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A criterion of the L-regularity of compact sets in CV
by W. PLESNIAK

Abstract, We show that the L-regularity of a compact set X CC¥ at a point a € C¥ can be examined by
‘means of some lower-dimensional L-regular subsets of K. Our result generalizes a homothety criterion of
Baouendi and Goulaouic [1] as well as a criterion of Gon&ar [2]. As an application we prove the L-regularity
of some helical sets in R%, :

1. Introduction. Given a compact set K in the space C¥ of N complex variables we
consider Siciak’s extremal function of K (see [5]),

D(2) = sup{|p(D'"¥EF: peP(CY, C), Iplk<T, n=1}

for ze C¥, P(C", C™) denoting the space of all polynomials from C¥ to C¥ of degree <n
and fipllx = sup |p(2)]. As is well knorwn, for N = 1 the function log®, is equal to the

zeK

Green function with pole at co of the unbounded component of the set C'\K, whence
the problem of the continuity of the function @y is well explored in this case. If N>1,
the problem of the L-regularity of K (at a point a € M, i.e. by definition the problem of
the continuity of @4 in C¥ (at the point a € CV), is much more complicated. Therefore it is
worth-while to describe the L-regularity of a set K< C" (at a point ae C") in terms of
the L-regularity of some one-dimensional subsets of K. Such a criterion was given by
Baouendi and Goulaouic [I1] and reads as follows.

1.1. HOMOTHETY CRITERION. Given an interval /= [a, b]<= C" and /> 1 we denote by I A
the interval obtained from I by the homothety centered at £(a -+ b) and whose ratio of simili-
tude is . Let K be a compact set in C¥. Denote by K, the closure of the union of all I,
where / runs the set of all intervals contained in K (we do not exclude the case where I re-
duces to a point). If for every A>1 the set K, is a neighbourhood of a point a€ K in cv
(in RY if K=R", where RV is the space of N real variables treated as the set of those
z=(zy,...,zy) € CV that Imz; = 0 for j = 1,..., N), then the set K is L-regular at a.

In fact, in [1] only the case of K< R" is considered. The proof of the homothety criterion
in based on the fact that ’ -

1.2 If K = [—1, ]2 R!, then ®(z) = |2+ —1|, ze C1.,

A. A. Gon&r [2] has recently observed that the homothety criterion can be refor-
mulated in a stronger and more convenient form. We have been informed of this by
Professor Siciak, to whom Gonéar first communicated his remark. Goncar’s statement
reads as follows.
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1.3. ATTAINMENT CRITERION. A compact subset K of C™ (of R¥)is L-regular at a point
a € K if a is attainable from int K, the interior of K in C¥ (in R"), by an interval /, i.e. if
there exists an interval I = [a, bl K such that I\{a}cintK.

The purpose of this note is to give a generalization of the homothety criterion which
will also imply Goncar’s attainment criterion. As an application we shall prove the
L-regularity of some compact sets in R*. In particular we shall partially answer a question
on the L-regularity of helical subsets of R* posed by Goulaouic. Examples of the sets
shown in this paper to be L-regular can be extended by the use of the following

1.4. TueoreM ([4]). If K is a polynomially convex compact set in C" and g is an open
holomorphic mapping in a neighbourhood of K with values in C™ (M < N), then the L-regula-
rity of K implies the L-regularity of g(K).

We note that by a result of Zaharjuta [7} for the L-regularity of K= CV it suffices
that the function &y be continuous at every point of X.

From the definition of @ we derive the monotonicity of the extremal function with
respect to K,

1.5. If E is a compact subset of K then @,(z) <®g(z), ze C". This property and the
evident relation

Py(z) =1 forzekK
imply

1.6. If E is a compact subset of X that is L-regular at a point a ¢ E, then K is also
L-regular at «.

The author thanks Professor Siciak for his valuable remarks which enabled the original
‘version of this note to be improved.

2. Main result. Let #™ be an arbitrary family of compact subsets of the space CM.
Given a compact set KcC" write for fixed Ie #™ and a positive integer n,

F{, Ky = {peP(CY, C™: p()cK}.

For every R>1 put 7
I(R) = {ze C™: ¢ (2)<R},
Dr= U U pIR)

TefM peFu(l.K)
and

Ke = Dg.
We claim that the set K is compact. For, if y € Dy, then there exist I SM peF (I, K)
and x e I(R) such that y = p(x). Then by the definition of &,,

Iyl = [pi<ipi R"<(sup 2]} R",
zekK

where |z] = max |z;| for ze C", whence Dy is bounded.
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