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Inverse iimits of torus-groups and minimal
sets of some almost periodic continuous flows

by M. MROZEK

List of notation

N the set of natural numbers

Z the set of integer numbers

Q the field of rational numbers

R the field of real numbers

R" the m-dimensional vector space over R (often considered as the topological group)
X the metric space

(X.q) the continuous flow

7 the motion of the fixed point xe X

G, H.K topological groups

M the orbit closure of the motion (with the structure of a topological group)
o 4 metric on X, G or M

<L by, ... exponents of an almost periodic function

QA the vector space generated by 4 over @

V{4) the vector space generated by A over R

G(A} the group generated by A

R¥ the set of nonpegative real numbers

Kytx, ¢} o-ball of radius ¢ and center x in a metric space (X, o)

Introduction. The research which led to the present paper began from an_observation
that the spatial extension @ of a motion of an almost periodic flow, which was discussed
in [3}. may be considered as a morphism of topological groups. Consequently some theo-
rems in [3] may be proved in a simpler way. Furthermore, ¢ has the property called here
pseudo-periodicity, which is a multidimensional extension of isochronus almost periodi-
city. We shall prove in Section | that if there exist /2 R" =G, a pseudo-periodic morphism
of groups which have certain additional properties, then G is an inverse limit of m-dimen-
sional torus groups. In Section 2 we shall show the existence of an invariant metric group
which we use in the sequel. In the last Section we shall prove the mentioned properties
of & Applying the theorem proved in Section 1 we shall obtain the main result: a minimal
sct of an almost periodic continuous flow is an inverse limit of torus-groups.

0. Necessary theorems. Let Yo R™ denote a metric space with a metric ¢ and let
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be a continuous mapping which satisfies the following axioms:

(0.1) p(0,x) =x  Avel,
0.2) o(t, o, x) =@U+0.x) Ar.r'eR AxeX.

We say that ¢ defines a continuous flow (X, ¢) on X.

Let v, € X be fixed. The function

(0 = olt, xy)

is called a motion of the point x,. In this paper we shall consider only non-constant
motions.

Let

O(xy) = tolt, xy): te R

denote the orbit of .

If for some v, € X the set O(x,) contains no proper subset which is an orbit closure
then O{;‘(,} is called a minimal set.

The idea of almost periodicity depends fundamentally on the existence of relatively
dense translation numbers. A set S of real numbers 7 is called relatively dense if there
exists 4 number & such that there is at least one number 1 in each interval of length A.
A continuous flow (X, @) is g-almost periodic (or short: almost periodic) if for every
>0 there is a relatively dense set of numbers 7 such that

oo, ), pli+t, )N<e  NreR AxeX.

In [i] (p. 12-18) we find the following

THEOREM O.1. If 7 is an almost periodic vector function then the vector

r
M({y) := lim ],-Tj}{(l)dr
T 0
exists and:
A = M{y(yexp(—irn)
exisis for all real i and is equal 10 zero except for an enumerable ser A= 1, 1.
We shall briefly write
(0.3) A, =AY, v=1.2.

The exponents 1, are connected with the translation numbers by the following

THEOREM 0.2 (see [1]. 53). If 7 is an almost periodic vector function thei for every >0
there exists an integer N(&) and a positive number 8 <m such that the numbers 1 for which

I, 0i<0 mod2m, v =1,2,....N()

are translations numbers belonging to &
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We now recall further results reffering to almost periodic functions.
Tueorem 0.3 (see [1], 29). If x is an almosi periodic vecior function satisfving (0.3) then
there is u sequence of vector polynomials

N(k)

(0.4) P =S B exp(ia,y, ko= 1.2,

ve=

such that b -4, and P)— (1) uniformly.

The space of real numbers R may be considered as a vector space over the field O of
rational numbers. Let 14,17 be a fixed base of Q({A4,17) and let / := dim Q (!4 .)7). This
means that the numbers {4,177 are linearly independent over @ and
)

(0.5} A=

v

]
1

z; for some Ve Q.

s!y[\/] ~

THEOREM 0.4 (see [1], 36 37). Suppose that y is an almost periodic vector funcition satisfv-
g (0.3) and thar A, satisfies (0.4). Les
JUkY = max J, .

v=Tluk
We define

Nik) .
{0.6) Piiry =3 bPexp(i Y Y 1),

\—1 i=1

where t = (t,. 7y, ..)e R and b are defined by (0.4).

