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Solution of the translation equation
on some structures

by L. PIECHOWICZ, S. SERAFIN

1. In this paper we’re giving general solution of the translation equation on three types
of semigroups (semigroups with zero-multiplication, semigroups of left units, semigroups
of right units) and on arbitrary structures with adjoint units. Let (S, ) be a structure
(where S'is a nonempty set and “-” is a binary operation in S defined for every (x, y) € §x.5)
and M an arbitrary nonempty set. ‘

The functional equation

(T) F(F(x, a), b) = F(x, a-b)

with unknown function F: M x S—M is called the translation equar;on on (S, ) (with
the fibre M).
An arbitrary given function F: M x S— M fulfilling the condition
N AN F(F(x,a),b) = F(x,a b)
xeM abesS
is called « solution of the equation (T) on (S, -). The set of all such functions is called the

general solution of (T) on (S, ).
Every family (A7;);.; of nonempty and disjoint sets such that {J M, = M is called

iel

a partition of M. We suppose in the sequel that if (M), ;is a partition of A/ then

MnM;=@ fori#j, ijel.

2. Let (S, -) be a semigroup such that card S-S = 1. This unique element of S-S we
denote by 0. Such a semigroup is called a semigroup with zero-multiplication.
We have the following

THEOREM |. A mapping F: M x S—M is a solution of (T) on (S, *) if and only if it is con-
srruated in the following way
® We take an arbitrary partition (M);e; of M.
2" We choose, for i€ I, an arbitrary subset P; of M and fixed element x; e P;.
3° For every i€ I we introduce a mapping f; of the product set M;x S onto P; such that

filx,a) =x; for xeP; ora=0.
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4° We put
F(x,a) :=f{x,a) for xeM,.

Proof. Suppose that F is a solution of the translation equation and consider the
function f° M-—M such that

f(x):= F(x,0) for xeM.

For each ief(M) we form M, := f~"({i}). 1t is clear that the family (M));c () i
a partition of M.
Next, from

F(F(x, @) = F(F(x, a),0) = F(x,O) =f(x)=1i

for all xe M, and ae S, we have F(M,;xS)c M, and ie F(M,;x S).
Moreover we obtain

F(F(x,a),b) = F(x,a'b) = F(x,0) = f(x) = i.

Thus we have shown that f; := F|y, «s satisfies the condition stated in the theorem with

P;:= F(M;xS) and x; := i. We have also F = {J f;, whence the proof of necessity is
ic f(M)
complete.
Conversely, suppose that a mapping F is constructed by 1°,2°, 3° and 4°. It is evident

that 3° implies
F(F(x,a),b) = x; = F(x,0) for xe M;, a,be§.

Therefore the equality
F(F(x,a),b) = F(x,ab)

holds for all xe M and a,be S.

3. Let (S,-) be a semigroup such that /\ a-b = b. It is called a semigroup of left -

. abeS
units.
We have the following

THEOREM 2. 4 mapping F: M x S—>M is a solution of (T) on (S, ") if and only if it is
constructed as follows

5° We take a partition (M,);.; of M.

6° We denote by F the set of all functions - M— M such that

A (f(M)cM acard f(M) = 1).

iel

7° We take an arbitrary function @. S—F.
8° We define F(x,a) = (@(a))(x) for {(x,a)e M xS.

Proof. Let F: M xS—-M be a solution of (T) on (S, ). This means that
9° A /N F(F(x,a),b) = F(x,b).
h

xeM abe



I

We define f,: M3 x+F(x,a) for ae S and
¢: Saamf,e MM,
For every a,be S from 9° we obtain the equalities

Jola=tor Jofs=for  fofu=1r.

