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" Jutroduetion. Lot Cy([0, 1]) detiote the Banach space of all real-valued continuous
" functions on the interval [0, 1] with the supremum norm [-]l. Fora function f & C.({O 1]), ek
o .put, ‘ .
' , W= mf{ll f—pﬂ pisa polynomlal of degree <k} .

. -By a theorem of S N. Bemstem ({21, p. 292), for every nou-mcreasmg null-sequeuee {a} /+
':;of non-negative numbers there is a function fe Cy([0, 1)) with d(f) = & for all k. This :
. problem of the existence of an element /& Ca([0, 1]) with: prescribed values d,( f), called
by Bernstein the inverse problem of the theory of best approximation, was ‘reformulated. by S
V. N. Nikol'skif [4] in the following way. A Banach space E is said to have the  °
. property {B) with respect to- a Samily F of closed linear subspaces of E, if for. every. .
mcreasmg sequence ~ o
" . V1 c¥, <.

: of distinct subspaces of E belongmg to the famxly F and every sequence of non-negatwe_ o
" numbers .

~ o
i 63 282/ ?0 llmsk
; k~» o0

there exists an element x¢€ E such that S
dist(x, V) = g (k=1,2,.).

B these equahtxes hold for almost all k, then we shall say that £ has almost the property (B) .

- with respect to #. If the family & consists of all closed linear subspaces of E, then E is
said to have the absolute property (B). Various’ examples of Banach spaces having the. -
property (B) with respect to certain families # were given by V. N. Nikolskil and -
I. 8. Tjuremskih. In partlcular Nikol'skif [3] proved that if E has the absolute property ®),
theu it is reflexive. Tjuremskjh {10] showed that each Hilbert space E has the absolute

. vproperty ®B). It is not so far known whether there. exist other - Banach spaces having the

: absaiute property (B). (For more complete mformatlon see [8].) It is well-known, however,.

~that ‘evéry real ‘Banach space E has the property (B) with respect to the famiily & ofall. -

: ﬁmte-dlmensxenal linear subspaces of E (sec [8], theorem 5.8, p. 264, [9], theorem 2.5, ', .
p. 50). Actually the last. aSSertlon is true for all (real or complex) Ba.nach spaces (see [5], Vo
-.theorem 5. 1) ,




¢ this note we shaii cmdor Bernstein's inverse problem of the ‘theory of best
appraxmnonmthecmwhcmEisanFamce 1e.acomplcecmetnchnmw and
- show that E has the property (B) (with some natural restrictions on the sequesice {ag})' :
. with respect to certain families of finite-dimensional subspaces of E (theorem 1.3). In ="
_ particular, we shall prove (corollary 1. .5) that all complete p-normed spaces (0<p<1) -
-+~ have the property (B) with respect to the family #,, and all locally psendoconvex spaces

> have almost this property with® respect to a subfamily of the family &, (cu:ollary 2 3). ¢
. Finally we shall show that a large class of F-spaces (not necessarily locally paeudoconm)
" - formed by integrable functions on compact subsets of C* has almost the property (B) with = -
. Tespect to the family of finite-dimensional subspaces ‘of polynomials (corollary 36).
 'We hope that our results for F-spaces are new. We note, however, a paper by =
" Albinus [1], in which some other questions related to generalizations of Bernstem s theorem - - ;
o the case of F-spaces have been treated o g

. \

1. Tlle main theorem
Lct E be an F*-xpace (1 e. 2 metric linear space over the field X of real or complcx L
. numbers see e.g. [6]). We shall denote by |-| an F-norm in E (jx| = 0iff x =0, Jax| = x|
for all « in K with |of = 1, [x+yi<lx|+1yl, and ot x] =0 prowded a,.-»O) gmng the
"”'.tOpology of E. If E is complete, it 18 called an F-space.
Given a closed lnear subspace V of E and an element x € E, we put

) ' d(x, V) = inf{|x—v|: ve V}. JEx
~ We note that c » : , I
(o) o d(x+y, V)<d(x, V)+d(3, V), x,y€V, | o

e Cd(x+v,V)=d(x,V), xe€E, veV¥.
We also -have ' ‘ - ‘
e ld(x, V)=d(y, V)I€lx=)l, x,y€E,

K ;whlch yxelds the contmmty of the mappmg B

@ . Esx—d(x,V)eR,. | RS
We shall need the following. | T T
- L2 Llamu\ (cf. e.g. [8], lemma 6.1, p. 151, the case where E is normed) Let Vbe

D ﬁnit&dzmmional subspace of an F-space E. Suppose. that far a certain >0 the set
; ..B(s.,) NnVis cw@act Hten for each xeB&so) there is an element veV such that

d(xa V) lx —'9‘ »
throughout the paper B(r) denozes the’ ball {er ix|<r}




'Pfodf It xe-E ve V‘&sd M>2}x|, thén ny 1) we haveﬁ S
e [X-ﬂl?!l’l*lxbixi?d(x V),

: ‘ ‘ ‘ d(x, V) = mf{lx-—vl veB(zlxi)n V} . T S ‘
f-_fmfefore, if {x|< 48, then the set B@Ix)) AVis compact, whence by the contmmty ofii"f g
. the funcuon (4) we get the result. o R
. .3. THEOREM. Let V <V, <... be an mcreasing sequernce of ﬁnife-dzmmsxonal :ubspacex -
:of an F-.s‘pace E. Assume that s
- Q) there is an eo>0 such that the sets B(so) n Vi are compact (k =1, 2, ).
‘Put for k=1,2,. L4 .
M = sup{d(x Vi) xe Vu-;}

\ T?mr for every sequence {e} of non-negative mumbers such that -
4 (ﬁ) o a}so>81282/ .20 = limg, .
o : , I,
- and |
(i) \ Cmsma k=12,

3 ?ﬁere exmts an elemem' x e E such that ,
d(x Vk)—sk Jor k=1,2,..

" Proof. For k'=1,2, ..., put ‘ :

. Up={x€E: d(x, Vk)és,‘} ‘ ‘ ' R

Wy ={xeE; dx, V)>8},

A, ={xeE: d(x, V) 3.35}

¢ ad
. B, =4, n..nA4,.
 We note that A
o (5) o A #0 fork-—l 2,. ‘ &
S ,Indeed if sk 0, then 0€ A,. Suppcse a,,>0 If A, = @, then EcU, U W,. Therefore, : - R
-~ since the space E is connected, and since Uy and W, are disjoint open sets, we should T
. have Ec Uk because 0 € En U, # O. On the other hand, by (i) :

sup{d(x, V): x€ E}>m>26>6, R

' ivhencc En W, # 9, a contradiction.
. Next we observe that

: '» 7, . (6) For each. k if aeAk, then there is an element ue V,k such that @, = a— ueA,,'
e and |g| = &,. ’

'

' Since &= %so sk>0 therc is an elemvent we ¥y such that .
' ‘la—wl<d(a, V) +e = 8;+& = 1z,




