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Construction of an orthonormal basis in the space of functions
analytic in a disc and of class C” in its closure

by Z. WRONICZ

1. Introduction, Let 4 = {—7m = 1<t <..<fy = n} be a partition of the interval
T = [—m, n]. The function s, C™ (T is called a spline of degree m with respect to the
purtition A, where m 1, if it is in each interval {r,_,, ;] a polynomial of degree at most m.
The spline s, is said to be periodic of period 2n if s${(—n) = s{%(n) for j=0,1, ..., m—1.

Let A, = A,(D) be the Banach space of analytic functions in the unit disc D = {z: |z} <1}
which have » continuous derivatives in D with the norm

1719 =T 1F D, where |17 P = max | £ a)

lzi=1

In this space the following scalar product is given
= ———
(f,9) = [f(eDg(eDdr.

The function S, defined by means of the Schwarz formula

s

1 etz
6] Sy(z) = o Jsd(r) 5 —dir+iAd,|zZ]<1, where A = const
T e —Zz

<

_is said to be an analytic spline of degree m associated with the function s,. On the circle
I'={z: |z| =1} we set
. i t

2 Sse'?) = &1(¢>)+5—1—t jSA(q?—f)Cth di+id,
where the integral is interpreted as Cauchy Principal Values [7], [10]. Because the
function s, is of class C™ '(T) the analytic spline S, belongs to the space 4,,_,.

The sequence { f; )= of elements of a given Banach space X is called a basis whenever
each fe X has a unique expansion

f= iakﬁc
k=0

convergent in the norm.



92

A basis { f,}i%o in the space 4, is called simultaneous if the system {fi}k=o.is a basis
in the space 4; for j=0,1,...,n

S. V. Bodkarev [3], [4] constructed an orthonormal basis {G,}y=, in the space A4,.
He solved the Banach problem of existence of a basis in this space over fourty years ago.
Afterwards Z. Ciesielski generalized Bockarev’s result, constructing a simultaneous basis
in the space A, (n>0) [5], [6], but his basis is not orthogonal.

Applying (1), the fundamental’ identity for splines of odd degree and the results of
J. H. Ahlberg, E. N. Nilson, J. L. Walsh [1}, Z. Ciesielski [5], [6] and Z. Wronicz [9] we
shall construct orthonormal bases in the space 4,. '

2. Orthonormal systems in the space A,. Let fe 4,, [ (€M = u(t)+iv(r), —n<t<m.
Dispose the functions » and v on the even and odd parts, u = u,+uy, v = vy +0y, where
u () = $u@)+u(—0), uy(t) = 1[u(t)—u(—1)] and dispose analogously the functions v,
and v,. The periodic functions v, and v, satisfy the following conditions:

3 UPN0) = ufP TN = ¢HTH0) = oM =0, 1<2j-1<n.
The periodic functions u, and v, satisfy the following conditions:
@ u;*(0) = uf(m) = v5P(0) = v (m) =0, 0<2j<n.

Let P, and N, be the spaces of functions of class C" in the interval [0, =] satisfying the

T

conditions (3) or (4) respectively with the following scalar product: (f, 9) = [fgnar
0

Now we shall construct orthonormal systems in these spaces. For the purpose we need
the following

ThrOREM 1. Let A = {0 = 1o<t,<..<ty = n}, (N>2) be a given partition of the
interval [0, n}. -If

1° f'e P, and s, is a spline of degree 2n+3 of interpolation to f on A (i.e. s4(1;) = f (1)),
j=0,1,.., N) satisfying the following conditions:

(5) sPEDO) = s () = 0, 1<i=2j—1<n,

or
2° fe N, and s, is a spline of degree 2n+3 of interpolation 10 f on A satisfying the fol-g
lowing conditions. ' )

(6) sPENO) = 50 n) = 0, 0<i = 2j<n,

then the spline s, exisis and is unique for arbitrary function f.

