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On zero points of the linear combinations
of the eigenfunctions
in a singular Sturm-Liouville problem

by S. PosTawa

in 1962 the paper [1] appeared, in which the author considered the problem of the
oscillation of linear combinations of eigenfunctions the regular Sturm—Liouville problem,
i.e. that of the bounded interval [¢, b]. The present note is an attempt to transfer the results
of the paper [i] to just one particular case of the Sturm—Liouville problem, i.e. the case
of; the interval [a, + o0).

§ 1. Let us consider the problem of the eigenvalucs and eigenfunctions for the equation:

H L[u]+2o(x)u =0,
where
(2) L{u] = [p()' (DO} —g(x)u(x)

with the boundary condition.

(3 o ula)y—ou'(a)y = 0.

Let us replace the right boundary condition by the following:
(4) ve L[, +o0)y  and  we Lo[a, +x)).

We assume that x,, x, are real non-negative numbers fulfifling the condition: 25 +3 > 0.
Suppose that the functions g(x)>0 and p(x)>0 in [a, +0) and pe L,(la, +w)) and
peCla. +x)). g€ Ly(lu. +0)) and g € C(a, + ). ¢(x)=0, g is continuous in the
interval (o, +=) and lim ¢(v) = + .

x—

Moreover, suppose that the following holds:
Assumption Z. For the problem (1), (3), (4), there exists a sequence of cigenvalues

(3) 0< 4 <Ay <s5.,limz, = +>

oo ow

e ! . «
and « sequence of eigenfunctions of classes ¢, and C? in [, + )
(6) (X)), 1,(X), us(x), .

such that w, & & y([a, + ) n C*(a, +o0)) forevery n = 1,2.3, ... (see [2], Chapter V).
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Assuming that lim g{x) = + w0, the n-th eigenfunction n,(x) has exactly n—1 zero

points in the interval (¢, + oc), which are not zero points of its derivative (see [2]. p. 113).
In the present paper we shall give the proof of the following:
THEOREM 1. Every linear combinaiion of eigenfunctions (6) of the preblem (1), (3), (4),
af the form
(T F(x) = cpu )+ +ou(x), nzm=l,
2

s € Teul constants, ¢4 +c2>0, has in the interval {a, + ) ar least m—1. and ar
most n—1 zero poinlis.
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§ 2. To prove this theorem we shall prove the following lemmas:

Lemvia 1, 11

17 (XY and g(x) = p(3) f'(x) (where p— continuous and positive in {a. — 0 ure
of cluss £, in la, + ).

2° f(x) fulfils the boundary condition (3),

(N #0 in (a, + ),
then there exists a point ye (a, + o) such that h{n) () <0, where

(8) hx)y = LU

Proof. Since fe Z,([a, + ), hence f(v)—0 for y—oo. Assuming that /(v)>0,
then f(x) in the point « fullils one of the following conditions: 19 f'(¢) = 0; 2° f{«)>0
and f(¢)>0;3° /(@) >0 and f'(a) = 0. It is easy to see that in every one of the cases |7, 29 3°
there exists a point e <.xvy < + oo such that f'(x,) = 0 and f(xy)>0. By f{(x)—=0 for x— ~ w
and f(xg)>0, there exists a point xy,<x,<a, such that f'(x,)<0. or cise
g(xg) = plyg) flxg) = 0. g(vy) = p(x)f'(x,)<0. Hence

g —glyy)
ST
VM= Yo

0.

But from the mean value theorem

g(xy) =g (xq)

N —Xg

= g'(n),

hence ¢'(n) <0 and f(n)>0, because x, <y <x,. We have then £(ip) = g'(n)—g () f (1) <0.
The inequality /1()>0, when /(x)<0 in (¢, %), can be obtained arguing as above. in
application to the_function —f(x), which gives —/i()<0, and this proves Lemma 1.

LiMMA 2. If the functions [ (x) and g(x) = p(x) f'(x) (where p is continuous and positive
in la, o)) are of the class &5 in la, o), and if for certuin points n,. v,y of the inwerval
(«. + o) the relations n,<y<n,, hin))/(n)y<0. hig) f(n)<0, f(¥) =0 hold, then
there exists at feast one point (€ (n,, n,) such thar () = 0, where h(x) is defined by for-
mula (8).

The proof of Lemma 2 is to be found in [1].






