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Lie algebras of infinitesimal holonomy groups of a Cartan connection

by B. PiscH

1. Preliminaries. Throughout this paper, we assume that all differentiable manifolds,
fibre bundles, functions, vector fields and differential forms are of class C*.

Let M be a manifold. The tangent vector space of M at a point x € M will be denoted
by T, M and the set of all vector fields on M by & (M). Let M and N be two manifolds
and let f be a mapping of M into N. The differential of f at x € M will be denoted by d, f.
If y is an r-form on N, then f*y is the form on M defined as follows:

f*)’ = Vg—f i-e' f*}’(Xls b ] Xr) = Yf(x)(dxf(Xl)s ey dxf(Xr))a

where X, ..., X, e T, M.

Let M be a manifold of dimension n, G a Lie group, G’ a closed subgroup of G with
dimG[G’ = n and P'(M, G’) a principal fibre bundle over M with structure group G'.
The Lie algebras of ¢ and G’ will be denoted by g and g’ respectively.

A Cartan connection in the bundle P'(M, G’) is a 1-form w on P’ with values in the
Lie algebra g satisfying the following conditions:

1. o(A*) = A for every A € g’'(A* denotes the fundamental vector field corresponding
to A);

2. Rjw = ad,_,w for every element ae G', where R, is the transformation of P’
induced by ae G', i.e. R,u = ua and ad denotes the adjoint representation of G in g;

3. w(X) # 0 for every non-zero vector X of P’.

Condition 3. means that o defines a linear isomorphism of the tangent space T,P’
onto the Lie algebra g for every ue P’.

The two following propositions are well-known.

PROPOSITION 1. For a principal fibre bundle P'(M, G') there is a unique (unique up to
an isomorphism) principal fibre bundle P(M, G) such that P'(M, G') is a subbundle of
P(M, G). '

P(M, G) will be called the overbundle of P'(M, G'). The injection of P'(M, G') into
P(M, G) will be denoted by ..

ProPOSITION 2. If P(M, G) is the overbundle of P'(M, G) and w is a Cartan connection
in P'(M,G’), then o can be uniquely extended to the usual comnection @ in P(M, G).
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The holonomy group (restricted, infinitesimal) of a Cartan connection o will be defined
as the holonomy group (restricted, infinitesimal) of the extended connection .

By Propositions 1 and 2 this definition is meaningful.

Let O, (resp. ,) denotes the vertical subspace of the tangent space 7, P’ (resp. T, 7).
Clearly Q,=0,. The horizontal subspace of T,P will be denoted by I',. Every vector
X eT,P can be uniquely written as X = 3x+hX, where 3Xe @, and hXe T, i.e. 3xis
the vertical component of ‘X and hX is the horizontal component of X.

Take a subspace m of g such that g = g'@m (the direct sum of the vector spaces).
We set I'" = o] }(m) for u e P’. The space I'y will be called the m-horizontal space at u.
It is clear that I'™@®Q, = T,P’'. This means that every vector X e TP’ can be uniquely
written as X = 9X+mX, where 9Xe Q, and mX e I'y. The vector mX is called the
m-horizontal component of X.

Let 7 (resp. %) denotes the canonical projection of a bundle P'(M, G') (resp. P(M, G))
onto the base spacc M. Then a differential d,n: T, P'—Ty,M is an epimorphism. Since
d LTlo, =0, d nl,m I'y-TywM is an 1som0rph1sm

Let Ve Z(M). The vector field V' on P’ defined by V, = (d,n rz‘)—l(Vn(u)) will be
called the m-Aorizonial Iift of V. The horizontal lift (with respect to @) of ¥ will be denoted
by V*. For any X e T,P', X = mX+9X. Since h: T,P—T,is linear, 1X = h(mX)+h(3X)
and 2(9X) = 0. Consequently, A(mX) = hX for every XeT,P', ue P’

The curvature form of the connection ¢& will be denoted by 9. We set Q = *0 and we
call Q the curvature form of a Cartan connection w. Clearly, forms @ and Q satisfy the
equation

do = —}[w,0]+Q.

This equation will be called the basic structure equation.

2. Structure equations and Bianchi’s identities. Let P'(M, G') be a principal fibre bundle
with a Cartan connection . Assume that there exists a linear decomposition of g;
= g'@m such that [m, m] = O ([, ] denotes the bracket operation in g). Such a decom-
posmon exists, for instance, for affine, projective and conformal structures, sce [2]
Let y be a differential form on P’ of degree r. Then the form

V - d}’ m, 1 €. DV(XI: AL Xr+1) =d)’(mX1; e er+1)

is called the exterior covariant derivative of 7.
PROPOSITION 3. The exterior covariant derivative of o satisfies the condition
do(X, V) = —}oX), o(V)]+Do(X, Y)
for X, YeT,P', uecP’.

Proof. We first show the following lemma.

LemMA. Let u € P'. For any vector Y e T,P’, there exists a right invariant vector field X
on P'ly (U is a neighbourhood of the point x = m(u)) such that X, = Y.






