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Chaplygin method for an infinite system
of first order partial differential-functional equations

by Malgorzata NOWOTARSKA

Preface. The purpose of this paper is to present the Chaplygin approximate method of
solving an infinite system of first order differential-functional equations of the form
n
oz

oz
(¢))] 5;+z aj(x y) ~f(x v, z(x,»),2), i=1,2,..

i=1
considered in the zone
W, = {(x,»): xe R, 0<x<a, ye R"},

where z = (21, 22, ...) is an element of the space X, (Definition 2.2). This method has been
used for the first time by S. A. Chaplygin [1] in the case of ordinary differential equation
and then developped by N. Luzin in [4].
Our paper is divided into three parts. The first part contains some lemmas on existence
of bounded solution of the first order partial differential equation
n

)] %+Z afx, y) E’_ = b(x,y)z+c(x,y)
x dy;

i=1

with the initial condition
) 2(0,y) = p(y), yeR

in the zone W,. Applying the method of Cauchy characteristics we prove the existence of
solution of the problem (2), (3) in a narrower zone W,. This solution and its first order
derivatives with respect to y are bounded by some constants independent of the bounds
for the coefficients and their derivatives in y of the equation (2). The derivatives of the
solution satisfy Lipschitz coudition with the constants independent of the Lipschitz con-
stants for the coefficients of the equation.

The second part deals with the notations and definitions which are necessary for the
definition of a regular solution of the infinite system (1) and for further considerations.

The third part contains the main theorems of the paper. Theorem 1 gives some
conditions for the existence of Chaplygin sequence {z,.} = {(zm, 2 ...)} € X; such that
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the function 2%, with fixed i and m satisfies an adequate first order linear differential equation
in the zone Wj. The Theorem 2 provides us with some information about properties of
Chaplygin sequence, about its monotony and convergence in norm topology to the regular

solution of system (1) which satisfies the initial condition

C)) z(0,y) = p(»), YyeR.

Furthermore, the difference between the exact solution and the approximate one is
estimated. The existence and uniqueness of the regular solution of problem (1), (4) can be
derived (with some assumptions weaker then those of our paper) from a theorem con-
cerning the non-linear case, given by J. Szarski in [6].

The Chaplygin method has been applied by W. Mlak and E. Schechter in [5] in the case
of the finite system of first order partial-differential equations

n

o .
+ A‘ij(x’ y)a-' =f(x:ya u(x’y))s = 19 ey
Vi

=1

o

) ox

The authors have proved there, among others, that the Chaplygin sequence defined in
a regular region is an increasing one and its elements satisfy some differential inequalities.
They have established also the uniform convergence of this sequence to the solution of the
system (5) the existence of solution being assumed. Furthermore, it has been proved that
the difierence between the exact solution and the approximate one can be estimated (like

. . C . .
in the case of ordinary equations) by 57 where C is a constant independent of n.

These results have been then extended by E. Kamont [3] to the case of the following
differential-functional equation

0z 1 0z g
= Z gix,») a—yi+f(x,y, z(x, ), z) .
i=1

I would like to express my deep gratitude to Professor Jacek Szarski for his valuable
remarks, generous advice and help in the preparation of this paper.

1. Basic lemmas. We shall use the following notations: if y =1 yER then
[y] := max{|yl: i=1, )
Similarly, if Q = {gi;}ij=1,.,n 18 & BXN matrix then
10| := max{|g;): i, =1, n}.
Consider a system of ordinary differential equations of the form

(11) y = a(x5y)a
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where x€ R, y = (1, ..., V) a(x, ») = (a;(x, ), ..., a,(x, »)) and

¥ = dy,  dy,
dx’ dx )’
da;

da
LeMMA 1. Let the vector-valued function a and its derivatives — = {*} be
dy Vi) k=1, un
defined and continuous in a zone

W, = {(x,y): 0<x<oa, ye R"}.

da da
Suppose that |a| and '6_’ are bounded by a constant A and that P is L-lipschitzian in y.
Y Y

Denote by o(x, &, 1) = (p1(x, &, 1), ..., 0. (x, &, n)) the solution of system (1.1)
satisfying initial conditions

e¢, ¢n)=n.
It is well known that ¢(x, &, ) is defined for

1
(1.2) 0<x<p, 0<é<f, n = (ny, ..., y,)-arbitrary, where f = min (a, Z)

Assume moreover that

(1.3) LB<1.

