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F-Languages and F- Automata
by Wit Fory$

The theory of tree languages was created in the sixties of 20'th century by J. W. Thatcher,
J. B. Wright and J. E. Doner. It revealed that the employed definition apparatus leads to
essential limitations of tree languages family. Therefore occasionaly attempts to formulate
a new version of this theory are taken up.

In this paper the new approach to the theory of tree languages was presented. We
extend our consideration to Janguages made up of finite sequences of trees-forests. Accord-
ing to N. Takahaski [6] these languages are called F-languages. We present a new definition
apparatus and characterize the family of F-languages accepted by introduced F-automata.

We assume familiarity with notations used in set and languages theories. For any
finite set X = {x,, ..., x;} we put X = {x,, ..., x;}. An alphabet X is a finite non-empty
set.

Definition 1. [4). A4 Z-valued forest is a system ! = (X, I',v), where X is a finite
non-empty set (set of nodes), X = X u {4, #}, A, ¢ X (special nodes), v: X — X is
the so called valued function and the function I': X — X*X* fulfill the conditions:

1° for every xe X I'(x) e (X U {A)(X* U {®)), I'(A) e X*, T'(P)e X*,

2° for every x,x'e X if x# @ and I'(x) = x'w, we X*uU {#} or x =& and
I'(x) = wix'w,, wy,wye X* then Nyerey = 1,

3° for every xe X Neeray<1,

4° for every x, x"e X if xe ['(x") then x' ¢ [™*(x).

Where the symbols used above have the following meanings:

Nyerw) is the number of occurrences x in word I'(x"),

F(x) = (e R: T() = wyywg, wi, wye (X* U {AD(X* U (8]},
()= {yeX: yel(x) or Ixy, v, e X, x, 60 (x), ., x, e F(x-y), ye F(xD} .
The following notations will be also used:
F(x) = {peX: I'(x) = wyyw,, w, wy € (X* U {ADN(X* U {D})},
I*(x) = {yeX:yef() or Ax,, ..., x, e R, x, e F(®), ..., e F(xe_y), ye F(xD} .
We denote by a and a one node forest I = ({x}, I',v) if v(x) =a and I'(x) = 4 or
I'(x) =A% respectivel;. The set of all forests over an alphabet X is denoted by 5.
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Two operations on forests are introduced. These are F-concatenation and F-juxta-
position.

Definition 2. Let /;,,e 2§, I; = (X;, I;,v) for i =1,2 and /3,...,I7 be the
sequence of forests isomorphic to /y, /) = (X3, Iy, 09) for i=1,.,n, 0= |[(9),
X, X3, ..., X3 mutually disjoint. F-concatenation is an operation of the form | : Ifx
x Zg— Zo which for any forests /;, I, gives as the result the forest / defined below:

I=4llL, 1=(X,Tv, X=XulUXi,
i=1

i=

. .
v =0, UlJvh and I' is equal respectively
i=1

) forx=4,
rix for xe X, —I'(®),
T(x)| @ 1— I'i(A) for xe{xe X,: x = (T (D))},

ryx)ld—e(r(®)) for xevgjlf;(/i),

1

L(x) for xeiyl(Xi—fiz(A)) ,
Ty(D) ... I'N(D) for x = .

Where x|a— y means that in the word x the Jetter @ is changed by the word y; e; means
i-projection. For any set X the symbol | X| denotes the number of its elements (cardinality).
The notion of isomorphic forests is used in the graph sense.

Definition 3. Let /;,l,eX§, I, = (X;,I;,0) for i=1,2 and X, n X, = O.
F-juxtaposition is an operation of the form —: X§x Z§ ~» X§ which for any forests /,, /,
gives as the result the forest / defined below:

l=5L—=L,l=(X,Tv), X=X,uX,, v=0,00,
and I’ is equal respectively

ryAr,4y forx=4,
I (x) for xe X, ,
I'y(x) for xe X,
I'(®)Iry(®d) forx=0.

