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Approximation by complex splines

by Z. WRONICZ
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Introduction

The purpose of this paper is to give applications of splines to the approximation of
analytic functions in the unit disc. :

Let 4 ={—n=1,<t,<..<t, = ny be a partition of the interval I' = [—=, n].
The function s, € C"~}(T) is called a spline of degree m with respect to the partition A,
where m =1, if it is in each interval [#;_,, #;] a polynomial of degree at most m. The spline s,
is said to be periodic of period 2x if s§%(—n) = s§(x) for j=0,1,..,m—1.

Let A, = A,(D) be the Banach space of analytic functions in the unit disc D = {z: |z]<1}
which have k continuous derivatives in D with the norm

Fa Z 172l where 179 = max] fO

We set Ag = A.
The function §, defined by means of the Schwarz formula

ki

M 54 = 5 fsd(z)
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where A = const is said to be an analytic spline of degree m associated with the
function s,. Because the function s, satisfies Lipschitz’s condition we can define the func-
tion S, on the unit circle I' = {z: |z| = 1} setting Sy(e) = lim S(re’®). The function S,

r—-1-—-

defined in this way belongs to the space 4 and
. i t
(2) S4(e') = salp)+ o J54(¢—I)Ctg§dt+iA s

where the integral is interpreted as Cauchy Principal Values [12], [21].
The modulus of continuity of the function f defined in the set Dy is defined by the
formula

3 ([, k) = sup{| f(t)—f ()l: O<lt,—t1|<hs ty,t,€ Dy}

The sequence { f,}2¢ of clements of a given Banach space X is called a basis whenever
each fe X has unique expansion

f=2at

abis

convergent in the norm. .

The question of the existence of a basis in the space A was raised by S. Banach in [5].
S. V. Bockarev [6], [7] constructed an orthonormal basis {G,}s=¢ in the space 4. He also
proved that there exists a constant B>0 such that for fe A, f(€) =u(®)+iv(),

1 1
§ f—Su, sl SBI:co (u, r_z) +ow (v, ;)], where S, ; is the nth Fourier sum of f with respect to

the system {G,}s%o. We may consider the space 4 as a real space (over R) or as a complex
space (over C). The Bogkarev system is a basis in the complex space A.

Later Z. Ciesielski {9], [10] constructed a system of biorthogonal spline periodic
functions {F™¥, F{™~912,_,, [k|<m. He proved that the system {F™ P}, is a simul-
taneous basis in the space Cj(T") of periodic functions which have m continuous derivatives
in the interval T and he constructed a simultaneous basis {G{’}{%; by means of the system
{Fi™¥ @ | in the complex space 4,, (see 1.2. and IIL3).

By now analytic splines were defined by means of the Cauchy integral (cf. [4], [2D.
In this paper analytic splines are defined by means of the Schwarz formula. With the help
of this the author has managed to construct a basis in the real space A (Theorems 9 and 10)
and to give a simpler proof that the Botkarev system is a basis in the complex space A.
S. V. Bockarev used only dyadic partitions to construct his basis. In this paper we use also
other partitions and we give a much better estimate of the constant B in the inequality
already mentioned (Theorems 12 and 13).

In the first section we prove that the system {F{™“}2, can be obtained by means of
periodic splines of degree 2m-3. The main relation between the system {F™®}2, and
periodic splines of degree 2m+ 3 is given by formula (8). By means of this formula, applying
the results of Z. Ciesielski already mentioned, we give a new construction of an interpolating
simultaneous basis in the space C:(T} (Theorem 4).
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In the second section we prove a theorem on interpolation of real parts of analytic
functions in the space A4 by analytic splines of odd degree. It is proved that if fe 4,
7 (") = u(t)+iv(r) and the modulus of continuity of the function u satisfies the condition:

lim @ (u, 5)Iné = 0, then the sequence of analytic splines associated with the function u is
5-0

convergent to the function f (Theorem 6). Further we construct a function /' = u+ive A
which does not satisfy this condition. The sequence of analytic splines of degree one
associated with this function u is divergent (Theorem 8).

The results of this section are analogous to the Dini-Lipschitz theorem on approximation
of continuous and periodic functions by their Fourier series (cf. [21]).