é i
Under these assumptions the derivatives (—;—;— and 52 satisfy the following conditions
n

F
4 |ZLlgern,

on

2
(1.5) a—(gsnAez",

2 20(%, &, 7 _
(1.6) "’(’;’5"’)- "’(xaf D) < nde? |5 — 7|+ n2 A + 223 [ — 8|+ 2145 g i

n n

in the region (1.2).

Proof. By Theorem 1 in [8] (vol. 1, No 65) the function ¢ is of class C! in the
region (1.2). Moreover, if for a fixed ke {1, ..., n} we put

a(p(x, 59 ']) _ (6(pl(xa 6, ’7) a¢n(xa Ea 71))

V(ix, & n) = s
b &) Ony ony Ok

and for fixed &, n we set
V(x) = V(x’ 6$ '1) s
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then from the same theorem it follows that the function V= (¥,, ..., ) is the solution
of the linear system of ordinary differential equations

an 7 Z da(x, ¢(x, &, n) 7,

a}" '}

J=1
where
da(x, p(x, &, m) _ Ba(x, )

y=o(x,8n)
satisfying the initial condition

V=0 forizk.
o =1.

Consider now the system
n
=AYy
=1
where u = (uy, ..., #,), with the initial condition

u@ =1.
The last system has the solution
nA(x—¢§) .

]

u (%) = uy(x) = u,(x) = e

da
Hence, by the assumptions 7 <4 and by Kamke’s theorem (modification: theorem of
Y

T. Wazewski in [8]) we get v

IV' <enA|x—{|<e2mlﬂ

’]k

But, in accordance with the definition of g

(1.8) Ap<l.,

The last two inequalities imply (1.4).
Then, from the theorems of [2] (vol. II, No. 10) it follows that the function ¢, with
the fixed x, satisfies the following system of partial differential equations

—-—+Z aj(é 11 a—(’i =

Hence, by (1.8) we get an estimate
g
o€
Thus the inequality (1.5) is proved.

<nde¥ P <nde™ .
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, .. Op . S . .
Now, we will prove that the derivative % satisfies Lipschitz condition (1.6). For this

purpose, notice that the system (1.7) is equivalent to the system
da(s, (s En)
(1.9) Vi, &n) = V(&G & n)+Zj ( - ")V( £, mds.

0
Using the mean value theorem, from (1.4), (1.9) and the boundedness of a_a we get the
y

following inequality

<nde®|x—3X|.

(1.10) |V(x, & mM-V(X, &<

‘J‘aa(s,fP(S,f,ﬂ))V'(s £, n)ds
s 6

From thé system (1.9) we get also

2
E oals, (s, 2
(1.11) |V(x,§,n)—V(x,E,;7)|<Z | (s, 965, £, m)

Vj(s: 6; ﬂ)ds'+

0y
=1
N[l 06. ), dals, 005, E, ) )
+Z J( %, Vi(s, & m) 5, Vs &, 1) )ds|.

i=1 3

_ 2 .
By the mean value theorem, inequality (1.9) and the boundedness of 5‘3 we have
y

V_,'(s’ &, nyds

n 2
fw <nde™|E-.

(1.12
) Z : ;

J=1

da
Moreover, by the assumption that Iy is bounded and L-lipschitzian with respect to y and
y

by (1.4) we get
1.13) a—a(fi%(yfliﬁ)—) Vs, &, ﬁ))ds

J

U aas q)(s &, n))Vj(s £ )=

<Y‘ Lez"Zfl(p,(s &, M—ofs, &, ﬁ)lds-l-AZJ \Vils, & m)—V(s, &, Mlds.
4

=1 g j=1 3
In view of (1.4) and (1.5) the functions ¢, (! = 1, ..., n) satisfy the following Lipschitz
condition

(1.14) lpis, & n)—ods, &, D <nde® |E—E|+ne |n—il .

