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On a modification of the method of Euler polygons for systems of ordinary
differential equations

by B. SNIEZEK

The purpose of the present paper is to give simple generalizations of the results
from [1].

1. We shall consider a system of ordinary differential equations

dx; ,
(1.D o= Ft,x,, x5, s x) ({=1,..,m)

in an interval [x, f], with initial conditions
(1.2 )=k, (G=1,..,m.

We construct Euler’s polygons ui(z, &), (i=1,..,m; n=1,2,..) for the interval

[x, &] (¢ e [a, B]) divided by points o} = oz—i——’(é-oz) (j=0,1,..,n), as follows:
: n

w0 = tela &,
uil(ts é) = ki+Fi(a, kl,..., km)(t-—d) te[oz, é],
eyt Fi(0s Ky ey i) (0—) ,e[m,¥ ,

i c—oa
u2(t, 6) = 9 ki+Fi(a: k]a “ery km) T +

o+ & a+¢& a+& a+¢
+Fi (T’ "1(7’ x’"(T)) ("‘T)

.........................................................
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Kyt Fi(a, gy oy ) (t—00) ren, ]
Kot Fio Ky o R
n

+Fo, %,(01), .., Xp(o]) (= 2]) te (g, 23]

.......................................................

(13 (1, 8) =

E—uo —
bt Bt sy e k) S, 2D xaa)

+Fi(d3—1, X1 (0n-1)s e xm(a:-l))(t"“:-l) te(ag-y1,¢)
where i =1, ..., m, and
xi(o8) = wl(@l, &),

x(63) & 6, O+ P, e, B, . 0, )7,

" " n » » §—a
xi(@je1) = xi(aj)’!'Fi(aj’ X)), .., xm(a,-))“;—.

-Now we define
(1.4) OO Z U i=1,.,m.
Hence from (1.3) we have
P& = ki,
15 oo = ¢i_1(a+’-’-;—3 (é—a))+ g

X [a+'—l—;—1({'—a), (P:-x(a+n—%—]- (5*01)), ey Py (“4‘"—;_1(5‘“))]
fori=1,..,m,
or equivalently
Pol§) = ki,

n—1
0'(®) = kp = Z F, [a+1(¢—a‘), 0! (a+1(é—a)), rp’}‘(a+—1(§~a))].
n H n n

j=1
As in [1], we shall prove that the sequences {@i(9)} (i = 1, ..., m) defined by (1.4) are
uniformly convergent to the solution of the system of equations (1.1) with the initial con-

. o d ; .
ditions (1.2), and the sequences of the derivatives {d—t (p;(t)} (i=1, ..., m) are uniformly

convergent to the corresponding derivatives of the solution of this problem (1.1)—(1.2).
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THEOREM 1. Let M; (i = 1, ..., m) be positive constants and let us put

T={(t, X1, eur Xp): a<IKP, I —kj|<M} (i=1,..,m).

Suppose that

1° Fi: TR (i = 1, ..., m) are continuous,

2° |Ft, Xy, s x)ISM;, (=1,..,m),(B-a)<l,

- 3° in the interval [a, B] there exists exactly one solution x(-) (i=1,..,m) of the

problem (1.1)—(1.2).

Then the sequences {@w({#)} (i = 1,...,m) defined by (1.4) are uniformly convergent
tox()(@E=1,..,m)in [a, Bl

The proof of this theorem is similar to that of the first theorem in the paper [1] and
so'it will be omitted. Note only that the uniform convergence of the usual Euler polygons
{ui(t, B)} (i = 1, ..., m) to the unique solution of (1.1)—(1.2) can be obtained, under the
assumptions of our theorem, by the classical methods (compare for instance [2], I, § 1).

2. Let

@ Y s

) =14(B—-0)B; for =],
€= {Csy s Cy)y ¢;>0, where i = 1,....m, j=1,..,m.

