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Eqmvalence of two definitions of statistical solution
of the heat equation

by M. CAPINSKI, B. SZAFIRSKI, M. WOZNIAK

1. Introduction. We compare two definitions of the statistical solution of a differential
equation in the case of the heat equation. In both definitions the statistical solution is
a family of measures {y,} satisfying certain conditions. The first definition given in
Section 3 is based on [1]. This approach enables the effective formulae of the moment
functions of measures g, to be found. The second definition given in Section 4 is a slight
modification of the definition of Foiag and Prodi (see [2]) given for the Navier-Stokes
equations (cf. also [3] where the theory of Foiag and Prodi has been adapted to,the case
of the heat equation). In this case we derive some equations characterising the moment
functions. A proof of the equivalence of both definitions is given in Section 5.

2. First integrals of the heat equation. Let  be a bounded domain in R® with boundary
of class C2. We consider the following initial-boundary problem

&
au(t, W—Au(t, x) = f(t,x) for te(©,T), xeQ;

OF u(0, x) = uy(x) for x e 2;
u(t, ) e HYQ) for re(0,7),
where Te R or T' = o0, uy is given in HZ(Q) and f is given in C(0, T; H3(Q)). We assume

that u(-, x) e C'((0, T)) n C([0, T)) and Au is understood in the sense of the theory of
distributions. We also consider the following problem

G
@ 5,06 O+1EPv(r, &+f(, 8 for Le R, 1e(0,T);

v(0, &) = fiy(9) for £e R3,
where f(r,*) is the Fourier transform (') of f(¢,) and for g e H3(Q) ¢ denotes the

Fourier transform of
g(x) for xeQ,
G()—{ for xe RI\Q .

(") We denote F(&) = ?xm.gF(x) = 2n)° je'xﬁF(x)dx, x& = Z xi&i-
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Lemma. If g € H3(Q) then § € L'(R%).
Proof. GelL*(R’) and D{GeL*(R® hence G and D'G belong to LY(RY)
(i =1,2,3; k<2). From the Plancherel theorem we get

[1GO1PdE< o
R3
and for k =2
JENGEPdé<n  (i=1,2,3).

R3
From these inequalities we clearly get

SO+ 6P <o
Finally applying the Schwarz ineqL{a]ity we have
(JIGIaE) < [IA+IEDHGOIPE - [ (141 *de <o
3 R3 3

This finishes the proof of the Lemma (cf. the proof of the Sobolev Lemma in 4.
We denote

= {v(8): Fw(8) e Ho()}

which is, from the Lemma, a subset of L (Rs) We consider W with the topology induced
from HY(Q) by Fons .

Definition 1. A functional G: Ix H{(2)-C (I denotes any interval in R) such
that G(r, u(z, x)) = const for any u(z, x) being the solution of (1), will be called the first
integral of (1).

Definition 2. A functional ¢: Ix W—C such that ¢(¢, v(r, &) = const for any
v(r, &) being the solution of (2), will be called the first integral of (2).

There exists a 1-1 correspondence between the first integrals of (1) and (2). We denote
by 7, the set of continuous functionals ¢: L'(R*)—C having a Fréchet-Volterra derivative
5¢(v)
()’
integral of (2) belonging to 7, satisfies

dp(t,v)  [oo(t, 3
— - 5@ (Iél (&)= (1, &)dE = 0.

T, = {G: H}(Q)—C such that G- Filo = ¢, for some pe7,). Any first

3)

We solve (3) with the initial condition

$0,v) = ¥ .

Applying the method of characteristics (cf. [5], [6]) we get the unique solution of (3) given
by the following formula

4 P(t,0) = w(e":i"v(«:»—ojf(r, &el*dr) .
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The domain of y is L'(R?) thus ¢(r, v) is well defined for 7<0. We extend f to 7<0 and (4)
will then have sense. We put

[f(, 0, for t20;
TGO =720, c)e-'f<=’-[5|2:j)}(r, e dr, for 1<0. .
Then (4) takes the form
B0 = Y (O~ [T (e, Do)
for 1<0. Hence for >0 we have
$(—1,0) = (e 0O+ dff(—s, fe”57ds).
But clearly

T
J(=s, e ¥%ds = e P [ J(s, &)e ™™ ds
0

Oty

so that we finally get
t

) $(—1,0) = Y™ 0@ +e” M [ (5, e M)
0

for 120. Thus we have proved the following theorem
THEOREM 1. The problem of seeking the first integral of (1).(resp. (2)) with initial functional
He 7| (resp. 1 € T ,) has the unique solution in 7, (resp. 7 ,).

3. Statistical solutions and moment functions. Theorem | enables us to give the follow-
ing definitions.

Definition 3. Let u° be a probability on H3(£2) with the support contained in some
compact set K< H(). A family of probabilities {t,}, €0, T)on H3(Q) with suppp, =K
(for each 7 € [0, 7)) will be called the statistical solution of (1) with the initial measure u° if

‘and only if

(6) é Hu)du(u) = ’! G (—t, u)dp®(w)

holds for each ¢ € [0, T) and H € ", where G, is the unique first integral of (1) satisfying
G0, 1) = H(u).

