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On approximation and interpolation
-of entire functions

by Adam Janik

1. Introduction. Let K be a compact subset of the complex plane C, of positive logarith-
mic capacity. Let f be a complex function defined and bounded on K. For ne N put

Eu(f! K) = W=l

where the norm is the maximum norm on K and ¢, denotes the n-th CebySev polynomial
of the best approximation to f on K.
It is known (see [4]) that

lim (E(f, K))'" = 0
n~+0

if and only if fis the restriction to K of an entire function g. The aim of this paper is to
establish relations between the rate at which (E,( f, K))/" tends to zero and the growth of g.
Let g be an entire transcendental function. Following A, Schénhage [3] we examine
the growth of the function g with the aid of quantities o(k, g), o(k, g), e/g) and o,(g)
defined below.
Put

M(r,g) = max{lg(z)l: |z} =}, r>0.
let k£ be a positive integer. Write
Ingx = In(ln,_;x), Ingx = x.
Observe that In,x>0 for all sufficiently large positive x.
Definition 1.1.

e(k, g) = limsup(Inr)"*1n, ., M(r, g).

r—+a0

We have 0<o(k, g)< +o0. If O0<g(k, g)<+oo0 then we define

ok, g) = limsupr™®“®in, M(r, g).

r—+w

If k = 1, we obtain the classical definitions of order and type.
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Definition 1.2, We say that g is of iﬁdex Ig if

Ig = inf{ke N: o(k, g)< +o0}.
Remark. If there exists a positive integer k such that g(k, ¢) € (0, +0), then Ig = &.
Definition 1.3.

o9) = limsup(nlnr)~*Inln M(r, g) .

r—>w

We have 1<g,(g9)< +00. If g,(g) is finite, then we define

ofg) = limsup(Inr)" "I M(r, g) .

r~o
Now we may state the main result.

THEOREM 1.1, Let f be a function defined and bounded on a compact set K of positive
logarithmic capacity d and let k be a positive integer. Put E, = E( f, K). Then

‘ I
® a = limsup Jg—

satisfies 0<a< oo if and only if f is the restriction to K of an entire function g with

ek, g) = a.
(i) For o€ (0, --c0) we have:

= limsup(In,_,n)'*E}"
k—1 n

n—o

satisfies 0< B < + oo if and only if f is the restriction to K of an entire Sfunction g of index k,

with o(k, g) = « and
1 /B\*
[e—a (Zi) k=D
olk,g) =

[
d
. Inn
(iii) o = limsup ————
n—w d

Inln W

satisfies 0<a <+ oo if and only if f is the restriction to K of an entire function g with

elg) = a+1.
(iv) For a € (0, +0c0) we have:
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satisfies 0<p<+co if and only if f is the restriction to K of an entire function g with
odg) = a+1 und
G
(@+1)* 7

We also state that in Theorem 1.1 E,(f, K) may be replaced by || f—1,|| or lIl,—1,-,ll,
I, being the n-th Lagrange interpolation polynomial for f with nodes at extremal points
of K (see [1]).

In the case of £ = 1 T. Winiarski [5] obtained (ii) and partly (i) of Theorem 1.1 for
E(f, K) as well as for || f—1,|| and [|/,—/,—,|]. If K= [—1,1], Theorem 1.1 was proved
by A. R. Reddy [2].

ofg) =

2. Estimates of o(k, g), o(k, g), og) and o/(g). Henceforth K is a compact set with
positive capacity 4 and ||-]| denotes the maximum norm on K.
Let @ be the extremal function of K (see [1]). For r>d put

K, ={zeC: dd(z)<r},
C,={zeC: dd(z) =r}.
Let g be an entire function. Write |
M(r, g) = max{|g(2)|: ze C,}, r>d.

LemMA 2.1. If g is a transcendental entire function, then in Definitions 1.1 and 1.3 we
may replace M(r, g) by M(r, g).