Tn the third section, applying the results of Section 1, we generalize Botkarev’s results,
we construct a simultaneous basis in the real space 4,, we simplify Ciesielski’s proof that
the system {G}{2, is a simultaneous basis in the complex space 4, and we give an estimate
for the norm of the differences D'f— D'nf,':';"), 0<r<m—k depending on the modulus of
continuity of the function f®, fe A,,_, and a{"}* is the nth partial sum of the expansion
of the function f with respect to the system {G{V}2,.

The author is very grateful to Professor J. Siciak and Professor Z. Ciesielski for their
kind interest in this paper and for helpful discussions.

I Interpolating splines of odd degree and biorthogonal systems

1. Cubic splines and Franklin systems. Let {4,};; be a given sequence of partitions
of the interval I =[0,1], 4, = {0 =1, <l 1<..<t,, = 1} with 4,=4,,, ie. each

point of A4, is a point of 4,,,. Let m, = min (t, ;—t, ;—1), M, = max(t, ;=1 ;1)
1gign ’ 1gign

M,
K, =—".

n

Define a sequence of functions {¥,},%¢ as follows: Yo = 1, ¢, = ¢ and for n>2y, is
a spline of degree 1 with respect to 4, equal to one on 4,\4,_; and equal to zero on 4, _;.
By means of the Schmidt orthonormalization procedure we obtain an orthonormal system
{ £}, in the space L,(/), which was introduced by Ph. Franklin in [11]. In this space the
following scalar product is given

1
(f,9) = 0If(lf)g(t)dt )

We can also obtain this system by means of cubic splines. Let g,(n>0) be a cubic
spline with respect to the partition 4, equal to one on 4,\4,_,(4, = {0}) and equal to
zero on 4,_, with gi(0) = gi(1) = 0. Then the system {l,g;,d,,..} is orthogonal
(I3], p. 100) and each function w,(n>0) is a linear combination of the functions:

1
1, 9Y, ..., g, . Hence the system { f,}rzo, Where f, = ﬁ’ lgtl.=(§ lg ())2dr)"%, is the
Gnil2 0

orthonormal Franklin system for this sequence of partitions.



70

If we omit the function ¥, from the system {,}* o and put ¥, = ¥, ¥, = ¥, for
n>2, then applying the Schmidt orthonormalization procedure we obtain an orthonormal
system in the space C,({) of continuous and periodic functions. We can also obtain this
system by help of cubic splines.

Let §,(n>>2) be a periodic cubic spline equal to one on 4,\4,_; and equal to zero on

A,_,. Then the system {1,453 ,d5 , ...} is orthogonal and each function V,(n=1) is the linear

gll

I AII”

combination of the functions 1, g , ..., 4, . Hence the system { f,}o ,, where f, =

2

is the orthonormal periodic Franklin system for this sequence of partitions.

Further we need the following theorems:

THeOReM 1. If fe C(I) or fe C,(I) and s, ; is the nih Fourier sum of f with respect to
the system { f)%uq or { f,}wzy respectively, then

“ IS, <30S

Proof. For fe C(I) the proof is in [8] and for f'e C(I) it is analogous.

The next theorem is analogous to theorems of interpolation by cubic splines {3] and
it will be given in detail, considering its importance in the construction of a basis in the
space A.

" THEOREM 2. Let {A4,}>., be a given sequence of partitions of the interval I = [0, 1] with

T x
A,cd, . Ifa) feC, F() = [ [f(dydx, S, is a cubic spline of interpolation 10 the
00

function Fon A, (i.e. S, ty) = F(t,1)) satisfying the conditions: S, [(0) = F'(0) and

Sp, () = F'()or b)f'e C{I), S, is acubic spline of interpolation to the function Fsatzsfymg
the conditions: S, {(1)—S, (0) = F'(1)—F'(0) and So /0) = S, (1), ihen l° = S s
where s, ;is the nth Fourier sum of the function fwith respect to the sysiem { f, 1720 or { (fle,
respectively,

¥ Mn
5 . | f=S. <6 ( P 7) ,
| , W
© IF =S, ;| <6M,0 (-ﬁ 2) :

M,
|F=S, <3020 (f, 7) .

