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Invariance of some polynomial conditions
for compact subsets of C" under holomorphic mappings

by Wieslaw PLESNIAK

Abstract. We show that the property for a pair (E, 4), where E is a compact subset of C¥ and u is
a positive measure on E, to satisfy polynomial conditions of the type of Leja’s famous polynomial
condition is invariant under a large class of holomorphic mappings (with values in CM, where M < N)
containing, in particular, all open holomorphic mappings. This yields some new examples of the pairs
(E, p) satisfying the conditions under consideration.

1. Introduction. Let E be a Borel subset of the space CY of N complex variables and
let u be a measure on E (throughout the paper by a measure we shall mean any nonnegative
set function u defined on Borel subsets of E and such that u(@) = 0). The pair (E, y) is
said to satisfy condition (L*) if for every subset # of the space P(C", C*) of all polynomials
from CY to C!, such that

sup | f(z)l< o0
feF

p-almost everywhere on E, and for every b>1 there exist an open neighborhood G of E,
the closure of E, and a positive constant M such that for each fe & we have

1 f o< Mb*7,
where || fllg = sup | f(2)|, and degf denotes the degree of the polynomial f.
zeG

The condition (L*) plays an important role in the theory of the polynomial approxi-
mation (see [5], [8], [11]). Some examples of pairs (E, u) satisfying (L*) were listed in [5]
and [I1]. It is worth while to notice that the first example of such a pair was given by
Leja [4] and is the following.

Example 1.1. If E is a Jordan rectifiable arc in C! and g is the length measure on E,
then (E, p) € (L*). In particular, E can be thought of as a compact interval in R!, the space
of one real variable, and pu = 4,, the Lebesgue linear measure.

It is seen that

1.2. If (E, p) € (L*), then E satisfies the following
CONDITION (B,). For every b>1 there exists an open neighborhood G of E and a con-
stant M >0 such that for every polynomial fe P(C", CY

1/l Mb™ max(1, || f1ls) .

g
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If E is compact, then condition (B,) is equivalent to the L-regularity of E (see Section 2).
It was proved in [6] that if E is an L-regular polynomially convex compact set in cy
and 4 is an open holomorphic mapping defined in an open neighborhood U of E with
values in C¥ (M<N), then A(E) is also L-regular. Actually, the assumptions on A can
be essentially weakened (see [6]). In this paper we show (Theorems 3.4 and 5.2) that a similar
invariance property holds true for the condition (L*) as well as for a weaker condition (Lg)
defined in Section 5.

In Section 4 some specifications of Theorem 3.4 are given. In particular, we study there
the case where g = 4,y, the 2N-dimensional Lebesgue measure.

The results of the paper permit to give some new examples of pairs (E, ) satisfying (L*)
and (L¥) (see Section 6). They also answer a question posed by Siciak (personal communi-
cation). The new examples are preceded by a criterion of the L*-regularity (with respect
to the Lebesgue measure) which is an analogue of a criterion of the L-regularity due to
Goncar (see [7]).

2. The L-regularity. Denote by Psh(C") the set of all plurisubharmonic functions
in C" and consider the set

L = {uePshC": u(z)<m+log(1+|z]), ze C"},

m being a real constant that may depend on u, and |z] = max{|z]|: 1<j<N} for
z=(z,,...,zy) € C". Given any subset E of C" we define the L-extremal function
associated with E as

V(z) = sup{u(z): ueL,u<0 on E}
(see [10], [12]. If the function ¥z is continuous in C", the set E is called L-regular. Let V§
denotes the upper regularization of Vg,
Vi) = limsup Vg(w), zeC",

w3z

and let
¢(E) = limsup |z] exp [ VE(@)] .
|

z| o0

The number ¢(E) is called the L-capacity of E (see [10]). If N = 1, ¢(E) is known to be
equal to the logarithmic capacity of E. We have

LemMMA 2.1 ([10], Theorem 3.6 and Corollary 3.9). 4 countable union of L-polar sets,
that is, by definition, sets with the L-capacity equal to zero, is L-polar.

If E is compact, it is known ([10], [12]) that the function exp Vg is equal to Siciak’s
extremal function associated with E,

F(2) = sup[lp()|¥3?: pe P(CY, CY), |Iplls<1, degp>1}, zeC".

Moreover, in this case, for the L-regularity of E it suffices that ¥ be continuous at every
point of E ([10], [12]). Hence by 1.2 we have
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2.2, If Eis compact and (E, p) satisfies (L*), then E is L-regular. In particular, ¢(E)>0.

Question 2.3. Is it true that for any Borel subset E of C¥ and any measure u on E,
(E, p) e (L*) implies c(E)>07? '

Observe that the answer to this question is in the affirmative if u is absolutely continuous
with respect to the L-capacity ¢, or, equivalently, if ¢ dominates p (i e. ¢(4) = 0 implies
p(4) = 0). An example of such a measure is the Lebesgue 2N-dimensional measure 4,y
(resp. Ay, if EcR", the space of N real variables, treated as a subset of C¥ consisting of
those z = (zy, ..., zy) that Imz; = 0 for j =1, ..., N).