9 — Prace matematyczne z. 22
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From (1.3), (1.13) and (1.14) we get that the left-hand member of inequality (1.13) can be
estimated by

2ne* AL — | +2n%e* n —1j] +AJZ1 J Vs, & m—Vs, &, ids.
=13

Hence, by the inequalities (1.11) and (1.12) it follows that
\V(x, &, M—V(x, &, DI<@mde® +2n°4e*") E— &+

+2n3e4"|"——ﬁl+Ajzl j IV](S’ ﬁ’ '1)" Vj(ss E’ ﬂ)ldg .
=13
From the last inequality we get
(1.15) leV:(x, &, m—Vix, & M <n?4e?"(1+2ne*)|E & +
i=

+2n*e* |n—1j| + An jjzll Vs, €, m—Vis, &, mlds.
Let us denote , ¢ '
!)(X) = _gllVi(x’ és ﬂ)_ Vi(x’ E’ ﬁ)l »

M = n?4e*(1+2n*e*™)|E = | +2n*e* n—7j| .

Now, the inequality (1.15) can be written in the form
x

v(x)SM+[ Anv(s)ds .
g

Hence, by Gronwall’s inequality and (1.8) we have

o(x) < Mt~ 8l g M < Me*
and then

(116)  |V(x, &)= V(x, & DI <0(x) <n*Ae* (1 + 207 — & +2n*e " In—71] -

The last inequality together with (1.10) 1mphes the Lipschitz condition (1.6). Therefore
Lemma 1 is proved.

Applying the above lemma we will prove under adequate assumptions the solution of

the first order partial differential equation and its first derivatives are bounded in some zone.

LemMA 2. Consider the equation

0
(1L.17) b—;+ E afx, y)—_ = b(x, Y)z+c(x, ) -
i
=1

Let the functions a = (ay, ..., a,), b, ¢ and their derivatives with respect to y be defined
and continuous in the zone

W, = {(x,}’); 0<x<a, y= (}’1, ---ayn)ER"} .
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Further, suppose that the functions a, b, ¢ and their derivatives

da _ {aa,} ab _ (ab 6b) oc _ (ac ac)
o rdirmraady  \oy o)y oy oy,

are bounded by a constant A in W, and the above derivatives are L-lipschitzian with respect
to y.
Let p(y) be a given function of class C' in R" such that

L18)  pO<K,
(L.19) l‘?’iisc,
ay

() G

<L;|y-¥|,
ay ay = .lly yl

5= (i)
oy \oy, o)

1
Suppose finally, that B = min (oz, Z) and

(1.20) l

where

(1.21) Lp<l.
Under the above assumptions equation (1.17) has in the zone
W = {(x,»): 0<x<B,yeR"}
the unique solution z of class C*' satisfying the initial condition
(1.22) z200,y) =p(»), yeR".

Moreover the following inequalities hold true

(1.23) . lz(x, y)|<e(K+e-1),
‘ o0z

(1.24) la—x L Ae(K+n*Ce*" +2e-1),
0z 2n+1 2

(1.25) —|<Ke+nCe™" " 43¢,
oy

oz(x, 0z(X,y
(1.26) ’(;; N_ z(a’; D < Ael(1 + A) (K +4e) + ne?( A+ dn*e*) C+

+n%e* L, |x—%|+e[2K+2ne*(1 +n*e*") C +n2e*" L, + 11e—2]|y—F| .
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Proof. The characteristic system of equation (1.17) is of the form

d
@1.27 ;f—c =a(x,y),
d
(1.28) 3—2 = b(x,y)z+c(x, ).

We are looking for a solution of this system passing through the point

x=0, y=n, z==p(11).

By the theorems of [2] (vol. II, No. 10) and the theorem of T. Wazewski in [9] we know
that there exists in the region

{(x,y): 0<x<a, ne R"}

the function @(x,0,n) = (¢,(x.0,7), ..., @,(x,0,n) of class C! which is a solution
of the system (1.27) satisfying the initial condition

©0,0,n) =n.
Putting the function ¢ into the right-hand side of (1.28) we get the equation

dz
(129) a—x = b(xs @(x, 0, 71))2+C’(x, ¢(x,0, ?1))
with the initial condition
(1.30) z(0) = p(n) .