The set X§ with F-concatenation and F-juxtaposition separately after the neutral
elements e and & respectively are added, forms a monoid.

Let ¥ denotec the set X U {e, &}. Any subset of =¥ is called a F-language.

Based on the definitions 2 and 3 F-concatenation and F-juxtaposition of F-languages
are defined. First we assume that for any /e X5, I = (X, I', v) we have

e—l=1l—we=e, é&ll=e¢ Illée=1I,

,1
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where I’ = (X, I'",v) and I" is equal respectively

Ir(x) for xe X—(I(®) v {®}),
Ir'x|@e—i for xe (),
A for x=90.

Now we extend F-concatenation of the forests.
Definition 4. Let I,, Iy, ..., Ly 25, n = [, (D),
11 =(X1,F1,U1), lzi=(X2i:F2i’02i) fOl‘ i=1,...,n.

F-concatenation of forest I, and the sequence of forests l,y, ..., I, gives as the result the
forest I defined below:

n
I=IJ~L(I21’ ...,.--,12”), l=(X,F,U), X= Xl UIU Xz:,
=1

n
v =1v, UlJ)v,; and I is equal respectively
i=1

4 for x = A
r(x for xe X,—I'y(®)
I(x)|® — I'y{A) for xe {xe X;: x = e(I'(®))}

Iy(x0)4 — 3;'(['1(/1)) for x E_UIFZi(A)

e for xe ) (Xoi— ()
i=1
F(®) ... I1,(P) for x=¢@

Definition 5. Let L,, L, X be any F-languages. F-concatenation of F-languages L,
and L, is defined as follows

L,lL, = {lll(IZI,"',IZn): I, = (X1»F1’U1)EL1’lz1s worlpeLly,n = ]f1(‘15)!}-

Definition 6. Let L,, L, XF be any F-languages. F-juxtaposition of F-languages L,
and L, is defined as follows

L1 —')Lz = {ll e d ’2: 11 ELI, ’2 eLz} .
Now we introduce the notion of standard partition.

Definition 7. Let I Z¥, I = (X, I', v). The standard partition of any forest / is com-
posed of three forests /;, 1, 1; € 2" defined as follows

li=(X,,I'i,vi) fori=1,2,3
and

X, = {sl(r(A))} ={x}, v =v[X;
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and I'; is equal respectively
x, forx=4,
AP for x = x,
Xy for x =@,
X, = [*(x)— {8}, v, =19|X,
and I', is equal respectively
I'xpldA—21 forx=4,
rx)|x,+—A4 for xel'(x,)—{®},
I'(x) for xe X,=I(4),
15 s (@) x; > A4 for x =0, k=max{i: e(['(®)e[*(x,)},
X;=X-(X,uX,), v,=0lX,
and I'; is equal respectively
riA)|x;+—A forx=4,
I'(x) for xe X5,
(k15 o> Gem)(T(®))  for x = @, k as above, k+m = |[[(®)].

The standard partition is denoted by the symbol [/, ; 1,; /;]. It is easy to see that for any
forest I and its standard partition it holds that

I=lll12‘_’13'

It will be used the notation / = [I;; 1,; I5].
The basic notion of F-languages theory that is the notion of F-automaton is defined
now. Some suggestions for this notion are due to R. Knast.

Definition 8. F-automaton is a system 4 = {Su {w}, X, 8, 5y, D), where § is
a finite non-empty set of states, w distinguished state, w ¢ S, 2 alphabet, §: SxX— Sx§
is a transition relation, s, the initial state, s, €S and De(S U {w})?* is a set of final
words.