Definition. We say that the matrix [a;;] satisfies the condition (¥,) if and only if there
exists a solution & = (b, ..., b,,) of the system of equations [a;;]b = —c such that b,>0
fori=1,..,m

THEOREM 2. If we suppose the dssumptions 1°, 2°, 3° of Theorem 1 and if

4° Ft, Xy, ooy Xp) (F = 1, ..., m) have all m-+1 first derivarives fulfilling the Lipschitz
condition with respect to m+1 variables,

JF; JF;

5° f— -
0X;

<Ai’ SBU (i=1,...,m,j=},...,m),

Tils
6° a;;] defined by (2.0) fulfils the condition (V) for every ¢ = (¢, ..., ), ¢;>0
i=1,..,m),

d .
then the sequences of derivatives {c_!“t (p:,(t)} (i=1, ..., m) are uniformly convergent in o, fi]

to the derivative of the solution of the problem (1.1)—(1.2).

Note 1. On the assumption 4° of Theorem 2 we can immediately deduce the existence
of the first derivatives of the functions ¢@i(7) (i = 1, ..., m) defined by (1.4). (Proof by in-
duction, making use of (1.5)).

Proof. In the proof of Theorem 2 we shall use Arzelo’s theorem. We shall point out
that the assumptions of this theorem are fulfilled.

3%
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d .
Part 1. First we shall show that the sequences {&; (pﬁ,(!)} (i =1, ..., m) are uniformly

bounded in the interval [x, §], i.e. there exist positive constants Q' (i = 1, ..., m) such
that

2.D <Q' forrefn, B, neN, i=1,..,m

d o)
AL

We shall show that for any positive solution @, ..., O™ of the system of equations

(2.2) l[e;1Q = —c¢

where [a;;] defined by (2.0) and ¢; = M;+(f—o)A;, (i = 1, ..., m), the conditions (2.1)
hold true; the existence of such a positive solution follows directly from assumption 6°.

The proof of proposition that Q° defined above are such that (2.1) is satisfied proceeds
by induction. In order to use the induction procedure we shall first show some inequalities

d . .
between :1—140:, and z7t¢;_l .
Let
n—1 . .
(2.3) An(t) = OC+~>-n—(l--0t),1ui,(r) = @ui(2), (G=1,..,m).
Thus
, n—-1 d . n~1d .
A = ——, —pu () = —— —o,_ {1(D), [=1,..,m).
(2.4) (D) > dtu,.(t) Ll {4a), (=1 m)

From (1.5) it follows that

d
(2:5) —(pn(t)* M..(t)+ FilA0, 1 (9, ,un(t)]+~—{ tFa[l,.(t),#f.(!),---,#Z'(t)]/l,'.(t)+

m

i L e @
+ é_ FiU‘n(’)a u,,(t), sees ﬂn([)] Y ,u,,(z) ’
X; dt
j=1
(i=1,..,m.
From (2.4), (2.5) and on the assumptions of Theorem 2 we have
d , n—1l d |, 1 f—an—1
Z QM| < | L O CalO) [+~ Mt T
‘d,%() 5 Pr-1(alD) |+ Mt Ayt

ij-

T L Zl ol (h(0)| B

n—1
Since ——< 1 we can state that
n

—1
i of I(An(r»l Z } & gl10,0)

Byt~ M+ﬁ 4.

d
(2.6) I UNGIRS
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Now we can use the induction with respect to #. For n = 1 the inequalities required in (2.1)

d .
c-i}q)ril—l(t)’ng (l = 15 --'7m) in [CX, ﬁ]'

Observe that QF, ..., Q™ satisfy the following system of inequalities
q

are obviously fulfilled. Assume that

n— o - .
2.7) M—Q +’3—n— g B0+ +—B——A <O G=1,..,m).
=1
. . . : d ; 19 i
Thus, in virtue of (2.6) and the induction assumption of d_t(P"_ 1(9], we obtain ;ﬁ(p,,(t) <0

