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On F-languages and their grammars
by Maria Fory$

As a result of the generalization of a finite automaton the theory of tree languages was
created. The first papers dealt with the problems connected with the notion of tree auto-
maton. The question of generation tree languages was worked out later, viz. in 1969 by
W. S. Brainerd [I].

In this paper the definitions of context-free F-grammar and finite state F-grammar
are formulated and families of F-languages generated by those grammars are characterized.
So it is a proposition of the generalization problem considered by W. S. Brainerd to
F-languages, i.c. languages composed of finite sequences of trees.

We recall all the definitions and the terminology from [4]. Furthermore, we introduce
some new notions concerning F-languages.

Definition 1. Let /e X%, 4 frontier of a forest I(fr() is a word over X defined as
follows

fr(e) =fr(e) =4,
where A is the unit of X%,
fr)=¢

forl=0orl=o,
'

0y — {fr(lz)fr(la) if 1, #e Iy # &

fr{{)fr(/;) otherwise

for any I = (X, I', v) such that |X|>1 and I = [/,; ],; ;].

By a frontier of any F-language we mean the set of frontiers of all forest from this
F-language.

Now we formulate the definition of F-grammar, the basic notion of our consideration.

Definition 2. Let S and X are any disjoint alphabets. A F-grammar is a system
FG = (S%, 2%, PF,5,> where
4
St ={seS':5e8}
}
is a set of nonterminals,
I ={cezf:6e2}
'
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is a set of terminals,
PresStx(Su n)f

is finite relation named a set of productions and

soe ST
i

is distinguished one-node forest, named an initial forest.

The fact that (s, /) € P¥ we will write as s = /. The process of generation in F-grammar
L '
is now defined.

Definition 3. Let /,le(Su X)f, I=(X,I',v), ] =(X,T,%) and I = [I;;1,; ).
A forest [ generates directly a forest 1 in F-grammar FG = (S%, =¥, P¥ 5, (symbolically
'

i = D) if and only if there are exists production s = I, € P¥ and x € X such that v(x) = 5

!
and for a forest ] one of the following conditions holds:
1°if I, = s then
'
l = lo J« ]2 — 13 N

2°if I, # s then we construct the forest ] in two steps:
:
step I: we define a sequence of forests

Ikly Iklk;, srey lk;k:...km »

where L, = Xy ks Doy oo Uy i) for k;€{2,3} and ¢ = 1, ..., m putting

@ Jey ke = Uiy ookt Degoonizs By ksl
() L,e{lh, i} and for i=1,..,m

lk| ki € {lkl wakimg2s Ikl ...k|-|3}

(iii) xe X;, 4 fori=1,...,m

(iv) m is a non-negative integer such that /, , =ys.
'
step II: using the notation
2 if k=3,
T ifk=2

we define the following forests
Ih I ’0 J’ Ik; wikm2 - Ikl...km?o’ Zk1 ki 1k = Ilu e ki—1ky for i= 1’ ey M

lk;...kgl = lk,...m fori=1,..,m-—1
and

T llkl...m—’lk, w3y fori=1,..,m-1.
Finally according to forests introduced in steps I and II the forest I is defined by the

equality
I = ll 1. 12 —_ 13
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Definition 4. Let 1,le(Su Z)F. A forest I generates a forest ] in F-grammar
FG = (S%, 2, PF, 54> (symbolically / fl; 1) if and only if there exist forests
'

Iy, ., e SuX)f
such that
L=01L1=1
and fori=1,..,n~1

L=>1l,,.
iFGri-l

This sequence of forests i.e. /y, ..., /, is called F-derivation in F-grammar FG of the
forest [ for I

Definition 5. F-language generated by F-gtammar FG = (8%, %, PF, 5, is the
'
following set of forests

L(FG) = {le X¥: s, ;l}.
1 FG

Definition 6. Two F-grammars FG, and FG, are called equivalent if and only if
L(FG,) = L(FG,).
Now two types of F-grammars are introduced.
Definition 7. A F-grammar FG = (ST, %, PF,5,> is called context-free if and
only if a set P¥ consists of productions of the form: !
S=> 58185, —>38;,

i 1 +

s=0a,
$ +

s=>e, SsS=e,
i i

where s,5,,5,,5;€ 5} and oe ZF.
o '

Definition 8. A F-grammar FG = (S}, X}, P¥, 5,) is called finite state if and only
'
if a set P¥ consists of productions of the form:

s=>0ls—s,,
Loy

s=>e S=e,
) Il

where s, 5,,5,€ 5 and oe Z7.
L '
On the basis of the framework thus introduced for F-languages the properties of

families of F-languages generated by two types of F-grammars were tested. Now we
present the obtained results.
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The family of F-languages generated by finite state F-grammars is closed under the
sum, intersection, F-concatenation and F-juxtaposition, and also under the homo-
morphism. Analogical results except the closure property for intersection hold for context-
~free family of F-languages.