Proof — proceeds on the same lines as that of Lemma 3.1 in [5).

Let ne N and let P, denote the set of all complex polynomials in C of degree not
exceeding n.

Fix a sequence of polynomials (p,),.n, Where p, € P, for every n, such that for each

n=1

r>0 the set {]l Pall (c—;) 1ne N} is bounded. Note that the function Y p, is then entire.
Put

M*(r) = M*(r, (Pacn) = SUP {Ilp,.ll(;i) : neN}, r>0.
Analogously to Definition 1.1 put for ke N
Definition 2.1.

0*(k) = @*(k, (Pnen) = limsup(Inr)~*Ing, { M*(r).

r—+o

If o(k) = o(k, Y p,) is positive and finite, we define
n=1 :

o*(k) = o*(k, (Pnen) = limsupr™®®In, M*(r) .
r—+w .
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Analogously to Definition 1.3 put
Definition 2.2

of = o} ((D)ren) = limsup(Inlnr)~tInln M*(r).

ro

.o
If o, = ¢ ). p,) is finite, we define
n=1

o} = 6}((Pnen) = limsup(Inr) “In M*(r).

LEmMMA 2.2
@) e(ky<e*(k);
(ii) a(k)<a*(k) provided o(k) € (0, +oo),

(iii) ¢;<of;
(iv) o,< o} provided g,e[1, + o).

[ 2] w©
(Here k is a fixed positive integer, o(k) and o, stand for o(k, Y p,) and o3, py),

n=1 n=1
respectively).

Proof. Observe that for every §>1 there exists a real number 6(5) such that for r>d

@.1) ¥1(r) <0(5) M*(5r)

(here M (r) stands for M(r, Y, p,).
n=1
Indeed, by the Bernstein~Walsh inequality [4]

12,21 <pall (;;—)n for ze C,, ne N ..

M(r)sz up,n(;,’-)" .
n=1
Writing (‘—;)” = (Z_r)"a_" we obtain
M(r><Z np..n( ) 5",

Therefore by definition of M*(r)

Then

)< élw(ar)a-- )

So we get (2.1) with 8(8) = ¥ 6™"< + 0.

=l
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From (2.1) we obtain (with § = 2)

Ing4 IVI(r)<1nk.,., M*(Q2r) . In(2r)
Inr  InQ2r) Inr °

After passing to the upper limit we get
e(k)<e*(k).
In order to prove (ii) fix £>0 and §>1. Again from (2.1) we obtain
r @, M) <r~PIn [0(8) M*©Sr)], r>d.
Hence there exists an R(e, §) such that for r>R(e, 6)
r~®®n, () <r™®®(1 +&)In, M*(6r) .
This inequality can be rewritten in the form
r~®®1n, M(r)< (1 +2) 8P Gr) " @ 1n, M*(Sr) .
After passing to the upper limit we get |
| o (k) <(1+8)6°Pa*(k)
and because of arbitrariness of ¢ and §
| ak)<a*(k).

The proofs of (iii) and (iv) proceed on the same lines as those of (i) and (ii)
respectively.

LEMMA 2.3. Let (q,)4en be a sequence of polynomials of the respective degrees not exceed-
ing n, and let k be a positive integer. If there exist positive numbers o, p and ny such that for

every n>ny
ﬁ nla
la<a( )"
;40

then

@0 o0
(@ Y. g, is an entire function with o(k, Y. g,)<q;
n=1 . n=1%

) if ok, T 4 = « then
n=1

o B _ 1.

ok, Y g)<ea’ k=1
P n=1

B, k=2.