It is assumed that &(s, ) = {w} and J(s, &) = {s}. Now the relation § is generalized
by induction to the set X¥, the number of the forest nodes being taken into account. For
any se .S we have:
forl=g

6(s, 1) = (s, 0),

forl=o
:
8(s, 1) = 6(e,((s, 0)), e);(3(s, 0)),



155

for I = (X, T, v) such that |X|>1
8(s, D) = 6@, )o@, I5)

seT

Where I = [ll; Iz; 13], ll = 0y, § = (S’, S”), T = 6(5', 0'1) .
i

Definition 9. A forest /e XF is recognized (accepted) by F-automaton

A=(Su{w},X,8, 50, D)
if and only if
0@, DD #Q.

The set of all forests recognized by F-automaton A is called F-language recognized
by this F-automaton and denoted by the symbol L(A).

By the above introduced definitions the properties of F-languages family recognized
by the class of F-automata were examined. It is assumed that the set D of final words is
regular in Chomsky sense. Now the obtained results are presented.

Within the family of F-languages recognized by F-automata with regular set D the
closure properties under F-concatenation, F- juxtaposition, sum, intersection, homo-
morphism and its inverse image are obtained. 1f the consideration are limited to the deter-
ministic F-automata only (i.e. & is a function) closure under complementation holds.
Now we compare families of all F-languages and F-languages recognized by F-auto-
mata. :

THEOREM 1. The family of recognized F-languages is the essential subfamily of the all
F-languages family.

Proof. We shall prove that the F-language {a’} = {@... @},en, Where Np is the set
4

of all prime numbers is not recognized by any F-automaton with a regular set of final
words.
Let 4 = {S U {0}, £, 6, 5, D) be F-automaton such that L(4) = {a"}. We define
a string grammar G = ¢S, S, s,, P) as follows: S as in F-automaton 4, §' = {s: se S},
P contains productions s = s's" if there exists o€ X such that (s, o) = (5", "), and
s=s for any seS. The above defined grammar G is regular (Chomsky 3'th type).
Observe that L(G) = (o, {a"}) where {a"} = {a... d},cy (N — the set of all positive

integers).
It follows by the form of F-language {a’} that

5(s0, (") = L& 0 D.

The set L(G) n D is a regular one and by G, is denoted the grammar which generates it.
For the prime numbers p; # p, the words &(sy, a™), (s, @) are of a different length
which is equal to p, +1 and p,+1 respectively. Thus the language L(G) contains words
of the length p+1, where p is any prime number. After replacing the last letter in each of
the word from L(G) by an empty word we obtain a regular set L(G,) (G, — the regular
grammar of which this set is generated). Substituting for each of the letter the same string
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language formed from one letter — e.g. {a} we finally obtain a string language {a”} where p
is any prime number.

Hence according to the regularity of L(G,) language {a”} is a regular one. But from the
string language theory we know that this statement is false. So we came to a contradiction
and the proof is finished.

Theorem 1 gives as a conclusion a nontriviality of all the problems considered in our
paper. '

Now the theorem concerning the problem of effective method is presented.

THEOREM 2. Let A = (S v {w}, %, 8, sy, D) be any F-automaton. There exists an
effective method for solving the emptiness problem of the set L(A).

Proof. We define a string grammar G = (S, S u {w}, sy, P> where § is defined as
in the proof of Theorem 1 and P is the set of the following productions:
for 5,5, 5" €S, o€ X such that (5", s”') € §(s, 0)

s=s8s', s=ws,
for every se §

s=y5, and s§s;=>w.

Grammar G is a context-free one and it is easy to see that the words generated by it
in the alphabet S'U {w} are identical as the result of recognizing forests from X by
F-automaton 4. Of course there exists a regular grammar G, such that L(G,) = D.
The following equivalences are true:

LA)= O<=VIeZ (s, ) n D=B<8(s0, 2D =B<L(G)NLG,) = 0.

According to the corresponding theorem [1] a string language L(G,) n L(G,) is
a context-free one. So there exists a context-free grammar G such that

L(G) = L(G) n L(G,) -

As it is shown [1] there is an effective solution to the emptiness problem of the language
L(G) for any context-free grammar G. Hence the problem proves to be solvable.
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