(i=1,..,m), telx, f]. The proof of (2.1} is completed.

d .
Part I1. Now we shall show that the functions 2 o) (i=1, ..., m) fulfil the Lipschitz

condition with constants R' (i = 1, ..., m) common to all #; i.e. we shall show that there
exist positive constants R’ (i = 1, ..., m) such that

<SRYU—1 Vt,iela,f] (=0,1,...,i=1,..,m).

d (1) 4 0)
di @y —dtqon g

2.8)

We shall prove that taking R' (i = 1, ..., m) as the solution of the following system of
equations

(2.9) [a;]1R = —c¢
where [a;;] defined by (2.0) and

¢; = 2(Ai+j=leij QJ)‘*'(JB—“) [Lé)0+k§,1 Qk(Lixk+L1i1+ ';lLlicj N (G=1,..,m).

(The existence of such a positive solution follows directly from assumption 6°).

The proof is again by induction. Let [L] i=1,..,mj=0,1,..,mk=0,1,..,m)
be the Lipschitz constants for the partial derivatives of the functions Fi(z, xy, ..., X,)
(i=1,..,m). (See assumption 4°). Then we have:

2 2 | .
—Fi(ts Xy ey Xm)_'_Fi(ia 5‘.1: ey im) <L§)O|t-’il+ L:)jlxj—fjl
ot ot

j=1

g ¢ o _
D Fi(t, xl 3 vres Xm) — Fi(t, X1, wery xm)
0x;

k

<Liolt—1+ E Lijixj“fﬂ

Under (2.3) and (2.4) we have:

—1
(2.10) M,,(n—an(msf;,— i1,
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. n—1 - _
@.11) |u:(r)—ﬂ;<f>|<g,:”—n— =1 G=1,..,m),

where Q% (i =1, ..., m) are constants from part I of the proof.
Under (2.5), (2.10) and (2.11) we have

d -1
(212) ‘?[qoft(ﬂ . (0,‘({) II ‘ (P,, l(z‘n(t) (Pn- 1(i (f))’
n—1p—«o - d . d i
N ) ok )= ok G| +
i=1
Yrleia, G=1,m),
where

J=1
(2.14) D' = (B=d)lLoo+ ¥ Qi(Lis+Lis+ L LGN (= 1....m).
= i=
The implication

<R|t—1 in [a, ]

d d
(2.15) {Id Pa1(0)— —fpn 1D

d i d i_ i - -
»{‘;{(p”(()—-d—t(pn(t) <R|t—1 in [x, B],

will be fulfilled by any positive solution R' (i = 1, ..., m) to the following system of
inequalities:

n—-1 . p—uo z : .1 z : . . .
(216) "“““‘R""E"‘“ BURJ"‘"[Z(A“}" Bl]Qi)-}' D‘:IQRI (!= 1,..., m)
n n n
j=1 j=

The inequalities (2.16) are fulfilled in particular by the constants R' which are the
solution of (2.9).
Hence in virtue of trivial mequahty

d d
‘Po(t) fPo(f) = 0KRY~1; i=1,.,m;t,icfn,pl]

we can use the induction procedure and, applying the implication (2.15) we finish the proof
of our assertion,

Part III. In order to complete the proof of theorem we shall use methods similar to
those in Part III, of the proof for Theorem 2 in [1].
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3. THEOREM 3. If we assume that F(t, X, ..., %) (i = 1, ..., m) have all bounded partial
al’
WT@"F‘ (p = 1, ...,k, q+tri+..try=p, 4= 0, 1, ey k, Tisonyloy
ak
oax ... oxi¢
YAy =Dy Gy Fisenrtm =0,1,..., k) fulfil the Lipschitz condition with respect to

derivatives

=0,1,..,k), and all derivatives F, i=1,u,m p=1,.,k gq+r,

dk
m+ 1 variables, then on the assumptions of Theorem 2 the sequences {Ei cp,‘,(t)} i=1,

dk
, ..., m) are uniformly convergent in [a, fl to =z x(f) (i =1, ...,m) where x0 i=1,

dt
,...,m) is the solution of the problem (1.1)—(1.2).
dP
Note 2. The existence of all derivatives -—t;,(pf,(t) (p=1,..,ki=1,..,m on the
6?
assumption of the existence of all partial derivatives ———————~F; follows. (The induc-

ot 0xP ... Oxp
tion proof with respect to n).
The idea of the proof of Theorem 3 is the same as in [1], also based on Arzelo’s classical
theorem.