Proof. From the fundamental identity for cubic splines we deduce that S, , =5,
as in [3, pp. 78—80]. It follows from 1° and Theorem I that

[Sm <3SN

Let @ be a spline of degree 1 of interpolation to the function f on 4,. Then we have the
following estimation [14], [20]

M,

5 )

uf—<pu<§w(f,
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Hence
r? M’l
I f=Si A< f=oll+lo=8, ;I = | f=oll+]s, r-pl <6 (f, 7)

Let 7€ [t;—;, ). In consequence of the interpolation property of S, ;, an application
of Rolle’s theorem yields the fact that there exists a point &e(t;_,,#;) for which
F'(&) = S, (&. Thus on this interval

t
|F'() =S, /Ol = | gj [f =S, )] dx| <M, || f—5,,
and a second integration yields the property

2
[F(t) =S, (DI <

5 1/=5l

which completes the proof.

2. Interpolating Schauder bases in the space of periodic and differentiable functions*.
A basis {f,}2 in the space C(I) (or C,(I)) is called an interpolating basis with nodes
{t o if for each function fe C(I) (or C,(J)) and each n

_goaifi(tk) =f(t), k=0,1,..,n.

A basis {f,}™, in the space C*(I) (or CK1)) is called simultaneous if the system {f,}20
is a basis in the space C'(I) (or Ci(I)) for I = 0,1, ..., k. (C§(I) is the space of periodic
functions which have k continuous derivatives in [).

Consider the following sequence {4,}:., of dyadic partitions of the interval
T=[-mn,n]:4,= {Sn,i};:-'()a

SI,O = -T, sl,l =T,

e
n(— —1), i=0,1,..,2v
2#
(6) Sn,i = “

i—v .
ln 2~—n_1——1 , [=2v+1,..,n
forn=2"+y,v=1,...,2%, u=1,2..

Let D be the usual differentiation operator and

n

(Hf)(1) = Jf(S)df—il—J[ Ff(u)du]ds.
T

-n s

Clearly, DHf = —f.

* This point is a result of a discussion with Professor Zbigniew Ciesielski.
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Let {Ff™}2, be an orthonormal system of periodic splines od degree m+1 with

1
respect to the sequence of partitions {4,},~, defined by (6), F = —\75_— Moreover, for
7
each integer k, k<m-+1, we define a new set of splines

¥ pompy _ [DED fork=1,..,m+1
J H_kFgm) for k = —1, s _(m_l_l);

it
Ner

The system {F{™®, F{™~®},_, for a given k is biorthogonal. Correspondingly, let

and F™® = F{ for j=1,2,..., F™® =

n
mrOf = X (L ERTO R,

fe C™*%(T) and let the partition 4, be defined by (6). We deduce from the first integral
relation for periodic splines of degree 2m -+ 3 (cf. [3], p. 155—156) that n{™® f0n*2) = gt

n

where S, ; is a periodic spline of degree 2m+3 of interpolation to the function f on 4,.
For m+1<r<2m+2

n
m RSO0 = 3 (SO Fr AT FR )
— jil(f(r—i), F}m,m+3—r))F(jm, —-m+r—2)(t) = ...

" n
=,§1(f(m+2)’ F}"")F}"‘"""“‘Z)(I) = Dm+2—rj§i (f(m+2)’ F}m))F;v"')(t)
— Dm+2—rn$'m,0)f(m+2)(t) = S'(I’..)f(t) .

For O0<r<m+1

n’('m,-m-'2+r)f(r)(t) =nz (f(r)’ Ir}m,'m+2—f)) FJ(m,—m+r—-2)(t) .
i=1
— __jznl(f(wl), FJ(M,m—r+1)) F}M,—m+r-2)(t) = ..

— (__.l)m+2—rj-il(f(m+z)’ F}m)) Fyn,—m+r—2)(l)

= (_1)m+2~er+2—rn£m,0)f(m+2)(t) — S,(,?f(!) .
Hence

(8) TC,('m’ -m-2+r)f(r)(t) — Sg)f(t)’ 1€<r<2m+2,

whence n{™ ~™~2+" £ depends only on the values of the function f at the points of the
partition A4,. Therefore we can assume that fe Cﬁ"‘“(T).