Then
(0.7) @(1) = lim @,(1)
o oo
exists wiiforinly and
(0.8) gy =@, 0,..) NieR.

The vector function @ is not uniquely defined because the base is 0.t aniquely defined.
Nevertheless it is called the spatial extension of 7.
The foliowing theorem may be found in [1] (p. 21).
THEOREM 0.5, 1/ a sequence { [} of almost periodic functions witl the exponenis belonging
i

10 AT converges uniformiy 10 a function I then fis almaost periodic und has exponents

included in 1A

THEOREM 0.6. (see [3], 364-366). Suppose that (1, x,) = y(1), where fO(xy), @) is an
almost periodic continwous flow, and suppose that y sarisfies (0.3) with A, satis{ying (0.5).
Then

M= O(\o) = im®  and J<dimM < ,

where @ is defined by (0.7) and J = dim Q({ 1,1 7).

The following theorem once used by M. Cartwright ({3}, 370) will be more useful
for us:
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THEOREM 0.7. Let M = bf;xo), where {_OM(U\S . @) satisfies the hypothesis of Theorem 0.6
and let x = lim @(h,, xo). Then the addition given by:

v+

(0.9) x+y:=limelh,,y) foryeM

v oo

is well defined and induces a group structure on M. The group (M, +) is a topological abeliun
compact connected group by existing on M metric topology.

We now give a full list of other theorems which we need.
Taeorem 0.8 (Kronecker [5], 382). If Xy, X5, ..., x, are any real numbers and

m

G st ey gt any real linearly independent numbers over Q then to any number 6>0
there corresponds a real number & and m integers ky, k., ..., k,, such that the inequalities :

E-xi—kgil<o, i=1,2,..,m

are satisfred.

THEOREM 0.9 (sec [7], 121). Let G and G* be iwo fopological groups and let g be an oper
continuous homomorphism of G onto G*. Then kerg is a normal subgroup of G. The groups
Gikerg and G* are isomorphic.

THEOREM 0.10 (see [7], 123). Let G be a locally compact topological group such that

=}
G = | A,, where A; are compact subsets of G. Let g be a continuous homomorphism of G
i=1
onto «a locally compact topological group G*. Then g is an cpen mapping.
Let 7 be a non-empty directed set. We give the following definitions:
Definition 0.I. A system
(0.10) (G ers (), <)
is called an inverse system of groups if
Nioxel o0 G -G,
is a homomorphism of topological groups and
Neel o =idg, i<zt oG =
Definition 0.2. A topological group G with the morphisms 7 : G—G, is said to be
an inverse limit of the inverse system (0.10) if:
5T, =1, N\x<i
and for every topological group y and family of morphisms (£: X—G,) such that
2 & = &, (#<u) there exists only one morphism 0: X—G such that 7,0 = C,. The mor-
phism 0 is said to be an inverse limit of morphisms . We denote:

G=1lmG,, 0=lmé.

Now let G be a topological group and let (H,),.,;be a family of normal subgroups of &
such that H,> H; whenever 2 < . Foreachxe llet G, = G/H, and for a<f let [, be the
canonical homomorphism G/H,—G/H,. We have the following theorem on the inverse
system of groups (G,. f,p):



33

Torores 0.11. (see [2], chapt. [, 7.3, prop. 2). If for each x & I the group H, is closed
in G end every neighbourhood of the identity element e in G contains one of the H,, then
the mapping i: G 3 s—(sH)es € G =1imG/H, is a morphism of G onto i(G), G is Hausdorff
and i(G) is dense in G; finally the kernel of i is the closure of {e} in G.

THEOREM 0.12. (see [6], chap. III, 6, ex. 10). Let A be an additive locally Jinite
subgroup of the vector space R". Then A is a free abelian group on < m generators.

THEOREM 0.13. (see for instance [4], 496). For every metricable compact space X the
following properties are equivalent:

0.1 dimX<n,

(0.12)  for every metric o on X /\8>0 there exists an open covering s/ of X of
a range <n such that:

{0.13) NAeo, Nx,yed o(x,»<e,
(0.14)  there exists a metric of such property.

The range of a covering &/ is the largest positive integer 77 such that there exist s+ 1
sets in o/ of empty intersection.

1. Pseudo-periodic functions. Let X be a metric space with a metric ¢ and let be given
a function:
fi R">X.

Definition I.1. A vector 7€ R™ is called an &-pseudo-period of a function /it
AseR™ AneZ o(f(s+n1), f(s))<e.