Remark 2.4. The fact that 1,5(4)>0 (resp. Ax(4)>0 if A<=R") implies ¢(4)>0 casily
follows from Fubini’s theorem, by means of an estimate for the extremal function associated
with plane continua, and by the well-known inequality: For any compact plane set E,
4c(E)=A,(m(E)), where m(E) is the projection of E on a real line /, and 1, is the Lebesgue
linear measure on / (see e.g. [3], relation 2.4.4). Actually, from [9], Theorem 2.3.2, we
can derive much more, namely let E be a compact subset of C" with a positive Ronkin’s
I'-capacity I'(E) (see [9]). Then I'({z € E: &g is not continuous at z}) = 0. In particular,
c({ze E: $g is continuous at z})>0. We omit here the details, however.

We shall need the following lemma which is a consequence of equivalence between
locally polar and globally polar sets for plurisubharmonic functions in C", recently proved
by Josefson [2].

Lemma 2.5 ([6], Lemma 2.5). Let E be a compact subset of C¥ with ¢(E)>0. Suppose h is
a holomorphic mapping in a connected open set U, Ec U, with values in C¥ (M < N), such
that ¢(h(U))>0. Then c(h(E))>0.

3. The main result. Given a Botel subset E of CV and a measure p on E let # be
u-measurable mapping defined on E, with values in C (M<N). We shall say that the
pair (E, p) satisfies condition (L}) if for any family % <P(CM, C') such that

sup {| 7 (h(2))|: fe F}<o p-ae. on E,

and for each b>1 there exist an open neighborhood G of E and a constant M >0 such
that
IIfohllg< MB*!  for fe 7.

In the case where E is bounded, it is seen that

3.1. The pair (E, p) satisfies (L}) if and only if for each b>1 and for any sequence
{ fi}cP(CY, CY), where degf,<n, such that

sup {| f(h(@)} <0 p-a.e. on E

there exist an open neighborhood G of E and a constant M >0 such that for each »,
[1.£s o Allg< MD"

(compare the proof of equivalence (@) <> (b) in [11]).
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In the sequel we shall be interested in pairs (E, u) which satisfy the following assumption

(Z) If c(E)>0, then for every Borel subset F of E such that p(E\F) = 0, we have
c(F)>0.

It is seen that if u(E)>0 and u is L-comparable (i.e.-either p dominates ¢ or ¢ domi-
nates u), then (E, p) satisfies (Z,).
A crucial role in this paper is played by the following

LeMMA 3.2. Let E be a polynomially convex, compact set in C~ and let p be a measure
on E such that the pair (E, p) satisfies (Z,). Suppose that (E, p) satisfies also (L*). Let h be
an open holomorphic mapping defined in an open neighborhood U of E, with values in C¥
(M<N). Then (E, p) satisfies (L}).

Proof. Take a sequence {f,}<P(CY, C!) with degf,<n, such that
M(z) = sup{’f,,(h(z))l}<oo p-a.e. on E,
n
and set
E = {zeE: M(2)<k}.
o
Then by 2.2 and assumption (Z,), c( ) E;)>0, whence by Lemma 2.1 there exists k, such
k=1

that ¢(£, )>0. Then by Lemma 2.5 ¢(h(E,,))>0, whence the extremal function &y, is
locally bounded in C¥. We may assume that 4 is bounded in U. Then, by the definition
of dyg,,), we have

£y o Blly = || fllny U fallnegp A1 <o 41
for n>1, where 4; = sup Py, \(2) <. By [6], Lemma 2.1, there exist constants 4,>0
()

and a€ (0, 1), and polynomials p, € P(CY, C!) with degp,,,<m such that
(1 faoh—Pymlle<Azkodia”, n,m=1.

Take a positive integer s such that 4;4°<a and set p, = p, ;. Then we get

(3.3) | fach=pille<dsa’, n=l,

where A, = A;k,, whence

sup{|p,(2)[}<c0 p-a.e. on E.

Since (E, ) satisfies (L*), for every b>1 there exist an open neighborhood G of E and
a constant 4,>0 such that for each n>1,

12alle< |1 allo< 44 B2 .
Hence by (3.3)

I flley = LA o h||gSAsa"+ A, 0" < A b2
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for n>1, where A5 = 2max(4;, A,). By 2.2 the set E is L-regular, whence by [6],
Theorem 3.5, so is the set #(E). From this it follows that there exist an open neighborhood V'
of h(E) and a constant 4¢>0 such that

1Al <Aeb™ || fillamy < 475"
for n>1, with 4, = AsAs. Consequently, for ze W = h™(V n h(U)) we get
|f(h(@)|< 4,8, n>1.

Since h is an open mapping, the set W is an open neighborhood of E, and this completes
the proof of the lemma.
Now we can prove the main result of this paper.

THEOREM 3.4. Suppose that E is a polynomially convex compact set in C" and h is an open
holomorphic mapping defined in an open neighborhood U of E, with values in C” (M<N).
Let p and v be measures on E and h(E), respectively, such that the triplet (i, h, v) satisfies
the assumption

(Z,) For each Borel subset F of h(E), v(F) = 0 implies p(h™*(F) n E) = 0.
Then, if the pair (E, p) satisfies both (Z,) and (L*) so does the pair (M(E), V).