We can also obtain the system {F{™}{2, by means of periodic splines of degree 2m+3.
Let {4}, 4, = {—n = ty<t;<..<t, = n} be a given sequence of partitions of the
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interval T with 4, <4, , ; and let g, (n=>2) be a periodic spline of degree 2m--3 with respect
to the partition 4, equal to one on 4,\4,_; and equal to zero on 4,_;. Then the system
{1,g5"+?, g"’“"') ..} is orthogonal ([3], p. 178) and each function F{™(n>1) is a linear

combination of the functions: 1, gi"*?, ..., g™+,
Hence
g(m+2)
(m) _
F" ’LW, = +1
and

(m+k+2)
| 9i =1,..,m+1

i (ma2)n  °
P e
i =

( l)k (m+k+2)
lﬂlm 5 k= —1,..., —(m+1).

Z. Ciesielski ([9], [10]) has proved the following

THEOREM 3. * For each k, |k|<m, the system {F{™®}2 | is a basis in the space C,(T).
Moreover, for fe C(T)

1
| f==0 1] Sme(f, —), where C,, = const.
, n

COROLLARY. For each m>0, the system {F™)}2, is a simultaneous basis in the space

“ (gl;ther we shall prove that there exist constants C and C; such that
&) IS, A< CISN for fe CAT)

and

(10) 1S, A< Cy 1L f") for fe CHT).

Let fe Cx(T), 4, = {—7 = to<ti <ty <ty <..<t,_ <<t <t, = n}, where ;" —1;
=t = t—1,_0) = ? =H,i=1,2,..,n and let S be a cubic spline with

respect to the partition 4, such that S(¢,) = f(¢) and 8'(t) = S"(t) = 0,i = 0,1, ..,n
Then for telt,_,, t]

e (t—tic)y (=t —h)S | (—ti—2h)5
S(t)"f(ti—l)'i'[f(ti)'—f(ti—l)]( 6. - 243 2h? )

and

ST = IrI.
Let T, = [t;-y, ;] and | fllr, = sup{| f()I: te T}

* Jt is a particular case of a theorem which was given in [9].
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Applying Rolle’s theorem we conclude that for i such that [S"]| = 181,

9
IRES Ei{,"f“ ;
(11 IS I<zlf I,

4
(N PIES “];”S'”T;‘

Hence from (8) and theorem 3 (k = m+1, f = S) we deduce that there exists a constant
A>0 such that

1 7] 17 34 t
ISy, p—S"[<ALS llézlifﬂ-

Let teT; = [t;_y, t;]. Then there exists a point 7€ 7; such that S,',, AD = 5(D.
Hence

(12) 1Sy, (D= S' DI [ IS, {0} =8" (D] dr <9457,

whence there exists a constant C, for which (10) holds true and

-

1
81 A
(13) 1Sy, /(N =Sl < j 1Sy, [(D) = 8" ()] dr <274h; | S| < —A’—Afl!fli .

lj=1

=

Because the system {FI™®}® | was defined with respect to a system of dyadic partitions

h.
then h—’<2 and we obtain (9). Further

L =S, A<l =S+ 18— S, ;I = [/=Sel+1Sh -5, »

where S; is a periodic spline of degree 2m+3 with respect to the partition 4, of the best
approximation to the function f. Hence from theorem 3 we obtain

THEOREM 4, Let {4}, be a sequence of dyadic partitions of the interval T, defined
by (6), fe CHT), 0<k<2m+2 and let S, ; be a periodic spline of degree 2m+3 of inter-
polation to the function f on A,. Then for 0<r<k

n

(14 (AR <Amw(f('), 1)-

COROLLARY. For each m>0, the system {1, g,, g3, ..} is a simultaneous interpolating
basis in the space CYT), k = 1,2, ..,2m+2.

Remark 1. Another proof of Theorem 4, based on properties of the Bernoulli poly-
nomials, was given by Z. Ciesielski in his lecture during the Approximation Theory Semester
at the Stefan Banach International Mathematical Center.

Remark 2. Simultaneous interpolating bases in the space CHT) were earlier con-
structed by S. Schonefeld [17] and Ju. N. Subbotin {18].
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I1. Interpolation of real parts of apalytic functions

Let {4,}2; be a given sequence of partitions of the interval T = [~=, 7], fe 4,
f(e") = u(®)+iv(f) and let s, be a periodic spline of odd degree of interpolation to the
function u on A,. Further we shall see that in spite of the convergence of the sequence

{s,}. the sequence of analytic splines associated with the functions s, may be divergent.
Let ’

(@, 8) = max{| f(z5)—f(z)]: |22 2,1<8,1z,] = |z:] = 1}
Further we need the following
TaeoreM 5. ([16)).