Therefore by evident inclusions iy <f,”f,, iycfy '/, we have

fa_lf;a =‘f;1“1iMf;1Cfa_1fb“]j}Jf;1 =.ﬂ1—].ﬂ> ’
S e T =1

whence /! 1, = f;! f,.. This means that M/f,” 1, = MJf,” "}, for everya,beS. Let (M),
denote the common partition M[f,”*f, of M. For ie I and ae S from the definition of M,
there is card f(M,) = 1 and f(M))c M i .because f, is an idempotent of the semigroup MM,
Therefore if .# has the same sense as in 6°, then there is evidently

Q: SHF .

Furthermore for (x, ) € M xS we have F(x, a) = (¢(a))(x), which completes the proof
of necessity.

Conversely if Fis constructed as in 5°, 6°, 7°, 8° then for x & M, a,be Sthereis xe M,,
where i € Iis uniquely chosen, and (¢ (a))(x) € M. Moreover (P(M) (2 (0))(x)) = (p(B)) (%),
because card(p(B))(M,) = 1.

F(F(x, a), b) = (¢ () (¢@)(¥)) = (@(B))(x) = F(x, b) = F(x, a+b)

and our theorem has been proved.

4. Let (S, ') be a semigroup such that Aab=a Ttis called a semigroup of right
abes

units.
The general solution of (T) on (S, ‘) we obtain using

THEOREM 3. 4 mapping F: M x S—M is a solution of (T) on (S, ) if and only if it is
constructed as follows

10° We take an arbitrary subset V of M, V + ©.

11° We denote by F the set of all Sunctions f: M— M such that f (M y=Vandf|, =i,.

12° We 1ake a function ¢: S—F.

13° We define F(x, a) = (@(a))(x) for (x,a)e MxS.

Proof. Suppose that F: M x S—M is a solution of (T) on (S, ) which means that
14° A\ AN F(F(x,a),b) = F(x, a).

xeM abeS
Let us define ¥V := F(Mx S) and
@: S2amf, = F(-,a) e MY,

Evidently F(x, a) = (p(a))(x), for (x,a)e MxS. We have also F(x,s) = F(F(x,5), a)
for (x,s)e M xS. Hence f(M) = V, for every a€ S.
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Furthermore from 14° we conclude that f, f, = f, and thus
fly =iy foraes§.

Conversely let F be constructed as in 10°, 11°, 12°, 13° If xe M,a, be s then
F(F(x,a),b) = (e (®)((@(@))(x)). But (p(@)(x) e V and @(b)ly = iy, thus

F(F(x,d),b) = (p(@)(x) = F(x,a) = F(x,a" b)
and the proof of our theorem is complete.

Remark 1. Obviously theorems 1, 2, 3 give a method which allows the construction
of all subsemigroups of M™, which are semigroups with zero-multiplication, semigroups
of left units and semigroups of right units respectively.

5. Let (S, ) be an arbitrary structure. We denote by (S', ) the structure obtained
from (S, ') by adjoining a unit 1 ¢ S.

Remark 2. A function F: M x {1}— M satisfies the translation equation on ({1}, ) if
and only if F(-,1) is an idempotent of the semigroup MM,

THEOREM 4. Let F,: MxS—M and Fy: Mx{1}—~>M satisfy the translation equation-.
on (S,-) and on ({1}, -) respectively. A mapping F: MxS'—M defined by F:= F, U F,
is a solution of the translation equation on (S',+) if and only if
(%) Fi(MxS)cF,(Mx{1}) and AN N Filx,a) = F\(Fy(x,1),a).

xeM dqeS§

Proof. Suppose that F:= F, U F 2' satisfies the equation of translation. Then for all

xe M, ae S we have

F(x,a) = F(x,a) = F(F(x.a), 1) = F(F(x,a),1)
and
F\(Fy(x, 1), a) = F(F(x,1),a) = F(x,a) = Fy(x, ).