We denote the set of all &-pseudo-periods of £ by F(f, &) and the set of consolidation
points of F(/f, &) by Fe(f, ¢).

From this definition we deduce the following properties of pseudo-periods of the same
function:

(LYY g Sey=F(/, e))cF(f, &),
(1.2y 1eF(f,e)=>\neZ neF(f, ¢),
(13)  F(f, e)+F(f, &)= F(f, &, +8,),

(14 F(f.o)=F(f, e

Definition 1.2. A topological group G with a metric g is said to be a mefric group
if the topology of G is induced by the metric o.

We shall briefly call a continuous homomorphism of two topological groups a mor-
phisn.

Let /© R"—G be a morphism of topological group R™ into a metric group G. The
following trivial property will be useful:

(1.5) F(f,0) = ker f.

3 — Prace matematyczne 21
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Let G be a metric group and let
fi R"-G
be a morphism of groups R™ and G. We have the following

LemMa 1.1, I 0 € Fe(f, €) then there exists T< R™, a subspace of vector space R™, such
that:
T#{0} and [f(IN<K(0,me).

Proof. There exists a sequence {7,}7 of ¢-pseudo-periods such that:
(1.6) NneN 1, #0, SneN r1neF(f,¢) and 1,—0 asn—0.
We denote:
Va= V({ty tys1s-})
(where (S} denotes the vector space generated by S) and:

T=NVV,.

n>0

Since b, = (0} and ¥, <V, for every ne N, we have T # {0}.
Let >0 be fixed. Because of the continuity of f we can find for >0 a number n>0
such that:

(1.7 Isl<n=0(f(s5),0)<d.
Since the sequence |7,}7 tends to 0 we can take ny € N, such that:
(1.8) NneN, nzn, t|<nm.

Let re V. Then 7V, and:

=

i

I&E]

1ty, (kjeN, kizng. 2, €R), i=1,..m.
1

From (1.4, 0.2y, (1.3) and (1.6) we have

[

(1.9) ~ Y ), € F(fy me)

i=1

where [#] denotes the integer part of number . From (1.7), (1.8} and (1.9) it follows that
for each r= 7

o £y, <ol £ f U~ Y [adi N+ ol £ (=[x . FO)<me+6.
i=1 i=1

This inequahity holds for every §>0 and means that:
ANeeT ol (). f(0))<me,

what complet=s the proof.
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Definition 1.3. The morphism f: R"—G is called ¢-pseudo-periodic (or for short

pseudo-periodic) if for every £>0:
F(f,e)" nbasR™ £ O,
where basR™ denotes the set of all bases of R™.
Definition 1.4, We say that the morphism f: R™"—~G has the property (S) if for every

subspace Vo R™, V # {0} is f], # 0.
Let G be now a metric group. We have the following
Lemma 1.2. If a pseudo-periodic morphism f: R™—G has the property (S) then

Vep>0: Ne<e, O¢ Fe(f, e).

Proof. Suppose that the thesis does not hold. Then there exists a sequence {g,}¥ such
v=1,2,..

and Qe Fe(f, ¢,

that:
g, >0, &0
From Lemma 1.1 for each ve N we can find a subspace 7, of R™, such that
(1.10) T,# {0} and fIT,)=K(0,e¢,).
We denote )
a.1n Vo VT, 0Ty v,
b= ?“) V..
v=1
It follows from (i.10) that ¥, {0} v =1.2,... and V # {0). Let #>0 be fixed
From continuity of addition in G we can find for >0 an ¢>0, such that:
(.12 ¢lx.O<e, i=1, . m=(x,+.+x,, 0<y.
Take now re V. Let vo € N, such that &, <¢ for p=v,. Then from ¢1.11) we have
r=3Y1, e Uur,., i=1,2,.,m.
i=1 H=7Y¥on
It follows naw from (1.10) that
(1), 0)<e, <. i=1,2,....m

and from (1.12} it fedlows that:
o{f(),0) = el fup~..+/(1,),0)<n.

Making # tend 10 ) we see that for each re ' is £(¢) = 0. This means that the mor-
phism f has vot the property (S) and the proof is completed.
Let /@ R"—& be a morphism and let >0 be fixed. We shall now prove the following

LemMva 1.3 47 Foif. o) # O then O e Fel f. 2e).

3+
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Proof. Suppose that fe Fe(f, e). Then there exists a sequence (7,)7 included in
F(/, ¢) such that:

t,—»t and  f,~t#£0, v=1.2...

From (1.3) we have
t,—t1e F(f, 2&).