Definition 4. Let 2° be a probability on W with the support contained in some
compact set K< W. A family of probabilities {x,} r1€[0,7) on W with suppji,=K
(te [0, T)) will be called the statistical solution of (2) with the initial measure p° if and
only if

(6") [ di) = [ ¢y(—1, v)dp(v)
X

for each te[0,T) and € F, where ¢y is the unique first integral of (2) satisfying
$4(0, v) = Y (v).
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Tt can be seen that there is 1-1 correspondence between the statistical solutions of (1)
and (2) given by

Q) i) = p(F i lw) for ocW.

Functions

Mn(f: X s xn) = Ju(xi) u(xn)dﬂt(u)
K

(n=1,2,..) will be called the moment functions of the measure x,. It may simply be
proved that -

(8) ﬂ{"(f, xla LA xn) = j j ei(xw1+m+xn"n)Mn(fa ’717 sy Un)d'h dy]n

R> R3
where M, are the moment functions of the measure f,.

THEOREM 2. Let {ut,}, t € [0, T) be any statistical solution of (1) with the initial measure ull
and {fi,}, te[0,T) the corresponding (see (7)) statistical solution of (2) with the initia,
measure ‘

o) = po(F 1 (), wcW.

Then we have the following formulae

9) Mt xq, ..., %)

n
-t ¥ lp? n—-s t

o Z (Mg os M) l:[‘ gf('c, ng) e detdn, ... di,

where M° are the moment functions of f° (cf. (1], p. 376). The sum is taken over all
2 = (o, .., o) subsets of {l,..,n} and we denote {1,.. nPo = {Bis s Bamsh

&, = Z Nilti.

i=1
Proof. We take i of the form
Y@ = [“Pun,) . vln)dn, ... dy, .
From (5) and (6") we get

Fy@di, = [ (ve™ e 2™ [ [ls,np) e ds)dii®(v)
k e 0

n t
=[] [T ope " e 11 (s, n)e “dsdi’(e)dn, ... n,
K i=

3
-ty n—s t

i N i= it ~ 25
= J e TN ([ o) v 001)dRO0) T 1T (5, np) e ds]dn . i
a3 B i=

Hence applying (8) we obtain (9).
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Y
4. The Foiag-Prodi definition and the equations on moment functions. In this Section we
restrict our attention to families of Borel probabilities {g,} on Hj(Q) satisfying the following
assumptions
1° suppy, =K (compact set in Hg(Q)) for 1€[0,T),
2° all moment functions are of class C*'((0, 7)) n C([0, 7)) with respect to ¢, and of
class C? with respect to each spatial variable,
{ « | L
3 sup - Mt Xy s )
l
Definition 5. We take any probability x° on H(Q) with suppu’c K. A family {i,},
1e{0. T) of Borel probabilities on Ha(Q) satisfying 1°-3° will be called the statistical solu-

tion of (1) (in the sense of the Foias-Prodi theory) if and only if

Sy

(10) J¢(U)tfut(u)—f¢(u)d#0(u)
K K

jj‘Jll( x) A4 ~¢»(() dxdu, () dr+ J J Jf(t a’\du,(u)dr

o (u)

holds for all continuous ¢: H(Q)—C having a Fréchet-Voliterra derivative gﬁ
ul-

class C2, and all 7€ [0, T).

THEOREM 3. The momeni functions of the statistical solution of (1) satisfy the following

equations
. n n
M"(f ‘(1,...,)(”)2 E AM"(f,X|,...,,\',,)+ % ‘f(f, xi)ﬁ’f l(f )‘17 'n) (2)
i=1 i=1

n=1,2,.. and the initial conditions

;
Q)‘ =~

(1)

(12) M0, x(,..,x,) = MJNx,, ..., x,)

n=1,2,.., where M? are the moment functions of the initial measure .

Proof. We apply (10) with functionals of particular form. For any ¢, (x,,...,x,)
of class Ca(Q) with respect to each variable we put

") = [ f ulxy, o, x)u(x)) o u(x,)dx, odx, .
Q o

It is well known that

n

(?d)(l() - XJ Jd’n()‘n-:-, x,)u(x, )V u(xpd, ¥ d\

ou(x)
i=1 Q ]

(*) The sign \; means that x; is omitted.
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(see [8]). Thus we obtain

(13) 5 j[ j¢,,(\1,-,A)H(A1) (X, )dxy ... dx,dpu(u)

jfu(x)d ZJ‘ G (xy, Y, xulx)V V u{x)dx, ¥ dx,,dy,(u)-?—

”f (r, X)ZJ J(ﬁn(xl,.i,x,,)u(x,) Y ou(x,)dx, v dx, dyi (1) .