Thus (%) holds.
Conversely, if F;, F, fulfil the supposition of the theorem and the condition (*) holds,

then we obtain for xe M and a€ S
F(F(x,a),1) = Fy(Fi(x,a), 1) = Fy(x,a) = F(x,a) = F(x, a*1)
because F,(-, 1) is an idempotent of MM and

£y, l}lfz(Mx{i}) = lp, =1y
-
Moreover

F(F(x, 1), a) = FFa(x,1),a) = Fy(x,a) = F(x,a) = F(x, a*1)

and thus F is a solution of (T) on (S',).

COROLLARY 1. Every function [ which is an idemporent of MM and satisfies (*),
where F,: MxS—M and for xe M Fy(x,1) = f(x), is constructed in the following way
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15° We consider the family (M});c; of all equivalence classes of the following relation
in M

{(x,yeMxM: N\ Fx,a) = F(y, a)}.

aes

16° We take arbitrary idempotents f; of MMi (for iel) such that
F(MxS)n M cf(M).

-

17° We define [ = {J f;.

iel
Indeed, if a mapping fis formed according to 15°, 16° and 17°, then U f(M)) = fAM)
iel
and F,, F, have the property (x). Conversely, if an idempotent f satisfies () we put foriel

Si=Slum, -

This implies

COROLLARY 2. Let F,: M x S—M satisfy the translation equation on (S, ). A mapping
F: MxSY=M is a solution of this equation on (S*, *) which is an extension of F if and only
if @ mapping f+ M3 xF(x,1)e M is built as in 15°, 16" and 17°.

This extension of the solution F, is unique if and only if )\ card M;>1=M;cF,(M x 5)

iel

and then f = iy .

Consequently, every solution of (T) on (S,*) can be extended, but this extension, in
general, Is not unique. -

On the other hand we have

THEOREM 5. Let [: M—M be such that f(f(x)) = f(x) for all xe M and let
Fy(x, 1) := f(x). A mapping F: MxS'—>M is a solution of the transiation equation on
(S',-) which is an extension of F, if and only if there exists the function F: f (M)x S—f (M)
fulfilling the equation of translation on (S, ) (with the fibre f(M )) and such that

F(x,a) = F(f(x),a) for xe M and aeS.

Proof. Suppose that a mapping F fulfils the condition stated in the theorem. Since
F(f(x), a)ef(M) for an arbitrary x € M, a € S and [ is an idempotent of MM, we obtain

F(F(x, a), b) = F{F(f(x), a), ) = F ({{F(f(x), D), b)
= F(F(f(x),a), b) = F(f(x), ab) = F(x,a b).
We have also
F(F(x, 1), a) = F(Fy(x,1),a) = F(f(x),a) = F(f(f(x)),a) = F(f(x), a)
= F(x,d) = F(f (%), a) = fF{F(f (%), a) = F(F(f(x),a),1) = F(F(x,a), 1).

Thus F is a solution of (T) on (S, ).
Now suppose that F: M x S'— M satisfies the translation equatlon on (S1 -) where
f(x) = F(x, 1) for xe M and let F := Flronxs. Then Flyxs and F satisfy the translation
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equation on (S, ) (but F with the fibre J(M)). For the mapping F|y s we have from
theorem 4 that

F(f(x),a) = F(x,a) for xeM, acS§.
This yields
F(f(x),a) = F(f(x),a) = F(x,a) for xe M, aeS.

Thus our theorem is proved.

COROLLARY 3. Every idempotent f: M— M can be extended on the set Mx S' to a solution
“of (Ty on (S, -), but in general not uniquely.

This actual extension is unique if and only if card f(M)Y=1. :

In particular, f = iy can be stuck together with every solution F . of the equation of
translation on (S, -) giving the function F which satisfies the equation of translation on (S*, +)
and [ is the unique idempotent of M™, satisfying this condition.

However, a solution F: Mx S—M of (T) can be stuck together with every idemporent
fe MM if and only if cardM = 1.

A solution of the equation of translation on a structure (S, -) with adjoint zero has
been given by Z. Moszner and J. Tabor in [}
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