This means that 0 e Fe(f, 2¢) and the proof is completed.

The following theorem, which is an immediate consequence of these lemmas, is very
important for pseudo-periodic functions:

THEOREM 1.1. If a pseudo-periodic morphism . R"—G has the properiy (S) then there
exists gy>0 such that for each ¢ <gy the set F(f, ) is locally finite (does not have conden-
salion points).

Now let G be a topological group, H a subgroup of the topological group R™ and
fi R">G a morphism. We give the following

Definition 1.5. The subgroup H has the property (W) with respect to f (or in brief:
the property (W) if f is fixed) if:

. ITNSUD)=H.
what is equivalent to:
NS D) H .
For subgroups with property (W) the following holds true:

LeEMMA 1.4. Let H be a subgroup of R™ which has the property (W) with respect to
[+ R"—>G, then:

(1.13) imf A f(H) = f(H),
(1.14) AC=R™  f(C)nf(H) =f(CnH).
(1.15) AC=R"  f(C)nf(H) = [(CAH).

Proof. In (1.13) and (1.14) it is necessary to prove only the left inclusion “=™. We
have:

imf A fH) = f(f () ()
Suppose that e f(C) ~ F (). Then
c=f{a)=Fh), ceC, heH.

It follows from this that cef '(f(H)) and from property (W) we obtain that
zef(C n H). In order to prove {1.15) we use (1.13) and (I.14):

The proof is completed.



Let /1 R"—G be a fixed morphism and ¢>0 a fixed number.

Lemma 1.5, 1f H is a subgroup of R™, which has the properiy (W) and K is @ maximal
subgroup of R™ contained in F(f, &) n H then K has the property (W).

Proof. Let xef ™~ '(f(K)). ‘We shall prove that xe K. We have:
fy=lmf(,), rv.ek.

We know that K< H and H has the property (I¥); therefore x € H. Let v € K be fixed.
Since K is a group contained in F( f, ¢) there is:

NeER" NneZ AveZ: o f[(utny,+0, 1 (N)<e .

Making v tend to infinity and using the fact that f is a homomorphism of groups we
obtain;

Nue K AneZ Nie R o flutnx+n. f(N)<e
it proves that:
K+Zxa F(f, &).
There is of course also:
K+ZxcHn F(f, &),
because K< H and x e H. If we remember that K is the maximal subgroup of R™ contained

in F(/, &) n H we obtain that x € K. This finishes the proof.
Let & be a metric group. We have the following

Lemma 1.6, If [+ R"—G is a pscudo-periodic morphism then there exists ey,>0 such

-y o

that for every positive ¢ < &, there exists a descending sequence \11,\¢ of subgroups of R™ such

that:

{1.16) NeN  H,cF(f.g2",
‘ (1.17) AneN  V(H,) = R™,

(1.18) AneN  kerfcH,

and for every e N the group H has the property (W) with respect io f.

Proof. We construct first a descending sequence of subgroups which have only the
properties (1.16) and (1.17). By Theorem 1.1 there exists g,>0 such that for each &< g
F(f, eYis locally finite. For every ne N we can find a 7, € F( [, £2") n bas R™ {sce Defini-
tion 1.3). Denote by K, a subgroup of R™ generated by t,. It is of course:

K, cF(f. &2 and V(K)=R" n=1.2,..

kel

Let now M, denote the subgroup of R™ generated by |} K. Obviously

i=n+1

V(M,) = R"
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and the sequence is descending. We now prove that:
(1.19) NneN M, cK(f, 2.

Let ne N be fixed and let 1€ M,. Then
k
t=>1 wherekeN, t,eK.i=n+l,.. k.
i=nt+1

Let now veZ and se R™. We have:

k k
o(f et sy, NS/ (X vti+s) [ vt +5))+

(=n+1 i=n+t2
k k
+o(S (X v+, S (Y vt +5))+ o o( f (i 9. f(8)
i=n+2 i=nt+3
Le2" g2t 2k ge2"
what proves (1.19).
We shall now construct recurrently a sequence | H, T every element of which has alsc
the properties (1.18) and (W).
Let H, := M, := R™ and suppose that the group H,; has been constructed in such
a way that ff; has the properties (i.18) and (W) and

{1.20) M,cH,;,

where (M 17 denotes the sequence constructed previously, Then we have from the pro-
perties of the sequence {M,}7:

Mo cH n K(f, g2 ANieZ.

