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A Modified Edge of the Wedge Theorem

by Jozef Siciak

Abstract, A modified version of the edge of the wedge theorem due to O. Stormark is improved by
showing that some conditions of his theorem are superfluous.

In the Stormark paper (2] the boundary values are required to be equal along a bunch of complex
lines L (see Condition B below) and to be analytically dependent on L ; see Condition C of [2]. We show
that the Condition C can be dropped. Moreover the Condition D of {2} can be replaced by a weaker one
(see Condition D’ below). Namely we prove the following

THEOREM. Let f be a holomorphic function in the open set G := Q xil'<C'*", where
Q:={xeR'"™*": |x|<l,j=0,..,n},
= {yeR'™": 0<|yl<l,nl<lyol (k =1,..,n)}.
Let f satisfy the following two conditions:

CONDITION B. For every u e R" with lyl<e (j =1, ..., n), where ¢ is fixed and 0<e<1,
the function

Gut Zo [ (20, U2, ..\ UyZp)

that is holomorphic in the set {zo € C: |2y} <1,y = Im z, # 0} can be continued to a holo-
morphic function in the unit disc {jz,|<1}.

CoNDITION D'. For every multiindex e Z% one can find constants M 4>0and O<r,<1
such that

0

B

0
a—z'{:(zo,O) <M, when |zo|<r, and yo # 0,

where z = (z,, ..., z,).
Then there exists a unique holomorphic function F in a neighborhood P of 0 € C*" such
that FanG =f'PnG'

Proof. 1° By condition B the function
GWo,s ey W) 1= f(Wo, WoWy, ooy WoW,)
is well defined and separately holomorphic on the set
X = (Do XE; X XE)U(EgxDyxE;x .. XE)U ..U (EyX..xE,_;xD,),
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where
Dy = {wo=u,+ivge C: 0<|wo|<1}, E, = {ivg: vp€R, 3<lvol<4},
D; = {w; =u;+iv;e C: |wj|<1}, E; = {u;€R: |uj|<e}.
Here the separate holemorphicity means that for every j the function g is holomorphic
with respect to w;e D; whilst the remaining variables are fixed in the sets E, (k # /).
Let h; be the solution of the Dirichlet problem for the domain D;\E; with the boundary

values 0 on E; and 1 on dD;. Then by theorem 7.1 of [1] there exists a function § holo-
morphic in the domain

Q = {we Dy x...x D,: ho(wo)+... +h(w)<1}
such that J|o~x = glo~x. Now take d>0 so small that the domain
Vi (we C'*": 0<|wol<d, lwl<d (j =1, ., m)}

is contained in Q. It is now obvious that the function

z z,
f(209 rers Zn) = g(ZO’ _}', AECE) m)

Zo Zy
is holomorphic in the complex cone ‘
K = {(zo, 2) € C1*": 0<|zo) <d, |z <d|ze| (G = 1, ..., m)}
and moreover

(2) : fIKnG = flknG -

2° So far we have used only Condition B. Now, using Condition D', we shall get the
holomorphic continuation F of f (and consequently the holomorphic continuation of f)
to the polydisc

P = {(z9,2) € C1™™: 25| <d, Izjl<d? (j=1,..,m)}.
Indeed, the function f can be represented in the form
(3) f(ZO, 2) = Z f[,l(z())z'u) (209 Z) € Kl
neZ’
where the coefficient

1 o 1 3*f

E@?‘(ZO’O) = ;76—2;(20’0)

@ Julzo) =

is holomorphic in the set {0<|z,|<1}. By (1), (2) and (4) the function f, is continuable
to a function f, holomorphic in the unit disc {|zo| <1}. The multiple Hartogs series @) is
uniformly convergent o every compact subset of K. Therefore the desired continuation F

is given by _
F(z,2) == Y. Jlzo)2",  lzel<d, |zjl<d?® (j=1,..,n).
»



17

COROLLARY. A4 function f holomorphic in the complex cone K is continuable to a holo-
morphic function in the polydisc P if and only if f satisfies Condition D’

Remarks. 1° In the definition of the “cross” X we could take the set E, of the form
EO = {ivo: UoGR, 6<|U0]<1"‘5} .

where § is any real number with 0<d<1.

2° By a suitable change of coordinates one can easily check that our theorem remains
true if G = Uxil', where ' = (', vI' )nB, I_=~-I',, I_nT, =8, I, is an
open connected cone and B is a ball in R'*" with the center at the origin.
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