Owing to

[, (X1, .o, XDulx ). u(x)|<ec, a.e. on Q"

we can apply Fubini's theorem in the left side of (13) obtaining

-

F‘J... J%(ﬁ g ey XMt N0, oy x)dx LLdxy,

ot
o

Finally from 2° and 3° we find that the left side of (13) is equal to

(14) J jq&n(.\‘l, x,,)»a%M,,(t, Xps ey X)dx, o dX,
2 Q

Now we transform the right side of (13). As for any fixed ¢
[AF @, X))@ (xy, oy x)u(x)) o u(x,) < e;s

a.e. on " so it is equal to

(13) Z [ jAd),,(\,, s XQUX ) o u(x)dxg L dx, dpg(u) +

i=1lK Q

M:

+

0 Q

P I §re x)oudx, .., x,,)u(xd \; u(x,)dx, \l/ dx, dp(u)
K

If
M::

j‘“ j A(ﬁll("\—l L] ...,.Y")M"(f, X5 eees X )d')‘l A n+
2

]

I
-

i

+
.M=

]
o

f oS, x)dulxy, oy x )M\ (1, \,,.Y\)d\,‘.. X,
o @

1

= [ [@u(xp, o, xI Z AM (1, X1y ooy X))+
Qa 0 =1

I|M=

j(t XM, _ (1, xl,. x,,)]dxl

dx, .
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From the equality (14) = (15) we clearly get (11) for almost all x|, ..., x,,, but from 2° this
holds true on all Q" and for all 7 € (0, 7). Taking (10) with = 0 and ¢ = ¢" we get (12).
This completes the proof of Theorem 3.

It is clear that the problem (11)-(12) has a unigue solution for each n (see for
example [9]).

5. Equivalence of two definitions of statistical solution.

THEOREM 4. Let us denote by {j;}, t € (0, T') the statistical solution of the heat equation
in the sense of Definition 3 and by {p;"}, 1 € (0, T) in the sense of Definition 5 with the same
initial measure. Then y, = p; for te(0,T).

Proof. We shall show that the moment functions M, of u; (formula (9)) satisfy (11)
and (12). Indeed, we have

d : , : e "‘__g i 2
(07_ Axi)Mn = J\— |n;|2e< "De =1 X
i i=1

4=

t

N n~s
x Z‘ M°(p,., ...,n) T1 (jf(s, r,m)ei"ﬂlp"ds)dql . dn,+
=1

o — 0

. .
. =t L im? : ~
+Je'<x'")3 i=1 Mo(ﬂ,,, ey 'h,)x

af —

i=1

n n
. -t L [mi? -
+J E ln)2ei*me =1 E M1y vy Ma)) X
i=1 ay —

4

x [1 [jf(s, n,i)e”’ﬂz!“ds:]dm e dn,+
i=1

0

t
a n-s * o,
X a—t[n jf(s’ ng ek st]dm e dn
0

n

0 . _,'g e .
+ (5; - E Ax‘> je«xme =t M%n, ..., n)dn, ... dn,,

where the sum ) is taken over all proper subsets a* of {1, ..., n}. Obviously the last com-

as—

ponent is equal to zero and the first one reduces with the second. We have further
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n
a I3 i{x -t_§ mljz ~
(6_th .;- Axi)Mn = '[e< Me i=1 E MO(Nyys oes May) X
n=1 "’ t

i=1

x z {f(t, n) €0 T1 Uf s, na.-)e""‘"z’dSJ}dm . dn,
= A
it i i(x ﬂ\:" + )}
= ;kgl 5 e xﬁk"ﬂkf(t, r’ﬂk)dnﬁk LJ [g( et Y, e %
(*) Br "l n—st B
X o=t D o j[[1 £ 7 (5. ny) e ds)dn, . d,

J*k

but
_f e B f (1, Np)dng, = f{t, x).

We end the proof of the fact that M, satisfies (11) and (12) by observing that the last
sum () is equal to the following sum

Zlf(!’ xm)]‘[n—- l(xl H Vs xn)

m m

= i fle,x,) Y fetm Yot o= 80, 2+ Y, nf) o
m
w=1 os—
(**) mea . n—s t . 2 m
x M1, s ) T1 (“,W(j’ ng,)e"8i dsdn, X.dn, .
al
s{g#m

At first we take any component of the sum (x), i.e. we fix any a'¢{l,..,n} and
Be {1, ..., n\o". Taking m = f§,, o* unchanged we make the component of (x%) equal
to this. Conversely we take any component of (#%) by fixing me{l,..,n} and
& <{1, ..., n}, m ¢ «’. We take &’ unchanged, we put f, = m and the component of (x) equal
to this has been found. On the other side the unique solutions of (11) and (12) are the mo-
ment functions M.’ of yt;". Hence M, = M,  for each n. We denote by y the set of all linear
combinations of the functions ¢: Hy(Q)—R of the following form

o) = u(x,) ... u(x,), o) =1,
where x; (i = 1,...,n) are arbitrarily chosen from R3. Clearly

K§ ) duy(u) = ;\3 @ (u)dy,' (u)

holds good for all ¢ € . Obviously (z, +. -) is an algebra with I separating points of K.
From the Stone-Weierstrass theorem we get

§f Godug(u) = [ f ) dp' ()
X K

for all continuous f: K—R. Thus y,(v) = p,'(w) for any w-Borel subset of Hg(w). This
finishes the proof of the Theorem.
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