4. Supplement: discussion of the condition (V).
Let ¢;>0 be given. Consider the system

(4.]) [aij]b = —-C
where [2,;] defined by (2.0) and ¢ = (¢y, ..., €)y €,>0 0 = i,..,m Let
m-k+n m—k+nti m dat
a Y Y . X =Xk
=1 pyer1>p Pc>1§-1
py¥i Py+1¥i pr¥i

where ne{l,2,3}; ye{l1,2}; {e{k, k—1}.

b) i i i =Y} where {e{k, k—1}.

p2=1 p3=1 pz=1
p2¥i pa#i pr#i
pa¥i pati pgEJ
pa#p2 %P2
PeFEPL-1
B,.B,, ..B
an up2 upr f te {k,k—l},
d s
c) | = .#¢" where | pe{py,i},
: ve i, i}.
B B {pl,]p }

[444 424

The general formula for the solution of the system (4.1) is

m m-1 m-—1
(42) b= { T [ef T (=060 L D] +ei(1+ T (= D6~ ow L7} W

J#i
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where
‘ m—k+1 m—~k+2 m
—1+Z( DB-0( ¥ X - X 1Bpphexx )
pi=1 pa2>ps P> Pk-1 r=1%,..k
£= 1.,k
i=1,..,m

The numbers b; defined by (4.2) will be positive if we assume:

ji=1

2° (B—0) Yy ME P <Y T T
k=23,57,..,m=1form=2nneNork=23,57,..,m=2for m=2n-1 neN
and then |BJm-1yxm-0y>0 r=1,..,m r#i;s=1,..,m, 5 # 1L

3° (B—) Y oM< oy My
k=3,5,7,..,m for m=2n~1, neN or k=3,5,7,..,m—1 for m=2n, neN
and then |B, |, xm>0, r=1,..,m;s=1,..,m

4° (f~a) Zk‘//[;j<2k—1“ll§:j—-1
k=2,4,6,..,m~1form=2n—1,neNork=2,4,6,..,m=2for m=2nneN
and then |"B.J(m-1)yxm-1)>0, r=1, . om r#jis=1,..,m, s #i

Note 3. If in Theorem 2 we assume that
oF;

0x;

(4.3) <B, (=1,.,mj=1,.,m),

then the system of equations (4.1) will be written in the form

—1+(f—a)B, fori=j
(f—a)B; for i #j,

c=(C15usCp) >0, i=1,..,m j=1,..,m

4.4 [dijlb = ~c, where d;; = {

m
Then b,>0 (i = 1, ..., m) if we assume that (8—a) ¥ B;<1. In the case of assumption (4.3)
i=1
the general formula for b; (i = 1, ..., m) is consecutive:
b = {[1-(B—) -21 B;] ci+(ﬁ~—a)Bijzl ¢} —(ﬁ—oz).lej -1
1= = J=
i J#Q

Note 4. It is clear that in the proof of Theorem 2 we have used the condition (V)
only for ¢ = (¢y, ..., ¢,,) such that

¢; = M;+(f~a)A; and
¢ = 2(4i+ ¥ B, Q) +(f~0) [Loo+ ¥ O (LuutLin+ -zf'ff o] G=1,..m.
i= = i=

(see Part 1T of the proof Theorem 2). Hence, formally, we can modify Theorem 2 assum-
ing (V.) only for ¢ as above, not necessarily for every c.
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