12 — Prace matematyczne z. 22
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Proof. For k = 1 see Lemma 3.3 in [5]. Suppose that k is not less than 2. At first
we test the boundedness of the sets {]lq,,ll (‘—;) :neN } for r>0. By the assumption

we have
n nla
Al (5) <r"(ln£1n) , n>ng, r>0.
Put
ﬁ xfa
2.2 h(x) = r"( ) s Xx>ng, r>0.
Iy x,

By the methods of the calculus we obtain that for sufficiently large r the maximum of the
function A, is reached for x = x,, where x, is determined by the equation

k-1

2.3 Inr = In,x,—1 .
(2.3) alnr £ X nﬂ+jl.—j[11njx,

So there exist positive constants R and X such that for r>R and n>X

@4 et (3) <hts.

On this account the set {liq,,!l (‘—:) = N} is bounded for r> R and consequently for

[=2]
r>0, whence ) g, is entire.
n=1

Observe that for each value of r>0 there exists a positive integer v(r) such that

r v{r) )
M*(r) = HQV(I')” (2)

and the equality does not hold for any n>v(r). It is easy to see that v(r) becomes infinite
with r, so there exists-an R’> R such that v(r)> X for r> R’ and we get, because of (2.4),

2.5 ' M*r)<hi{x,), r>R.

Combining (2.2), (2.3) and (2.5) we obtain
k-1 1 ﬁ Xrla

2.6) M*(r)s{exp[lnkx,—lnﬁ+ I ] } , r>R'.
j=1 lnjx, lnk_lx,.

From (2.6) we get

x k=11
Ink+1M*(r)<1nk|:—' ], r>R",
o j=1ln;x,

But x, tends to infinity with r, so

x, k-1 1 o
In|= ~Ingx, 1 for r— ©.
k[a Jljllnjxr] Xy n(fr’) -
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Thus for every &>0 there exists an R, such that for r>R,
Ing, s M¥*(r)<(L+¢€)In(Br%)
and consequently

Ing, , M*(r)

1
<(+8) [a+~EE:|, r>R,.
Inr

Inr
After passing to the upper limit we obtain
¥ <(1+8)u.
‘Since this inequality holds for.every £>0, we get p*(k)<« and by Lemma 2.2
pk)<a.

The proof of (ii) proceeds on the same lines.

LEMMA 2.4. Let (g,)nen be a sequence of polynomials of the respective degrees not exceed-
ing n. If there exist positive numbers «, B and ny such that for every n>nyg

n 1/a}—n
<d" - s
gl < [GXP ( ﬁ) ]

[eo] [re}
(@) Y g, is an entire function with ¢}, g,)<a+1;
n=1 n=1

then

(-1

@) if ez(”Ziqn) = a+1, then Ul(nglqn)éx(a)ﬁ, where y(x) = (—oz_-!-a—_l)““

Proof. By the assumption we have

\" " n 1/a"}—'n
1CAL (c_i) <F I:exp(ﬁ) ] s H>Hg.

1/am~
One can readily check that the maximum of the function {x—) r"[exp(%) ‘] ‘} is

expx(@)f(Inr)**'] and it is reached for x = x, = (%) B(Inr)*. Observe that x,
o

tends to infinity with r, so there exists an R such that x,>n, for r>R. Thus

l1gal! (g)"sexp @Bnr)** '], r>R, n>n,.

n=1

r\" - @
Hence the set {Ilq,,|| (E) thne N} is bounded and the function ) g, is entire. Ana-
logously as in the proof of Lemma 2.3 we obtain for r sufficiently large

M*(r)<exp[x(@B(Inr)*" ] .
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From this inequality we get for large r

(Inlnr) 'Inln M*@F)<(Inlnr) ™ In [y (@) f(Inr)*+ ']
and
(Inr)™ VI MAr)<Unr)~# Dy Blnr)**t

After passing to the upper limit we obtain
Q?:(Z Qn)sa‘l‘l -
n=1

0',*( Zlqn)g}f((x)ﬁ: if Q;=a+1 .

Due to Lemma 2.2 the proof is completed.

