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On some inequalities for polynomials
by J. Siciak (Krakow)

Let E be u Borel subset of the space CY of N complex variables and let u be a positive
measure defined on E. We say that the pair (£, p) satisties the condition £* if for every
h>1 and for every family # of polynomials of N complex variables satisfying

(n sup | f(x)|< +oc  p-almost everywhere on E
fe#

there exists an open neighbourhood G of E and a positive constant M such that
2 [ flgs MY, feF.

where s( /) =degf, | fllg = sup | f(x).

xel

Remark 1. If (E, ) satisfies %% and v is a positive measure on £ such that
viel = 0 = u(e) = O for all Borel sets e £, then (£, v) satisfies .#*. For instance if w is
a real measurable function positive p-almost everywhere on £ and dv 1= wdp, then (£, v)
satishies F*,

PROPOSITION 1. Given any pair (E, 100 (with E bounded) the following conditions are
equivalent :

ta) (E,v) satisfies £*;

tay) Forevery b>1 there exists an open neighbourhood G of E such thut for every family 7
satisiving (1) one can find a positive constant M such that (2) is 1rue:

thy For every b> 1 there exists an open neighbourhood G of E such that for every sequence
of potvnomials { f,} with sup| fi(:x)] < + o0 j-almost everywhere on L one can find a positive

k

constzant M such that || fil g < MbYP, k=1
tey For every b> 1 there exists an open neighbourhood G of E such that for every sequeitce
of palvnomials | £} with s(f)<k and sup| fi(x)| < +oc y-almost everywhere on £ one can
k
find a posirive constant M such that | fl¢ < Mb*, k=1

Proof. First we shall prove that (a)==(a,).
Suppose {a,) to be not true. Then there exists b1 such that for every k=1 one can
find a sequence of polynomials { fi,},», satisfying )

supl [, < +0o  p-almost everywhere on £



and

(‘) ”\ .f;‘n”(ik>nb5(fk"'9 n, 1‘2 I b
~ [ \ - I

where G, = fxe C": dist(x, E)<k .

L

Put b, = \ h. By (a) for every k=1 one can tind an open set £, E and a positive
constant M, such that

ng /uk bi(fkll), k.onz=1.

Sl

In particular, |/, (x}/M U <] for all x € E and n, k> 1. Henee, again by (a). one can
find an open set G E and a constant M >0 such that

(i) falle SMM PY ke oaz) .
Take Ak, so large that G,,<G. Then by (i) and (ii) we get
n<MM, , nzl.

This contradiction proves that (a,) follows from (a).

It is obvious that (ag)=(b)=-(¢).

Assume that (¢) is true and (a) is not. Then there exist h>1 and a sequence of poly-
nomials , £} such that

(3 b= hTTYR k=1, where Gy = (ve CY: dist(x, E)< 1k

Consider two cases.

19 There exists m such that s( f)<m for all k. Then s{ f,) <k for k =zm. Hence by (¢)
;-3 po0 such that i fillo< MB*, kz=m. This however contradicts {3).

2° 1f {s( £} is not bounded we may assume that s( f,) <s( f,+,). Then by (c) we can
find G=F and M>0 such that | /<MY This again contradicts (3.

Let us recall some examples of pairs (£, p) satisfying %,

Ex. 1. (F. Leja [3]). N=1, E = [a,bh]—a compact interval of R. y =, —the
Lebesgue measure on R. More generally, £ may be a rectifiable Jordan arc on €. ;0 - the
length measure on £,

Now by Fubini's theorem we get the following

Ex. 2. E=1Y<=R" where / = [0, 1]; i = /y — the N-dimensional Lebesgue meusure
in RY,

From Ex. 2 one immediately obtains

Ex. 3. E = @(I"), where o e GL(RY), 1t = iy.

Ex. 4. (Dudley and Randol [1], N.T.V. [5]). If ¢ e GL(RY) the set @ = (1) is
called an N-dimensional parallelepiped.

Let E be a bounded subset of RY such that for every point x € E there exists a paraliel-
epiped Q, such that v € Q, and Q< E v {x}. (In particular as £ we can take any bounded
convex domain in RY, or any bounded domain in RY with Lipschitz boundary.) Then the
pair (£, /y) satisfies &%,