From the Kuratowski-Zorn lemma there exists a maximal subgroup including Af; .,
and contained in H, n K(f, &2'""). Let it be H,,,. From Lemma 1.5 it follows that
H, .| has the property (W), from the construction it follows that the sequence is descending
and moreover the properties (1.16), (1.17) hold. From properties (1.5) and (1.3) we obtain

Heo o +kerf = H, ,  +F(f.OcK(f, 2" Y+ K(f.O0cK([, 2" 1),
From this inclusion, from (1.20) and the construction we obtain
M. < H,, +ker fcH, ~ K([, &2y,

The group H,;,, was taken as a maximal subgroup contained in K(/, 2"y~ I
Thus

i

Hiy+kerf = H,.

From this we deduce that H,,, has also the property {1.19) and the proof is finished.
Let us put for 7 = (¢,, ..., t,) taken from bas R"™:

Z() =2t +...+ 2721, ,

Oolr) = {a 1+ 4a,l,: 0<g,<l, i=1,...m,

01 i= a1+ ot 0<a <L, i = 1., m).
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We have the following:

THEOREM 1.2. Suppose that G is a metric group, H is a free subgroup of R™ and > R™" -G
is « pseudo-periodic morphism such that im f is dense in G, ker f< H, f has the property (S},
H has the property (W) respectively to fand V(H) = R™. Then the quotient group G/ f (H)
is isomorphic to a m-dimensional torus-group R™ H.

Proof. Since H is a free subgroup of R™ and generates R™, we can find e basR™
such that H = Z(r). This proves that R™/H is really an m-dimensional torus-group. It
is of course:

R" = Q(0+Z(1) = Qu(NBZ() .
Denote:
A= f(Qu(h).  B:=fUH).
From the property (1.15) in Lemma |.4 it follows that:
A0 B =[f(Qut) N Z(1) = {0} .
We have also:
(1.21) G = im/ = f(Qn)+/(Z(n) = F(Q, () +F(Z())
(1.22) = f(Qu(0)+/(Z(1)) = A+B.

because f(Qy(1) is compact and Q (1)< Z(1)+ Q). Properties (1.21) and (1.22) prove
that & is the algebraic (not necessarily topological) direct sum of 4 and B, Let now

p: A+B-A
be the projection and let
®: R"->R™Z(1)
be a canonical mapping. The inclusion
ker fo H
implies that f, ) is injective. Let us put
% 1= lgual fanio 7

The mapping « is of course surjective. The projection p need not be continuous, never-
theless we shall prove that « is continuous.
Let D be a closed subset of R™/Z(r). We have

2" M (D) = p ([ (Qot) n Y (DY) = [(Qo() n =" (D) + B
We shall show that:

(1.23) F(Qo(1) v 2™ (D) +B = (0,0 %™ (D) +B.
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The left inclusion “<™ is trivial. Suppose that = = f(s)+b, where se 0.0 n»"Y (D)
and hef(H). We can write

s=5+h  where s'e Q1) and he Z().
Then

- #(s") = x(s),
what implies that 5 e %~ (D) and
D=L tb =Y U+ s e Q). [ +bef(H).

Equality (1.23) has been proved and its righthand side member is closed because of
the fact that B is closed and Q,(/) m 3~ '(D) is compact.
We shall now prove that o is a homomorphism of groups. Let x,, x, € G. Let us write:

Xp=[(sp)+x.  s;€Qu(t). xeB  i=1,2;
Si+8y = utr, weZ{l), reQy);
Xy Xy = S+ (W) + x5+ x5, where f(u)+ 3, +x,e B .
From the last equality we have:
(1.24) Pl +x) =) and  xx,+x,) = [r].
Contemporary:
(1.25) vy = [s, F=1.2 and [s;]+[s5] = [s,+5;] = [u+r] = {r}.
From (1.24) and (}1.25) it follows that:
AN X €6 2y, ) = )+ 2(x,)
We shall show now that
B = kerz.
Suppose that x e kere. We can write
XN=L()+X, seQor), Y eB and O = x(x) = x(s).
This proves that se Q,(r) n Z(1) and thus:
§=0, f()=0 and ~v=yeB.

Suppose now that xe B. Then p(x) = 0 and %(x) = 0 or xe kerx. Theorems 0.9
and 0.10 show that x induces a mapping

x*: G/B—R"H

which is an isomorphism. The proof is completed.
We shall finish this section by

© THEOREM 1.3. Let G be a compact merric group und suppose thar there cxisis

fi R"=G