3. Best approximation and interpolation. Let f be a function defined and bounded on K.
Preserving the notations of the Section 1, put for ne N

ESV = EV(f,K) = E(f. K),
E2 = EX(f K = I f=1I1
ED = EXfLK) = =1, 41l -
LemMa 3.1. ([5], Lemma 3.2). For every positive integer n
(i) EVSEP<(n+2)E"
(i) E3 <2(m+3)EM.
Proposition 3.1. The function f has an entire continuation if and only if

m(EV) =0, j=1,2,3.

n— o

Proof. Necessity. For j = 1,2 — see [4]. For j = 3 — use Lemma 3.1

Sufficiency. For j = 1,2 — see [4]. For j = 3 the function f =/, + Z(l,,—l,;_l)
n=2

gives the required continuation of f.

4., Growth of entire function by means of approximation. Let g be an entire function.
In this section ¢(k), o(k), ¢;, 6; and M(r) stand for o(k, g), a(k, g). 0/g), o(g) and
M(r, g) respectively, ES denotes E(g|x, K). Likewise to definition of In; we put for ke N
exXpyx = exp(exp,_;X), eXpgXx = X.

LeEMMA 4.1. If there exist positive numbers Rq, T, u and k € N such that fcr every r> R,

M(r)<expyar"),
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then

limsup(In.-, ) "M EP) "<

n=*oo

j=1,2,3.

dlept)'’™, k=1,
deti*, k>2"

Proof. T. Winiarski has proved ([5], p. 266) that there exists a positive number A,
depending only on K and g, such that for every ¢>0

@.n ED<AdeyM(@)r
- for r and n sufﬁcienﬂy large, r>R, and n> N, say; Hence and by the assumption we
obtain that
@.2) EP < A(de’Yexpy(zr*)r™  for r>R and n>N,,
where R = R,+R,.
Put

k=1

u(r) = p[[exper*), r>0.
j=0

Since u is strictly monotonic, there exists its inverse, ™1, Set r, = u~*(n). Let N be
such a number that N> N, and r,>R for n>N. From (4.2) we obtain
EP < A(de) exp(zri)r, ", n>N.

Hence
4.3) (In,—, ")”"(Er(xz))”" <A det fexpy(ra)]"(In, ) ey . L, a>N.
Observe that

t/p =
lim [exp,(zr]M" = {i 2 :

' =
(,Ll‘L')”“, k=
k

: 1,1
lim(Ing_ n) *r; ! = s
bl

n—oo
Therefore, after passing to the upper limit in (4.3) we get

d o 1/“’ k =1,
limsup(lng_ € E'(lZ))l,'u < { e*(eut) 1

n=*e

de®t '/, k>2.
On account of arbitrariness of & the factor e can be omitted. Hence and by Lemma 3.1

{d(ey'r)”", k=1,

lims 1n, _ 1/p E(J')'lln<
1 up(nk ln) ( n) == d‘tlm, k>2’

n=ow
as asserted.
LeMMA 4.2. If there exist positive numbers R, t and pu such that for r>R

M(r)<explz(lnr)**1],
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then
‘ 1/p 1/n
(44 limsup 1—£T<(;(%)) » J=1,2,3,
v
(we recall that x(p) = 0—;:_1—),,:—1)-

Proof. From (4.1) and by the assumption we obtain that for each £>0 there exist R,
and N, such that '

4.5) EP S A(deYexp[t(nr)**1]r=", r>R,, n>N,

(A4 being a constant).
Let N;>N, be so large that

n 1/p
ex >R, for n>N,.
p[f(ﬂ“)] . TN

1/u
If we put in (4.5) r, exp(t 0::_1)) , then we obtain -

np

n 1/u " w¥ 1
E,‘,”sA(de')"[exp(T (”_H)) ] .

Then
nile < 1
d = Inea™) "

u -
gy () s or =

After passing to the upper limit we obtain (4.4) for j = 2. Due to Lemma 3.1 we have (4.4)
also for j=1,3.