Proof. We may write the function s, as follows:
. ' N-1
(7) s1) = Gty t4 ot g, 234 Y AU—1)3,
j=1
.where (1—7,)3""? = max(0, (r—1))""* 2.
By assumption we obtain the system of 2n-+ N+3 equations and 212+ N+3 unknown
quantities. We shall prove that the matrix of this system is nonsingular. To do this it
suffices to prove that s; = 0 for f=0.
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Analogously as in [I, pp. 154-160] we deduce that the first integral relation holds true
for the functions f and s4-i.e.

® f [r 20y dr = 5,[[35{'"2)(1’)]2 di+ f [F 20 —s5 ™ 2 dr .
0 0 0

It follows from this relation that s, = 0 for f = 0.

LeMMA. Let A, =4, be two partitions of the interval [0, n). If 5, and s, are splines of
degree 2n+3 with respect to the partitions A, and A, respectively satisfying (5) or (6) respec-
tively such that sy(t) = 0 for te€ A,, then

sSSPV (Ddr = 0.

Oty 3

Proof. Let 4, = {0 = fy<...<ty = n}. We integrate n+2 times by parts and we
obtain

" N
j’s(ln+ 2)(!)6'(2"+2)(1)dl'= Z I s(ln+2)(’)s(2n+2)({)dr
4]

i=1t;

N n+2 ‘
2(2 (_l)k+lS(Zn—k+2D(’)s(ln+k+l)(’};::.'l) =0.
i=1 k=1

Let {Ay}¥- be a given sequence of partitions of the interval
J = {0, TT], AN = {O = tN,0<rN,1<"‘<IN,N = Tf}

with Aycdy, . Define the following system of functions {¢y,}n=2: @x. is a spline of
degree 2n+3 with respect to the partition 4y satisfying (5) equal to one on Ay~\dy_
and equal to zero on 4, _,. Then it follows from the lemma that the system {fy,}¥= 1,
where

.

1 (ngn +2) ; 112
f n T T Nn — O "‘”' 3y N> l, ) : = .f I Zd[) y
t, ,\/'ﬂ' fV, ”(p;v’:.z)nz ”fi|2 (J[ ()]
1]

is orthonormal in the space P,.
Define the following system of functions {Fy Iy-,:

 Fual) for 1€ [0, n],

Fyat) = lfN.n(“t) for tef[—m=n,0].
Let
‘ 1 e“+:
©) Gua2) = o o | R, dt N =12,
271'\/2 e —z

The functions G, belong to the space 4,. Analogously as in [10] we can prove that the
system [Gy,}%., is orthonormal in the space A,.

/s above, define the following system of functions {y,y}v=,: ¥y, is a spline of degree
2n+ 3 with respect to the partition 4y satisfying (6) equal to one on 4,\4,_, and equal
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l//(n+ 2)

‘wr2) is orthonormal
1sen >l

to zero on Ay.,. Then the system {fy,}x-2 where fy, =

in the space N,. Define the following system of functions:

ij,,(t) for te [0, n},
|~fyn(—1) for te[—m,0].

As above, we prove that the system of functions

FN,n(t) =

~ 1
G AL = -7 ’
12) 2n

(10)

. 1 N ez
Goz) = — | By (05 “dr, N=2,3...
A\,n(z) 7'[\/2 -[ N,( )e"_z

is orthonormal in the space A,.

3. Orthonormal bases in the space 4,. Let {4y} ¥-, be a given sequence of partitions
of the interval J = [0, 7], Ay = {0 = ty0<..<lyy = 1} with Ayc 4y, such that A
is an equidistant partition of the interval Ji.e. 151 ; = mif2,i=0,1, .., 2Xand ty 1 — a2
Zlya—tng—1> k=12, ,N-1L

Further we need the following

THEOREM 2. Let Ay be a partition of the interval {—n, n] such that
A;V = {"_Tf = —.TN,N<"'<—’N,[<1N,0 = 0<f~sl<...<t’a\f‘N = T’:}

(dy 0 J = Ay) and let [ be a periodic function of class C*(k<2n+2) in the interval [— 7, 7]
and sy a periodic spline of degree 2n+3 with respect to the partition Ay of interpolation 1o
the function [ on Ay(s\(£t;) = [(£1))). Then therc exists a constant =, such that

(1 /9 =5l <o, AN o (f9, 145, 0<i<hk<2n+2.

