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Continuity of invariant measures
for Rényi’s transformations

by M. JABLONSKI (Krakdw)

1. Introduction. In this note we show that for a transformation t: [0, []—-[0, 1] con-
sidered by A, Rényi [9] there exists a sequence of transformations ty: [0, 1]1—[0, 1] for
which the invariant measure jiy is given by a solution of a linear equation and the sequence
of densities f, of these measures is uniformly convergent to a density of the invariant
measure under t. This theorem gives us a computational method for finding an invariant
measure under 7.

In Scction 2 we recall some basic definitions and state the main theorem. In Section 3
we prove some necessary lemmas and theorem.

2. Denote by (L', ¢+ 1) the space of all integrable functions defined oo the interval [0, 1].
The Lebesgue measure on {0, 1] will be denoted by m.

Lett: [0, 1]=[0. ] be a measurable nonsingular transformation, that is, m{t” j(E)) =0
whenever m(£) = 0 for a measurable set £. Given t we define the Frobenius—Perron
operator P L'—L' by the formuia

. d .
Py = T{s)ds .
’ dx '

= H[0.x])
It is well known that the operator P, is linear and continuous and satisties the following
conditions

(a) P, 1s positive: f=0=P, 20,

(by P, preserves integrals

1 1
§ P fdm = [ fdm, [rel'.
5} 0

(¢) P = P! (t denotes the n-th iterate of 1),

(d) P,/ =f if and only if the measure du = fdm is invariant under 7, that is
w(t™(E)) = p(F) for each measurable £.

We shall not make a distinction between functions f: [0, 1]— R defined on [0, 1] and
functions f: [0, 1R taken as elements of the space L'. This difference will become
clear in the context.

Denote by ti; the restriction of t to the set Ec|0, [].
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A transformation 7: [0, 17> R will be called piecewise C?, if there exists a partition
0 = a;<ay<..<qg; = | of the unit interval such that for each integer i (/ = 1.2, ..., k)
the restriction 7', ., is a C? function which can be extended to the closed interval
fa;-,a;] as a C? function. 7 need not be continuous at the points «;.

If transformation 7: [0, 1]—[0, 1] satisfies the following conditions

(e} There exists a partition 0 = ay<a,<..<a, = 1 of the unit interval such that for
each integer / (/ = 1, 2. ..., k) the restriction 7, of 7 to the open interval (a,_,, a,) is a con-
tinuous function Whth can be extended to the closed interval [a,_,, a,] as a continuous
and bijective map of interval {«,_,, a,] onto [0, 1].

(f) There exists p and a partition 0 = bl <bf<..<bl, = | of interval [0, 1] such
that

TP Qag ay ., oa) = hh BT L b
and satisties the identities
(b ) —T(h]) ;
T(x) = ' x=bP (b)) for xe (bl b7y i=1,2... k7.

by b
then for that transformation we can give the definition of a matrix A = (a;;)
i,j= 1,2, ," by formulas
1
[7'()]

if there exists /e {1,2. .., k! such that

(n a; = for xety ((P!_ . b))

(N ) =T (O
(2) uy; =0
it for any /e {1,2. ...,k ‘
T B A, B = 0.
where

T = Ty o and 0 = b <bf <. <hfs = 1
the partition of [0, 1 such that
TP Qag, ays L)) = 65 BT LB

To illustrate this definition we take for example & = 2, p = 2 and the transformation

. - 2 2 2 2
given by the figure, where v, = ¢g. ¢y = ¢y, a5 = ¢g, by = g, b7 = ¢4, b3 = ¢, b3 = ¢
by = ¢y and b3 = ¢,, b} = ¢y b3 = ¢y, by = ¢3, ..., by = ¢g. For this transformation
matrix A is given by

a4, 00

0 0 ayy ayy

0 0 ayy ay
Llar Uiz 0 0