(15) w(f, 5)<(2"+2)cb(f, ;)

Proof. Define the following function

P
1 it
(16) g(z) = g(z,9) = 5 J‘f(ze’”)dr.
-3

Hence

Jd
Eg(e“’)—f(e“’)léilg j | £ (@) ~f (€ dt<d(f, e’ —1]) = u(f 2sin§)<cb(f, 8).
]

Hence from an application of the principle of maximum we obtain the inequality

a7 | f—gl<d(f,d).

The function g belongs to the space 4, and

lg'(e")] =

(7 i0
—_— e
aog( )

1 . L
=551/ (@ —f (7)<

1 5 i 1
< 50/, le”—e™") = o5 &(f, 2sind) .
. Further

d é
10~ [-a(o2)]o(-2).

o(f,0)<o(f~g,d)+olg, ) <2max{|f(2)—g @) l<l}+

8 8
+émax{|g’'(2)|: 211} <2d ( \ ——) +2"“1d')(f, 2sin -) .

2“
Hence

o(f, 5)&(2"+2)a")(f, i) .
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Remark. The case of this theorem for n = 0 was proved in [16]. The proof of the
formula (15) is almost identical with the proof for » = 0.

Tueorem 6. Let {4}, be a given sequence of partitions of the interval T, f€ 4,
F(€") = u(®)+iv(0) and let {s,()}=1 be a sequence of periodic splines of degree m with
respect to the sequence of partitions {4,}5-y and {S(2)}-y the sequence of analytic splines
associated with the sequence {s(D)}n-y such that ImS,(0) = Imf(0).

If there exists a constant B such that

(18) [u(t)—s,(N<Bw(u, M,),
then there exist constants o, § and y such that

(19) BAGEREIES (a+ﬁKn+vlni—) w(u, M)+60(v, M,) .

n

Proof. Let z = ¢;,. Since the addition of a constant to the function f changes neither
the modulus of continuity of f nor the difference f(z)~ S, ;(z) then we can assume that
f(z) = 0. From (2) we obtain

(@0)  [()-S,) = W)=+ 5 j fu(p——s(p—lctedi+

Ma<jt|<n

i t j t
+ — u(p—1r)ctg—-dt— > s(p—tctg—dt = L+ L+ 13+1,.
2n 2 2n 2

[t|<Mn 1| $Mn

By (18) we obtain

(#3))] | <Bo(u, M,)
and
1 t
|2l < — fu(p—n—s(o—1l|ctg|dl
2n 2
Mp<|t|Sn
(22)
Bow(u, M,) dt 1
— , M)In—.
n f g <70 MG
Ma<jt<n
Write the integral [; as follows
e*+1
I; = — ju((p—t)ctg dt = — — ~[u(q) t)—«~—dt
—M., —M,.
@+Mn o+M,

e+ 1 e 4e
=5 j u(1) g ew r=57—IRe j if (") P —dt = RelJ .

¢—~Mn ¢—Mp
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Further we need the following notations: I'y = {{: { = €'®*Y, —M,<t<M,)},
r,={{:{{—z = |eM™—1| =R} D, 0<e<R,,n = (1—¢)z.

Hence

L [F@ GrEy L [IQ L [1©),
= | i = | | =
Iy Iy Iy

From Sochocki’s theorem and Cauchy’s theorem [13], [15] we obtain

PR FAC N PACH SRS Ay S FACHS
Ti.'r C-—Z e**()nr g—n e=0 A C—*ﬂ nrz C—n

Hence
1 - -
PR LAY ACIRE ledCI+21f(r1)]
nr |{—z| {—n
<OUf, R) =2 +21 f @)l (f, R), where -0 .
Because
¢+ Mpn
1 . M,
Ilesz—- '[If(e")hf(Z)ldté—"w(f, R),
T . w
@—Mn

therefore from Theorem 5 we obtain
M,

Because f(z) = 0, then for te[p—M,, o+ M,]

ls, (Ol < s, () —u@l+lu(@)—uw(@I<B+ Do, M,).
Hence from A. A. Markov’s theorem [1, p. 138], [19, p. 233] we conclude that there exists
a constant C,, such that for te[p-—M,, o+ M,]

’ C"I
Isn(t)l < ;’(B'l' I)O)(u’ Mn) .