THEOREM 4.1. Let g be an entire transcendental function of index Ig <k, k being a positive
constant. Then

1
(4.6) o(k) = limsup —ﬁ;’—— .
In (ED)Tn

j=1,2,3.

Proof. Denote the right-hand member of (4.6) by y; (j = 1, 2, 3). We start by showing
that g(k)<vy,;. Suppose that y, is finite. Then for every ¢>0 we can find an N, such that

Ingn

d

<ys+e&, n>N,,
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whence
n

yata
E'('3)<dn( 1 ) .
Ing_yn

Then, because of Lemma 2.3 o(k)<y;+¢& Hence ¢(k)<y, provided y, is finite. But this
inequality is evidently true if y; = 40, so g(k)<y; regardless of the value of ;.
Moreover, by Lemma 3.1 we have y;<y, <y,, whence ¢(k)<y,,j=1,2,3.
On the other hand, by Lemma 2.1 we have
e(k) = limsup(lnr)~tIn,, , M(r).

Land-

So, given pu>g(k), we can find an R, such that

(Inr)~tIng, M()<p, r>R,.
Then
M(r)<exp(r) .
Therefore by Lemma 4.1

limsup (In, . ; m)A(EU) L/

nB-*0

is finite. So there exists a positive constant B such that for every n

(]nk—ln)ll"(Ey))llnsBd, j =1, 2v 3.

Hence

Ingn InB
g SHREe—
In (E:.i))lln In (E'(‘J))l in

After passing to the upper limit we obtain
wsp, j=1,2,3.
Since this inequality holds for every p>p(k), we have
<ok .
The proof is completed.
THEOREM 4.2. Let g be an entire transcendental function with ¢{k)>0 and finite, k being

a positive integer. Then

limsup(In,_ , n) CO(ED)n

n+o

1/e(1) —
{d(eema(l)) Thok=1. .

da (f)!1e®), k>2,

Proof. Suppose that & is not less than 2 (for k = 1 the proof proceeds on the same
lines). Given t>0(k), we can find an R, such that

M(r)<exp,cr'®), r>R,.
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Then by Lemma 4.1

limsup (lny—, WP OEN < He®, 521,23,

n—ao

and on account of the arbitrariness of 7>a(k)

4.7 limsup(In,_, ) *OED) VP < da(k)e®,  j=1,2,3.

B0

Suppose that this inequality is shérp for j= 3. Then we can find <o (k) such that for n
sufficiently large .

ank__ 1 n)lla(k)(E,(,s))ll"QdS e(k)

This inequality can be rewritten in the form

9 n/o(k)
E}S3) ,S dn (___) .
In,_yn

Therefore by Lemma 2.3 ¢(k)< 9 and we get a contradiction, because 9 has been chosen
less than o (k). Hence and by Lemma 3.1 we obtain that in (4.7) actually holds equality,
as asserted. :

In the same way as above, using Lemmas 2.4 and 4.2 instead of Lemmas 2.3 and 4.1
we can prove the following two theorems.

THEOREM 4.3. Let g be an entire transcendental function. Then

. Inn
¢ = 14+limsuyp ———, j=1,2,3.

n—+w .

THEOREM 4.4. Let g be an entire transcendental function with 0;>1 and finite. Then

1/a 1/a
. n gy
limsup ————— =(—) , where a =p;—1.
n-*wp d (X(a)> @
e

5. Growth of entire continuation. Let f be a function defined and bounded on K and
let k be a fixed positive integer. Put E, = E(f, K).

THEOREM 5.1. If
Ingn

o = limsup
n—ao 1 e
nE;,"

is finite, then the function = t,+ Y (t,—t,-,) is entire, f(2) = f(2) for ze K and
n=2
ek, f) =
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Proof. Given u>a, then there exists an N, such that

Ingn

<4, nz2N,.
Elln

n
Hence

'1 \n/u
E,.<d" » n=N,.
Ing_n

It implies that for n sufficiently large

2 nip
urn—t,-lusd"(] ) .

