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Continuity of solutions of elliptic equations
of the high order with parameter

by Teresa WINIARSKA

Abstract, We shall consider a differential operator L = Z a; D%, r = 2m, of the high order with real

_ [a]<r )
coefficients a, of class Cl* in the closure 2 of a bounded domain £ with C*® boundary 92.
We shall consider the continuous dependence of solutions of the Dirichlet problem for the equation
Lu—Au = fp with respect to both x and parameter A.

[+r+n+1

Let @ be a bounded domain in R* with C® boundary 4Q. If « = (uy, ..., @,) is
a sequence of n non-negative integers and ¢ = (¢, ..., £,) is any n dimensional vector,
we set

E = ERLLER, o] = oy e tor, .

Similarly

0
D* = DY..Dy, where D;j=-—,j=1,..,n.
Ox;

We denote by H*(Q) the k-fh Sobolev’s space, i.e. the set of distributions in Q such
that all derivatives of order <k of u belong to L*Q). The space H*Q) is equipped with
the standard norm ||-]|, associated with the sesquilinear form

(u, ) = Y [ DuDvdx.
lal <k 2

Note that CJ is not dense in H*(Q), for k>0 (this is only true in the case of k = 0,
because H°(Q) = L}Q)). We shall denote by HX(Q) the closure of CP(Q) in H¥Q). As
is well known, H§(Q) is a proper Hilbert subspace of H Q).

In the forthcoming we shall consider a partial differential operator

L= Y aD"

la|sr

= Hf n H*™.

of high order r = 2m>; with real coefficients and with domain 2

We shall assume that
11*
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1° L is a strongly elliptic operator, i.e. there is a constant K>0 such that

Y a =K.

{aj=r
2° coefficients a, belong to ClFl+™+7+1(G),
3° L is symmetric, i.e. for every u,ve 9,
(Lu’ v)o = (u, LU)O
4° L is positively defined, i.e, there is a constant >0 such that

(Lu, w)ozy(u, u)y, forue?,.

Let I be the identity map on @, and 4; = L— I, . € R. We shall consider the Dirichlet
problem for equation

(1) A;'u=f1, A€ER

with right-hand side f, € L*(Q). This means to find u,€ 9,, such that A,u, = f;, AeR.
With notations as before we have the following

THEOREM 1. Let A, A5, ... be the sequence of eigenvalues of the operator L and let the map
R—{}} 24— fe LY(Q)
be continuous. If u, € D, is a solutions of the Dirichlet problem for equation (1) then the map

R—-{4DxQ3(,x) > u(x)eR
is continuous.

In order to prove Theorem 1 we shall use the following known facts

1) The sequence {A;} of eigenvalues of L is a sequence of positive numbers, increasing
and converging to infinity.

2) The equation A4,u = 0 has a non-zero solution in 2, if and only if there is je N
such that 2 = 4;. This non-zero solution is called the eigenfunction of L corresponding
to the eigenvalue 4;.

3) Operator

Ar Dy— LHQ)

is linear with a non trivial kernel ¥;. The kernel ¥} is called the eigenspace corresponding
to the eigenvalue A;. |

4) The subspaces ¥y, V5, ... are finite dimensional and ¥; are pairwise orthogonal
in L¥(Q).

5) It follows from 4) that we would be able to find an orthonormal sequence of
eigenfunctions u,, #,, ... such that

#y, ..., %, is an orthonormal basis in V,

Uy, +1y > Uy 1S an orthonormal basis in V,,

-----------------------------
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6) The sequence u,, u,, ... is complete in L3(Q).

7) Eigenfunctions belong to C*"(Q).

8) If f,e L¥(Q) then there is ue 9D,, such that A,u = f,. If f;eHI“m“(Q) then
ue H2m+[n/2]+ I(Q)C sz(g)

If 1 R—{4;} then it follows from 2) and 8) that the map
D, 3u— AueL¥(Q)

is bijective and therefore A, is invertible. The operator G, = A; ! is said to be the Green’s
operator for 4,. Now, we recall the known theorems about G,.

9) G, is a bounded operator and there exists a function R, defined in (2xQ)—
—{(x,y): x = y} such that

(Gau, v)o = nIxfnlu(x. Vu(x)v(pydxdy

for all continuous functions », v with compact supports in Q. The function R, is called the
Green’s function for 4;,

10) Inasmuch as operator A, is the high order and satisfies 1°4° we have

a) Ry(x, )eL* Q) for all xe Q,

b) Ry(-,»)e LYQ) for all ye Q,

c) Integrals

,! [Ry(x, WI*dy and ‘J; [R(x, y)|2dx

are locally bounded in Q.
11) If Ae R—{A;} and f; is a continuous function belongs to 2,, then the solution
of the Dirichlet problem for equation A,u = f, has the form

ux) = I Ry, 1) )y -

Proof of Theorem 1. Inasmuch as eigenfunctions u, , u,, ... forms an orthonormal and
complete system in L*(Q2) and the map 1—f; is continuous we can present f; in the form

-]

fi= Z Cj&)“}:
j=1

where coefficients ¢,(4) = (f3, ), j = 1, ... are continuous in R—{lj}, because the map
A —f, is continuous,
It follows from 8) that u, is unique. Observe that

(-]

: A
[0 w- > L,

i=1

as an element in L*(Q).

.~ Let Jpe R—{J;} and let >0 be so chosen that I = [1,—5, Ao+J]cR—{4;}. We
shall show that for every compact K< the series (i) is uniformly convergent in I'x K,
by showing the Cauchy condition.
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Let us take (4, x) e Ix K and let.

n+m

, ci{A)
z l._ Aju_,(x) ’
Jj=n
Z |
2

4y

Byn(A, x) =

It follows from the Schwarz inequality that

BL(, "K(Z

J=n

"j(x)

>..

Applying 11) we have
—u i(x) = f&(x Nu(y)dy .

1
Hence l—ujfx) is the j-th Fourier cocfficient for the function Ry(x, -) and by the Bessel’s

i
2
Z A(z ) <16, YE<M,
J

inequality
i=1

for x & K and for a constant M >0, because of ¢) in 10). Moreover, there is a constant B>0

such that for all A€ and j = 1, 2, ... inequality %~—1 > B holds. Thus we have
nem
BLO,X)SMBY cj(1), Ael, xek.
On the other hand "
3. G = 13

=1
and the proof of Cauchy’s condition of uniform convergent is complete if we apply Dini’s

o0
theorem to the series Y ¢}(4) of functions ¢} continuous in I.
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