(r, u) = r(t) ¢'(u). Now the implication from the left to the right
is obvious. Conversely we take r e C3([0, ©)) not vanishing identically. We have

lp@r(Dl<eistesqlul .

Fixing ¢ so that r'(f) # 0 we get

€16 C17
| < ———+ ——llull for all ueL?.
[F®OF - Ir@l
It 1s easy to verify that ¢'(u) = r_t) Y5 (¢, u) (¢ is fixed) and the remaining conditions are

obvious; thus lemma 3 is proved.
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THEOREM 6. For a basic family of measures {jt,};c (o 1) the three following conditions
are equivalent:
(i) {He}1eco, ) 1s a statistical solution of the heat equation with the initial measure po, i.€.

M [eWdni)— ] o)+

Hy
+ | §(u, o'W dutwydt = § [(f (1), o'(w)du,(u)dt
0 mj 0 Hy

holds for all ¢ € 7™ and all 1€ B<(0, T):
(i)
(14 [y, wdudu)— LJ; Y0, wydpo(u)+
- H]

] § 1=l 0+ (o, 300, )] dua

¢ n}
= | J(f ), ot w))duu)dr
0 H%
holds for all ¥ € 5 and all te B<(©0,T);
(iii) (14) holds for all Y of the form (1, 1) = r(:) ¢ (u) where r € C5([0, c0)), p € T

and all 7 € B<(0, T); where B is a set of full measure in (0, 7') and does not depend on
the choice of test functional.

Proof. ()=(iii). We take any ¢ € 7™, re CP([0, )) and we put
Gy(n): = EE @, ¢ @)~ (u, ¢'(w),] duuydt + i‘ @W)dueu) for tel0,7).
H} 2

G, is an absolutely continuous function and for almost all 7€ (0, T) G, (1) = | o) dufu).
H}

T

J J[—r'(l) @) +r()(u, ¢'@), —r((f (@), ¢'())] dpn(u)dt

Oﬂa

= r(7) J o () dp(u)—r(0) f¢(u) duo(u)
H} L2

T

+ fr(t) (dgt G,(t)+ Jl(u, o' W), — (7 (), ¢'W)| dut(u))dt
u}

1]

for all € B. From (7) we get

‘% WD) = j[(f ), o' @) —(u, ¢’ ()| duw)

it