I]k_ln

Therefore by Lemma 2.3 the function fis entire and the index of f satisfies If<k. So by
Theorem 4.1 o(k,f) = o and the proof is completed.

Theorem 1.1 (i) follows immediately from Theorems 4.1 and 5.1.

Denote

= {7€ (0, +o0): limsup(ln,_,n)'” E}" = 0}

n—w

. o0 ’
THEOREM 5.2. If T'y # @, then the function f= t,+ Y (t,~t,_,) is entire, f(2) = f(2)
n=2
for ze K and ¢(k,f) = o, where o = infl,. If additionaly a>0, then

ol fy =1\

where B = limsup(In,_,n)'/*- E}",

R—+w

Proof. Given ye I, we can find a real number B such that for every n

(n,_,m)'"E}M"<B.
Then
E,<B(In,_;n)™™", neN.

From this we obtain for n sufficiently large

: nfy ¥
of B B
tg—tn-sll <d (lnk-q") , where yu = 2(2) .

Therefore by Lemma 2.3 the function f is entire and g(k,f)<y. Hence o(k,f)<a
= ian ke
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Because ¢(k, f) is finite, we can apply Theorem 4.1 and we obtain

1
e(k,f) = limsup nk; .
lnz‘—fl—n

Given y>o(k, [), take 7 less than y, but greater than g(k, J). Then there exists an N,
such that

From this we get for n>N,,

(n,_ )" "E}"<d,
whence
limsup(ln,_, m)*"E}" = 0.

n« oo

Thus we obtain that for every y>g(k,J), y belongs to I, so o(k,f)=>a = infTy.
Since the opposite inequality holds, we conclude that e(k, f) = a as asserted.
Suppose that ¢>0 and B<+oo. Then there exists an n, such that

E,<Qpy(n.,m)~""  n>n,,

T

ln,‘_ln_l ’

whence

“tn_t -1"€d"

for n sufficiently large. Then by Lemma 2.3 o(k, f) 1s finite. Thus, due to Theorem 4.2

‘ dleas(1, ), k=1,
1/ap-1/n __
limsup(ln,.,n) "“E;" = {do(k,f)l’G‘, k=2,

{1 “
|5(0) *
ea \d
alk,f) = e
g -
I\¢
provided B is finite. Evidently o (k, f) is infinite if § is, so the proof is completed.
Observe that if

So
=1,
=2,

limsup(in,_,n)**E} "™

n—+wo

1s positive and finite, then
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(i) for every y>a: limsup(In,_,n)'?E}N" = 0,

L had- ]

(ii) for every 9<a: limsup(ln,_,n)*EM* = + o0, so « is the infimum of I',. Now

n—=o
from Theorems 4.2, 5.2 and the above remark we obtain Theorem 1.1 (ii).
If we deal with g; and ¢;, then we can state the following two theorems.

THEOREM 5.3. If

o = limsup

nt oo

is finite, then the function f=1t,+ Y (t,—t,_,) is entire, f(2) = f(2) for ze K and
n=2

off) = a+1.

Denote
nl/m
=0

Q= |we (0, +o0): limsup

n—w

"
: [~}
THEOREM 5.4. If Q # O, then the function f =t + Z (t,~t,—,) is entire, f @ =102
n=2
Jor ze K and
edf) =a+1, where « =infQ.
If additionally a>0, then

ol f) = 2@ 8",

1/a

where B = limsup

[ 2ad--]
Ellm

We omit the proofs of Theorems 5.3 and 5.4 because they are quite analogous to those
of Theorems 5.1 and 5.2 respectively.

As a simple consequence of the above two theorems and Theorems 4.3 and 4.4 we
obtain Theorem 1.1 (iii) and (iv).

Remark. It is obvious that in this section we may replace E, by E for j = 2, 3.

The author wishes to express his gratitude to Professor J. Siciak for his inspiration and
valuable remarks.
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