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On a continuous extension of an algebraic function

by Z. DENKOWSKA

Abstract. Let 4 be a semi-analytic and relatively compact subset of R", f: A—R a continuous function.

We assume that ihere exist an open set GO4 and a polynom P(x,t) = a(x)t™+...+ay(x) with
continuous coefficients defincd in G, of non-zero degree in every point of G and such that P{x, f(x)) = 0
for x e A.

In our paper we prove that for such a function f we can obtain a finite partition of A4 into semi-analytic
sets A; such that f4, admits a continuous extension on A;.

We give two applications of our theorem. From this theorem we obtain additional information on the
form of a semi-algebraic set and on the rational zeros of a polynom P(x, ).

Let A be a semi-analytic subset of R" and let /2 4 R be a continuous function., We
shali discuss here a possibility of continuous extension of fon the closure 4 of the set 4.
Under suitable additional assumptions on the function / we shall give a construction
of a partition A, ..., 4, of A such that it is possible to obtain the extension of f4, on A4,
(here we use the usual notation: f; denotes the restriction of /to the subset B of the domain
of the function f).

Observe that for some continuous functions there are no possibilities of such extensions.

For instance, if
2

10, ) x(0, Da(x, y) 9;%_};2_61{

is the well-known semi-algebraic function defined on the semi-algebraic set, it is impossible
to extend fon A in a continuous manner, neither can we obtain the partition A4, ..., A,
mentioned above, because the set of cluster points of the function fin 0 is an interval.

THEOREM. Let A be a semi-analytic and relatively compact subset of R", f: AR a con-

tinuous function. We assume that there exist an open set GoA and a polynom

) Px, 1) = ag(x) 4 ... +a(x) with coefficients continuous in G, of non-zero degree in every

point of G and such that P(x, f (x)) = 0 for x € A. Then there is a partition of the set A on
semi-analytic sets A, ..., A such that f, 4, admils a continuous extension on A;.

Proof. Let I, f be the set of cluster points of f in . Observe that
U@} x I, f = graf /.
acd
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Tn our case the set I, f is finite for every a € 4. Tt is easy to see that P(a, b) = 0 forae A
and b e I, f. (For such points a, b there exists a sequence {x,} =4, x,—d such that f (x;)—b.
Hence P(a, b) = limP(x;, f (x,)) = 0). Therefore we obtain the inclusion:

I,fe{beR;Pla,b) =0}.

Since P(a, t) is the polynom of one variable of non-zero degree, the set of its zeros is
finite. The set I, f is finite as well, being the subset of the set of zeros.

As the set A is semi-analytic, it admits a stratification compatible with 4 in every point
a e A (Lojasiewicz [1]). Since A is relatively compact, we may choose normal neighbour-
hoods Q,, ..., O, such that 4c Q@ U ... U Q. For every Q; we take a prismatic strati-
fication A"? ([1]). Let us recall the properties of such a stratification:

(¥) For every A e H and for a € AN/ there is a basis system of neighbourhoods {U,}
such that U, n A are connected.
We know that 4 = | A} Aje /D, 4jnd+0.

finite
Now we shall show that it is precisely the partition we need. Let 4, be one of the
sets A; Let us consider the restriction f,,. From () and from the well-known properties
of connected sets and also from the equality I', £y, = ) f (Va0 Ag); V, € basis of neigh-
bourhoods it follows that I',f,, is connected.
Since I, fy,=I',fand I, f is finite, I, {4, consists of one point (it is not empty because

graf £, is compact).
Let f,, be the function defined as follows:

T = f(x) for xe 4, ,
40" 7 Vthe unique point of I',f,, for xe€ A\4, .

We shall prove that f,, is continuous. Let us fixa e A, and a sequence x,—>a. We may
assume that {x,}cA, or {x,}cA4;\4, (in the other case we consider subsequences).
If {x,} cAp, we have i (x,) = fu(xn) S 4o(a) because Jao(@) is the unique cluster point
of f,, in a. Let us now assume that {x,} = Ao\Ao. Let us suppose that we can choose a sub-
sequence { f4 (%0} = { F1,(x,)} which converges to a point d# f4(a@). Then the sequence
{(Xp> Fag(X¥m))} is contained in graf /4, and converges to (a,d). Hence (a,d)e graf f,,
and deT,f,,, but it is impossible because I'yfy, = { Fala)}.

We have proved here that every convergent subsequence of the sequence { Faex™}
converges to f, (a). Therefore 7 Ao(Xn) =, 7 1,(a) (the sequence being contained in the compact

set graf ).

Remark. If the set A4 is semi-algebraic, the sets 4} will be semi-algebraic too. The
partition A; can be given effectively since the construction of the prismatic stratification
is known ([1].

Our Theorem does not of course guarantec the existence of an extension on all 4,
even when the additional conditions are fulfilled.

AppLICATION I. Let us recall the Lemma on the form of semi-algebraic sets in RFLID.

LemmMa. Ler E be a semi-algebraic set in R*™1. Then there exists a partition of R" info
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a family of semi-algebraic, disjoint and connected sets B, , ..., B, and there exist the continuous
functions

B B»R K <..<h®
(such that E is the union of some sets of the form

{xe B M )<i<hl ()} j=0,.. k+1
{xeB; 1= lzﬂ-“(x)} Ji=1,..k

we put hy = —o0, hy 1 = +00).

Out Theorem permits the partition By, ..., B, to be obtained with an additional property
such that the functions h;” are continuous in B;. This gives us more information on the
form of a semi-algebraic set.

APPLICATION 1I. We apply our Theorem to the theorem on zeros of a polynom ([1]),
which we may write as follows:

Let P(x, 1) be a polynom saiisfying the assumptions of our Theorem. Let us assume that
the set

A4 = {xeG; P(x, 1) has exactly k different complex zeros} is contained in G with its
closure. We know thar the set A is semi-algebraic and also that if A is connected, we can
Jind continuous functions f,, ..., f, such thar for every x e A Si(X), .., f(x) are all rational
zeros of the polynom P(x,t).

It follows from our Theorem that 4 may be divided into a finite number of semi-
algebraic sets such that functions f; restricted to these sets can be extended in a continuous
. manner on the boundaries of their fields.
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