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On the differentiability
of generalized subadditive functions

by Zbigniew POWAZKA

1. In this paper we shall deal with the functional inequality

¢y : Y EH)SFE ), ()

and the associated equation

@ p(x+y) = F(p(x), ¢(»),

where F: J? —J is a given function, J = (a, b) is an interval (we admit ¢ = — oo and/or

b = +m), @, Y are unknown functions defined on R or R" (n=2).
We investigate differentiable solutions of (1) and (2). For continuous solutions of
equation (2) the following results are known (see [1], 54-58).

LemMma 1.

(a) Equation (2) has in R a nonconstant and continuous solution iff the function F:J 2oy
is continuous with respect to each variable and the structure (J, F) is a group.

(b) If equation (2) has in R nonconstant and continuous solution, then the function
F: J* ] is strictly increasing with respect to each variable.

© If a function f: R—J is continuous, nonconstant solution of equation (2), then

f(0)=es

where e is the neutral element of the group (J, F), and the general continuous solution ¢: R — J
of equation (2) is given by the formula

3) o(x) = f(cx), xeR,

where ¢ is a real number. All these solutions are strictly monotonic in R.
According to Lemma 1 we shall assume that

(H) Equation (2) has a continuous and strictly increasing solution f: R—J.

In the sequel f will denote the solution of (2) occurring in (H). Theorems given in [2]
(for n = 1) and [3] imply the form of continuous solutions of inequality (1) in R":
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THEOREM 1. Let hypothesis (H) be fulfilled. All the continuous solutions yr: R*— J,
n=1, of inequality (1) are given by the formula
@ ' Y(x) = f(h(x), xeR",
where h: R® — R is an arbitrary continuous, subadditive function, i.e.
®) h(x+y)<h(x)+h(y), x,yeR".

In the paper we shall make use of the results on the differentiability of subadditive
functions and we shall prove some similar results for solutions of inequality (1). Lemmas
given below contain results from [4], p. 251 (Lemma 2) and [5] (Lemma 3).

LemMMA 2. If h: R— R is a subadditive function differentiable at x = 0 and such that
h(0) = 0, then h is a continuous linear function, i.e.

©) h(x) =cx, xeR, c¢=H(0).

LeMMA 3. Let h: R*—s R be an arbitrary subadditive function and put h;: R— R,
h(t) = R, ..0,1,0,..,0) (with t on the i-th place) and

') A; = inf{h(t)/t,1<0} and B; = sup{h(t)/t,t>0}; \

for i=1,2,..,n If A, = B, then h is a continuous solution of the Cauchy functional
equation in R", of the form

@ h(xyy s X)) = Ay X+ Apx,, (g, e, X)ER".

In the last section of the paper we obtain a result generalizing one due to J. E. Wetzel [5}
and concerning a special case of inequality (1).

‘2, We start with

THeOREM 1. If (H) is assumed, then the solution f of equation (2) is differentiable in R
iff it is differentiable at zero, for each x there exists the derivative of function F with respect
to the second variable in the set Jx{e} and
&) f)=OF(f(x),e), xeR.

Proof. Sufficiency. We shall prove that f is differentiable at an arbitrary x € R.
Since f fulfils equation (2) in R, then we have

F+B)=fx) = F(f(x), ()~ (x) = F(f(x), [ () —F(f(x), €)

(note that e is the neutral element of the group (J, F)). Hence, by virtue of f(0) = e
(Lemma 1) we have
FeE+A—f(x) _ F(f(x),f(0)=F(f(x),(0) f(h)~f(0)

h F)—-1(0) h

(10
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It follows from differentiability of f at zero and existence of F)( f(x), €) that there exists
the limit of the right hand side of (10) as 4 tends to zero. Therefore f is differentiable in R
and the derivative of f is given by (9).

Necessity. Now let f be differentiable in R. Then there exists the limit at the left hand
side of equality (10) as & tends to zero and the limit of the $econd factor of the right hand
side of (10) equals f'(0).

If £(0) = 0, then f(x) = 0 in R which contradicts (H). Therefore (10) implies the
existence of the derivative which we denoted by F,( f(x), ) which complete the proof of
theorem.

Remark. It follows from (9) that if the function f defined by (H) is differentiable in R,
then

(11) SO #0
and
(12) Fie,e) =1,

Now we shall prove a result concerning inequality (1) which is similar to Lemma 2. Under
a stronger assumption it was proved by D. Brydak [2].

THEOREM 3. If f defined by (H) is differentiable in R, then every solution Y of inequality (1)
differentiable at zero, continuous in R and fulfilling the condition

13 ¥(©) =10

is a solution of equation (2) in R.

Proof. Let i be a solution of inequality (1) with properties mentioned in the assump-
tions of the theorem. We have by virtue of Theorem 1

14 Y(x) =f(h(x)), xeR,
where h is a continuous, subadditive function. Hence
15) h(x) =f~'(¢(x), xeR.

Putting x = 0 in (15) we have from (13) h(0) = 0, as f(0) = e (Lemma 1). It follows
from (11) that the derivative of inverse function f~* exists at the point e. The function ¥ is
differentiable at zero. Hence and from (15) we have the differentiability of function 4 in
zero. Therefore Lemma 2 implies formula (6) and it follows from (14), (3) and Lemma 1
that ¢ is a solution of equation (2).