The problem (1.29), (1.30) has the solution

x =2
I b{s,p(s,0,m)ds = | b(t,p(t,0,m)dt

Y, 0,m) = ¢ (p0+] (s, 96, 0, m)e as).

By the theorems in [2] (vol. II, No. 10) it follows that the equation
y=o(x,0,1)

can be solved with respect to n and
n=00,x7).

‘Now, let us construct the function

26,9) = ¥(%,0,00,x,3) = & (p((0, %) +fets, we )

From Kamke’s theorems we can derive that the function z is a solution of equation (1.17)
in W,, satisfying the initial condition (1.22). Since the coefficients of equation are bounded
by the constant 4 and the function p is bounded by K we get the following estimate

lz(x, )| e (K+et*=1).
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The last estimate implies that the inequality (1.23) holds true in the zone W, where

B = min(a, }4) .

Computing the adequate derivatives of function z, by the assumptions of regularity
of coefficients of the equation (1.17) and its derivatives, using the estimates (1.18)-(1.21)
and applying Lemma 1 we deduce that the function z satisfies the inequalities (1.24)-(1.26)
in the zone Wj. This completes the proof of our lemma.

Remark 1. In view of the further applications it is important to notice that the con-
: oo 07
stants bounding the function z and its derivative 7 " W, do not depend on the constant 4
‘ Y

and the Lipschitz constants in (1.26) are independent of L.

2. Some notations and definitions.

Definition 2.1. We denote by I® the Banach space of the infinite sequences of real
numbers s = (s, s, ...) such that

supls’| < + o0
i

with the norm
lIslle = supls’] .
J

Let s = (s!, s2,...) and § = (5%, §2, ...) be two elements of the space I°. We shall write
s<§

if s'<# for every j=1,2,..
The index / being fixed the inequality

<]
A -
e

will mean that s<3§ and

s=§.

Definition 2.2. Fix a>0. We denote by X, the Banach space of mappings

z: (x, )€ W,— (2'(x, 1), 2%(x, »), .)€ I
where
W, = {(x,y): 0<x<a, ye R},

and the functions z/ (j = 1,2, ...) are continuous and bounded, with the norm

flzll = sup llz(x, Y=
(x.y)eWq

Let X be a fixed number such that 0<X<o. For any fixed z e X, we set

lzllz := sup{l]z(x, Mli=: OKX<X, (x, y) € Way
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D; will denote the differential operator of the form
n
2 0 +
. 'S A j(x J’) o, .
J=1

(Functions o} will be defined in the next part of this paper — Assumptions H, and H,.)
We consider the following infinite system of semi-linear partial differential-functional
equations

.0 9z = F(x,y,z2(x, ), 2),

where

z=(2', 2%, ..), Dz2=(2,2', D,2% ..), F(x,y,5, W)= (f(x,», 5, w), f3x,p,5,w),..)
and f* are real functions defined for (x,y)e W,, sel®, we X,.

Definition 2.3. A function z = (2!, 2%, ... e X, is said to be a regular solution of
system (2.1) in zone W, if the functions z/ (j = 1,2, ...) are of class C* in W, and the
equations of system (2.1) are satisfied in W,.

In order to simplify the formulation of subsequent theorems we introduce also the
following definition '

Definition 2.4. A real function v, defined in W,, will be called the function of class
S(4; K, C, Ly, W,) if it is of class C'(W,) and the following inequalities hold true

o, MI<D,
ov

<D,,
ay\ 1

[

iDz,

—| SL**|x—X|+L*y-7l,

ay - ay
where
2.2) D =e(K+e-1),
2.3) D, = eK4nCe®"*143¢2,
.49 D, = Ae(K+n*e*"C+2e-1),
(2.5) L* = e[2K+2ne*(1 +n*e*)C+ne*L, +1le—-2],
2.6 L¥* = Ae[(1+ A)(K+4e)+ne*™(A+4n*e*) C+n*e*"L,],
and

v (av av)
ay \ay o)
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3. Chaplygin method. In the present chapter we deal with the Chaplygin approximate
method of solving the Cauchy problem for the system (2.1). In particular we will give
a construction of the sequence of approximate solutions of the system (2.1) (Theorem 1).
In Theorem 2 we discuss some properties of this sequence and prove its convergence to
the solution of the system (2.1). To do this we assume first the following

Assumptions Hj;.
1° a) functions ' = (a},...,a}) are defined and continuous in the zome W,

(i=1,2,.)
da'  (od)
b) derivatives —é‘i = {«ﬂ} are continuous in W, (i=1,2,..)