Now we present the theorem connecting the notions of F-grammar and string grammar.
By Xf we denote the following set of trees:

I ={lerf: I=(X,I,v), [|X<®x XX, LM e X, I(P)e X)}.
Any forest of the above defined set is a tree without any branching.

THEOREM 1. The families of finite state (context-free) string grammars and finite state
(context-free) F-grammars generating F-languages contained in Xf are isomorphically
equivalent.

Proof. For any alphabet X we define a mapping f,: Z* — Z¥ in the following way:
1° f(A) = e, f{(6) = o for any o€ %,

.
2° fi(w) = fow') = fs(a) | f(w")
for any we Z¥ such that w = ow’, 6€ X, w' e Z*.
Of course f, is an isomorphism.
Let G = (S, Z, P, 5oy be any string grammar and let FG = (5%, 2%, PF, 5,5 be any

: '
F-grammar. We prove the theorem for finite state grammars. The argumentation for
context-free grammars is the same.

We connect the grammars G and FG in the following way:

S=Su{s} where ¢S5,
s=>oseP ifs=0cls—5 §=>ecPF,
O

s=>leP iff s=>eeP¥,
i

So =5g.
: +

It is clear that for such connected grammars holds

f{L(G)) = L(FG).

Hence the theorem is proved.
The above theorem implies two corollaries.

COROLLARY 1. The family of context-free F-languages is not closed under the intersection
and complementation.

COROLLARY 2. The family of context-free F-languages is essentially larger than the finite
Sstate one,

These facts are the consequence of the context-free string languages family properties.
Now we compare the notions of F-grammar and F-automata.
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THEOREM 2. The fumily of F-languages recognized by F-automata with context-free
set of final words contains the family of finite state F-languages.

Proof (outline). Let L will be any F-language generated by finite state F-grammar

FG = (8%, 2%, PF, 54>. We assume that F-grammar FG contains exactly one production
s! = e and one 5?2 =i e, where 5%, 5% € ST — {5,}. We also assume that the above productions
:1re the only proiductions with ;tattes s, 52 011 the left side, and that there are no productions
of the type s = o {5’ — s for anyls, ;’ e ST and o e X5, It is not difficult to show that
for any ﬁnitle stalte lF— gr;mmar therle ::xists an eqlllivalent one with such properties.

Now we construct an appropriate F-automaton. Let
A=<{S"uv{w}, %, 8 ,D;

where: S' =S v {5}, §¢ S,
S — alphabet S% in grammar FG is defined under,
X — alphabet 3% in grammar FG is defined under, for any se§’, 62

{(s,s")} ifs=>0cls—>s"eP’
5(& 0') — , 1 Lo 1
15, 8} otherwise ,

D= {s} 0 nL(G) U {58 5= e PF}
4

where G = (S, S U {w}, P, 5o is the string grammar associated with F-grammar FG by
the conditions:
S — alphabet ST in grammar FG is defined under,
S=1{sseS}
P={5=5§§:30eX,s=>0ls—sePTu{i=s5e5}u{§ = w.
¢ Lo
We add to the set D the stateiw if 5, = ec P

For the F-automaton thus defined it is obvious that the following equality holds
L(A) = L(FG).

Hence the proof is finished.
The following fact is also obtained which will be cited without a proof.

THEOREM 3. The intersection of a finite state and context-free F-languages is a context-
-free F-language.

Now we present the generalization of the so called Yield theorem. So far this theorem
was proved for free languages only.

THEOREM 4. A frontier of any finite state F-language is a context-free string language.
Proof (outline). Let FG = (ST, 2%, PF 50> will be any finite state F-grammar. We

'
define a string grammar G = (S, X, P, 5, in the following way:

11 -- Prace matematyczne z. 22
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S, Z — alphabets S¥, 2¥ are defined in FG under,
8o — the state for which s, is the initial forest in FG,
$
P contains the following productions:
if s=als—s"ePF then
|
s=>0s'eP if (s=eePf or s =>eePh)
' :
and s = ¢e PF,
1

s=>55"eP ifs=dl5>5,5" =>¢"|5—5§ePF,

A Voo
s=>seP ifs=>0l5—§,s" =ecP,

T A
s=>c€eP if (¢ =>eePf or 5" = eePh

! i

and s = ée PF.
'

We add to P the production s, = A if 5, = e P¥ or 5, = e PF.
' '
For grammar G thus defined the following proposition is proved:

For any finite state F-grammar FG and associated by the above conditions string
grammar G holds

le L(FG) iff fr()e L(G) for any Ie XF.

The proof of this proposition is given by induction taking into consideration the number
of nodes of the forest L

Basing on this fact the theorem for grammar G is proved. It directly results that G is
a context-free string grammar. Hence the proof is complete.

COROLLARY 3. Let FG will be any finite state F-grammar. The emptiness problem of the
set L(FG) has the effective solution. \

It follows immediately from Theorem 4 and the corresponding theorem for string
context-free languages — the theorem of Bar-Hillel, Perles and Shamir.
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