3. A generalization of Theorem 3 and Lemma 3 is contained in

THEOREM 4. Let the f defined by (H) be differentiable in R. If y: R* — (a, b) is differ-
entiable at the point (0, ..., 0) € R®, continuous in R and satisfies inequality (1) and the condi-
tion
(16) ¥,...,0 =10,
then  is solution of equation (2) in R".
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Proof. Let y: R*— (a, b) be a solution of inequality (1) fulfilling the assumptions of
the theorem. Then Theorem 1 implies that

a7 U(x1s ey X) =f(h(xl: ey xn))s (xl’ vees Xp) € R,

where h: R"—R is a continuous, subadditive function.
Putting x; = 0 for i  j in (17) and denoting Y «(x,) = (0, ..., 0, x;, 0, ..., 0) (similarly
as h; in Lemma 3) we obtain :

(18) !/I,(x,) =f(hi(x,)) for = 1, 2, ey .

The differentiability of y at (0, ...,0) implies the differentiability of ¥, at zero for
i=1,2,...,n Hence, by virtue of the assumptions of the theorem and Theorem 3 we infer
that ; fulfils equation (2) in R and from Lemma 1(d) we have

(19) Vx) =f(c;x)) fori=1,2,..,n.

From (18), (19) and the monotonicity of fin R we infer that
hix)=cx; fori=1,2,..,n.

Hence by definition (7) we have
Ai=B,=¢ fori=1,2,.,n

then by Lemma 3, function 4 in formula (17) has the form (8). Therefore

Y(xgs s X)) = fey Xy o€ X,)
and by virtue of [1] it fulfils equation (2).

4. Now we shall consider the problem under what conditions a solution of inequality (1)
bounded by a differentiable function is differentiable itself. For the inequality

Y+ 2P ()Y (y)
an answer to this question was given by Wetzel in [5], For inequality (1) in R we have

THEOREM 5. Suppose that f defined by (H) is differentiable in R and that F: J*> — J is
differentiable with respect to the second variable in J and its derivative F, is a function con-
tinuous with respect to each variable (separately) in J. If { is a continuous solution of in-
egiiality (1) in R bounded from above by a functicn g: R— J differentiable in a neighbourhood
of zero and satisfying

(20) Y0 =g0) =e,
then s is differentiable in R and
y(x) =f(cx), xeR, ¢=g'0)f ).
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Proof. Let ¢ be a continuous solution of inequality (1) in R and g —a function
fulfilling the assumptions of the theorem. Then condition (20) is fulfilled and

(21 Y(x)<g(x) =xeR.
First we shall prove that y is differentiable at zero. From (20) and (21) we obtain

22) Y- ©)<g(m)—4g(0).
On the other hand, (1), (21) and the monotonicity of F (Lemma 1) imply

23) ¥(0) = Y (h—D<FW @), y(=m)<SFYh), g(—h)

Multiplying (23) by —1, adding (h) to its both sides we have by virtue of (20)
(note that e is the neutral element of F)

24) ¥ () =y 0)=F((h), g(0))— F(¥(h), g(—h)).

Applying the mean value theorem to the right hand side of (23) we obtain from (22)
and (24) the inequalities

@5 Fi{y (), y()(9 ) =g (— )<y () =y (0)<g ()~ g (0)

where y(h) lies between g (0) and g(—4), so that it tends to g(0) when 4 — 0. Divide now
the sides of (25) by #>0 and make use of the assumed regularity of the functions F, g, §
and F; to obtain for 41— 0

gOVF (4 (0, 9(0)<Y'(0<g'(0) .

Dividing (25) by A<0 and passing to the limit we get the above incqualities with the
signs < replaced by =. This, together with (20) and (12) yields

(26) ¥'(0) = g'(0)

i.e. the function y is differentiable at zero. On account of Theorem 1 the ¥ supplies then
a solution to the equation (2) and can be written in form (3), which implies the differen-
tiability of  in the whole R. Taking derivatives of (3) and putting x = 0 we get
¢ = g'(0)/'(0) and the proof of the theorem is completed.

Remark. It follows from the condition (26) that every majorant g of a function
in R which is differentiable in a neighbourhood of zero and takes on the value ¥ (0) at
zero has to fulfill the condition g’(0) = ¥'(0).

We conclude the paper by an example showing the role of the assumptions of theorems
involving the function g. :

Example. Let we consider inequality (5) i.e. (1) with the function F(u, v) = u+v.
It fulfils all assumptions of Theorem 5 in R?. The function (x) = |x| is a solution of
inequality (5) in R for which there does not exist any majorant g fulfilling condition (20)
as regular, as it is required in the theorem,

13 — Prace matematyczne z, 22
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