A4 7 Jk=1, 0,
1

9
¢) derivatives —5 are L-lipschitzian in y (i = 1,2,...);

2° a) real functions f! (x,y,s,w) (i=1,2,..) are defined and continuous for
(x,)eW,, sel®, we X,,
b) functions f* satisfy the following Lipschitz condition in w

17'Ce, 35 5, W) =fCx, y, 8, WISLIw=Wll, (= 1,2, ..);
3° partial derivatives f},, fu,, and Fréchet differentials

D,f': W xI®x X, — (I°)*,
DS WoxI®x X, — ()%,

((I™)* denotes the dual space of /), exist and are continuous with regard to all their
variables. (Let us notice that the continuity of the derivative D,f ! implies the existence
and continuity of the derivative f.);

- . - . a
4° functions f * &' and their derivatives f;,, fas fons DS D Y Dy, f ' are bounded by

a constant Bk =1,..,n i=1,2,..);
5° derivatives f},, fi., Dsf', D,.f' are L-lipschitzian in y and s

k=1,..,ni=1,2,.);

6° function p = (p!, p?, ...) is defined for y € R", its coordinates are functions of class C 1
in R* and
IP'OI<K,

\_ <c,

<L1Iy"'3-”|s

' (ap‘ 0p‘),
» \an o)

oy

where
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7° under the fbllowing notations

A =B[1+2D,+D(1+D))],
B = min {“’ %, [L(1+D)(1+D,)*+2BD(1 +D1)+BL*(2+D)]_.1} ’

Wy = {(x,y)e W, 0<x<p}

(where D, D;, L* are defined by (2.2), (2.3) and (2.5) respectively) a mapping
u=(@,u?.)eX, s> is given, defined in the zone W such that functions u! are of class
S(4; K, C,Ly, Wy) and

u©0,y) =p(y) for yeR".

Remark 2. Let us notice that from the point 2°b) of Assumptions H, it follows
that f* is a functional of Volterra type in w.

Using the notations introduced in the Chapter 2 and in Assumptions H, we will prove
the following

THEOREM 1. Under the Assumptions H, there exists a sequence of mappings
Z, = (25,22, ) e Xp (m =1,2,..) such that with a fixed i = 1,2, ... the function zb s
a solution of class S(A; K, C, L, W) of the linear partial differential equation
(31) @tz:n = fi(x» J’, zm—l(x’ y): Zm— 1) +f;:(x: J’, z,,,_l(x, y)’ zm—l)(z)‘n"zrin—l)
satisfying the initial condition
(32) zm(0,3) = p'(»)  for ye R",
where

zo(x,y) = u(x, y).

Proof. Let us fix an index i and consider the equation

(3.3) 22" =[x, y, ulx, ), u)+£ix, v, u(x, ), )@ —u)
with the initial condition
(3.4) 20,5 = pi(y).

We shall prove that the coefficients of equation (3.3) satisfy all the assumptions of
Lemma 2 in the zone Wj. Let us set

bi(x,)’) =f:i(x’ Y, u(x’J’), u) »
cl(x’ J/') =f'(x’ Y u(x, y)’ u)_.fsii X3 ) u(x:y)’ u)ui(x’ y) .

By 7° of the Assumptions H, we obtain that the functions «/ (j = 1, 2, ...) are equi-
bounded and satisfy the Lipschitz condition in (x, y) with the common constant; therefore
they are equicontinuous in Wj. Thus u is a continuous mapping in W;. This and 2°, 3° of
Assumptions H; imply the continuity of the functions &', ¢' in zone W;g.






