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A transversality property weaker
than the Whitney a-regularity

by J. STASICA

1t is desired to decompose (stratify) a given real algebraic or analytic variety M in R"
into a finite disjoint union of C' manifolds M = M, U ... U M, in such a way that each
stratum M, consists of “equally good™ points. For instance, let us consider the following
vatiesy in R* (fig. 1). Tt consists of four cones having a common vertex and a common
line. There is a stratification with five strata. Intuitively the vertex is “worse” than other
points of M. '

Fig. 1 Fig. 2

The stratification in fig. 2 where the vertex alone forms the stratum M, looks regular.
So we begin by introducing Whitney’s regularity condition.

Definition. For two given C! submanifolds X, Y of R" and a point xe X N Y we
say that Y is (d) — regular over X at x if the following holds:

(a) given any sequence {y,} € Y such that limy, = x and lim7, Y =t we have
T.Xcr.
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Here by 7, Y we denote the tangent space to ¥ at x and convergence of the sequence 1,Y
means convergence in the standard topology in the Grassmanian manifold G,, of m-dimen-
sional linear subspaces of R'(m = dimY).

It is obvious that condition (a) implies the following condition

(1) YC'-manifold M of R" such that M is transversal at x to X 3 a neighbourhood U
of x such that M is transversal to Y in Y U.

We recall that two submanifolds of R" X,Y are transversal at x if x¢ X n ¥ or
T.X®T,Y = R".

D. Trotman has shown in {3] that the condition (t) does not imply (a).

In this paper we prove the following theorem

THEOREM. If Y is a subanalytic manifold the condition (t) implies the condition (a).

Definition EcR" is subanalytic if ¥x e R" 3 a neighbourhood U of x 3 a semi-
analytic set 4 <R for some p such that £ U = I1(A), where we denote by T the cano-
nical projection from R on the first n-th coordinates.

We recall that A< R? is semi-analytic if ¥Vx € R” 3 a neighbourhood U of x such that
AnU= U ( ﬂ 19:;>0} 0 {f; = 0}) where g,;, f; are analytic in U.

i=1 j=1
Proof of the Theorem. Suppose the condition (a) fails at xe X n Y. We shall give
a construction of C' manifold M for which the condition (t) fails.
Choose a unit vector ve T, X and a sequence {y,} € ¥ such that limy, = x and

n— o

lim7, Y =t and v¢ 1. Then Je>0 3 a subsequence {y,} of {y,} such that

n—w

n

(1) Vid(v,T,, ¥)>e
(d denotes the standard distance in R").
Let
Vi=R'x{PeG,: dv,P)>e}cR"xG,
and

= U, T, Y)cR %G,

yeY
By its description V| is seml digebralc and by our assumption on Y V, is sub-analytic.
From (I) we get {x, r)e V1 N Vz We take a closed discK centred at (x, 1) such that
Knt,n V2 = JT(A) with IT and A4 as in Definition of a sub—analytlc set. We may assume

that 4 is a closed set because J/T(A)=IT(A) = M(A)cI1(A) = (A4) so KV, n V, is
the projection of A.
We take any point z € 117 !(x, 1) n A. For z and A we use the curve selecting Lemma [1}

and from Theorem 1 p. 127 in [I] we obtain an analytic arc in R"x G,, «: [0, 8]— V1 NV,

with 2(0) = (x, 1) a(f) e V; n V, if >0 such that 0,544 18 analytic embedding and

there exists hm T2 ([0, 8. a(r) = (y(1), T3,y Y), where y(7) is the R” component of «(£).
-0

Let NV, e G,,_1 for +>40 be the normal space at y(¢) to the C'-manifold with boundary
7([0, 6]) and N, = lim N,. Let us denote by v, the orthogonal projection of v into N,.

=0
Observe that v, # 0 and hence it generates the one dimensional subspace {z,>.
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Let P, = N, Ty, Y. Let us define a(r) = P,@(P,®<v,>)* where ( )* denotes the
orthogonal complement in N,. o: [0, 3]-G,_, is a Cl-arc such that

(2) a(D®<v,) = N;.

Then the union of the ¢(#) considered as embedded n—2 planes in R passing through
the points y(f) defines a C'-manifold with boundary A ’. By reflection in N, we extend M’ to
a C'-manifold M which is transversal to X at x e intM by (2).

Given any neighbourhood U of x 3se(0, §) such that U n (0, §]>7(0, s] M’ and
hence M is not transversal to Y at any point of y(0, 3], which completes the proof.
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