Proof. The inequality (11) was proved in [S], [6] and [9, Theorem 4] for the partition 4
of the interval [—7n, 7], 4 = {~n = fo<t;<..<ty = m} such that t;,,—;Z—1;_4,
j =1,.., N=1. Because of the periodicity of the functions f'and sy we may consider the
difference f (1) — sy() on an arbitrary interval of the length 2r. For N = 2" the partition Ay
is equidistant and the above condition is satisfied. Let N = 2"+r, 0<r<2™ and let j be
such that ty ;o —1yj-2 = In;—Inj—1 = ¥ty js1—1Iy;). Now we consider this differ-
ence on the interval [1y;, 7y ;—2n]. For this interval we obtain a partition which satisfies
the above condition, and this establishes the theorem.

COROLLARY 1. The system { fy,\w-\ is an orthonormal basis in the space P, and there
exists a constant o, such that for the function fe P, N Ck([O, n]), 0<Ah<Ln

(12) LfD—s@ 00 o, iAW o (79, 145D, 0<i<k,

where sy, is the N Fourier sum of the function f with respect to the sysiem v N=1
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Proof. Extend the functions f and sy to the functions f and §y ; even and periodic
in the interval [—n, ). Let F and § be periodic functions in [—=, n] such that
For2 =5 802 =5, 5 . and F(~n) = S(—n). It follows from the first
integral relation for periodic splines that the function S is a periodic spline of degree
2n+3 with respect to the partition Ay of interpolation to the function F on 4y. The
inequality (11) holds true for these functions and the inequality (12) is its particular
case.

As above we obtain

COROLLARY 2. The system { fx.\%-5 is an orthonormal basis in the space N, and there
exists a constant «, such that for the function fe N, n C\[0, n]), 0<k<n

(13) 1O —=80 0 <o, 1A T (f 9, 145D, 0<i<k,

where 8y , is the N™ Fourier sum of the functions f with respect to the system | f,v,,,},?,?:z.

We obtain the next theorem on the basis of these corollaries.

THEOREM 3. Let {Ayly-, be wu given sequence of partitions of the interval J = [0, n]
with Ayc Ay, (., defined at the beginning of this point. Then the systems (9) and (10) defined
for this sequerice of partitions are orthonormal and simultaneous bases in the space A, and
there exisis a constant B, such that for fe A,, f(e") = u(H)+iv(f)

110 = SN Bl ANE" " T, 145D + 0 (™, [145IDT

(14)
17O =S8R <B AN T ™, | AN+ o™, [4y]D]

where Sy ; and Sw. g are the N™ Fourier sums of the function f with respect to the systems (9)
and (10) respectively.

The proof is analogous to the proof of the fact that Bo¢karev’s system is a basis in the
space A, (see [9])..

Remark. J. N. Subbotin constructed the system (9) in another way in [8], but he
only proved that this system is a basis in the space A,.

Let 4,(D") be the Banach space of analytic functions f in the polydisc D* which have

. 611+...+lk
continuous derivatives o 6 WS for i+ +i<n in D* with the norm
[ VR I 12 :
S e . .
LA =S L p where = iyt
oz ..oz
i<n I

and

LA = max{| f(zy, ... 2], (21,5 o 7)€ DY
As a conclusion from Theorem 3 we obtain

THEOREM 4. The systems {Gy, ,(z,)" ... "Gy, (z)}7,—1 and {Gy, ,(2) . (A}Nk (IR =15

Jj=1,2,...,k are orthonormal and s:muitaneouv bases in the space A (D ) with respect
T

to the scalar product (f,g) = | .. j fe™, .., e")g(e™, ..., e™)dr, ... di

-7
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