Proof. Take a sequence {f,}=P(CY, C'), where degf,<n, n>1, and suppose that

sup{| fi(W)]} <o  v-a.e. on A(E).

Then by assumption (Z,)

sup{|f,(h(@))[}<0 p-a.e. on E.
By Lemma 3.2, for every b> 1 there exist an open neighborhood G of E and a constant 4>0
such that

| fllisy = [ fao hlle<A4D", n21.

Since k is an open mapping, the set #(G) is open, and, consequently, (A(E), v) satisfies (L*)
It easily follows from assumption (Z,) and from Lemma 2.5 that (h(E), v) satisfies also (Z,).
The theorem is proved.

4. Generalizations and special cases.

Remark 4.1. The assumption of Theorem 3.4 that 4 is open is too strong. For instance,
it suffices to assume that the pair (E, k) satisfies the following requirement

(H) For each bounded open set V such that EcV<Vc U, the extremal function Py
is continuous at every point of the set h(E).

Then by Lemma 2.5 and [6], theorem 3.5, our Lemma 3.2 and, consequently,
Theorera 3.5 remain to hold.
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An example of a pair (E, h) satisfying (H), where % is not open, is given byv
E =1[0,1]1x[0,11=R? and h(z,, z,) = (z;, 2,9(z,)), where g is an analytic function
on [0, 1] with g(0) = 0 and g(¢)>0 for te(0, 1] (see [7], example 3.1).

Remark 42. It is well-known that every non-constant holomorphic function
h: CYoU— C?*, where U is connected, is an open mapping. Therefore, for M = 1, we
obtain a very nice corollary to Theorem 3.2.

Suppose now that p = A,y, the 2N-dimensional Lebesgue measure, and E is a compact
subset of C" with A,y(E)>0. Then by Remark 2.4 the pair (E, 1,) satisfies assumption (Z;).
Let 4 be a holomorphic mapping in an open neighborhood U of E, with values in C¥
(M<N). Denote by K the set of all critical points of 4,

K= {zeU: rank,h<M}.
We have

PRrOPOSITION 4.3. Suppose that K does not contain any connected component of U,
Then the triplet (A,x, h, A,4) satisfies (Z,).

Proof. Let Fbe a Borel subset of the set #(E) such that 2,,(F) = 0. Set I = h~(F) n E.
We have to prove that 1,5(7) = 0. Suppose A,5(/)>0. The assumption on K means that X
is an analytic subset of U, whence K is-globally C"-polar (see [2]), and consequently,
by [10], Theorem 3.10 and Corollary 3.9, we have c¢(K) = 0. Therefore by Remark 2.4,
Ayn(K) = 0. Consequently, 1,5(INK)>0, and since the space C" is a Lindeldf space,
there exists a point @eINK such that for each open neighborhood ¥ of g,
228((INK) n ¥)>0. Since K is a closed subset of U, we can choose ¥ to be disjoint with X,
Since rank ,4 = M, there exists a nonsingular affine mapping / in C" such that /(0) = a

and
o(h; o)
det O]#£0,
0z,

where ,j = 1, ..., M. Hence we can find a neighborhood W< I~*(¥V) such that the mapping

ﬁ: z = (zl, seey ZN) i (hl(l(z))a wery hM(I(Z))s ZM4+1s o00s ZN)
is a biholomorphism of W onto fi(W). Therefore
I N A W) = | [i@PdAw>0,
1-1(I \K)nW

where J; denotes the determinant of the jacobian matrix of h, whence 4, (A(I~*(D)))>0.
But

h(I- YD) s Fxny_ ("1,
where

N -
TN-M* c a(wl’"-’wN)_’(wM-i-la--'» WN)ECN M’

and therefore 4,),(F)>0, a contradiction. Consequently, 1,,(7) = 0 as asserted.
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Remark 4.4. If EcR", and h(E)<RY, then Proposition 4.3 remains to hold if we
replace A,y and 1, by Ay and Ay, respectively. This can be proved by a similar argument

to that of the proof of Proposition 4.3.
As a consequence of Theorem 3.4, Remark 4.1, Proposition 4.3, and Remark 4.4,

we obtain

COROLLARY 4.5. Let E be a polynomially convex, compact set in CN (resp. any compact
set in RY). Let h be a holomorphic mapping in an open neighborhood U of E, with values
in CM (M<N), such that

int{ze U: rank,h<M} =@ .

If then (E, A,pn) (resp. (E, Ay)) satisfies (L*) and (E, h) satisfies assumption (H) (and
h(E)=RY, if EcR"), then the pair (h(E), Jzs) (resp. (h(E), Aw)) satisfies (L*).

5. Condition (L¥). Given a Borel subset E of C" and a measure p on E, the pair (E, w
is said to sarisfy condition (L) if for every family & <P(C", C!) such that

sup|f(2)]<eo p-a.e. on E,
fe&F

and for every b>1 there exists a constant A>0 such that

I fllz< 462, fes.

It follows from the definition and from 1.2 that

5.1. The pair (E, p) satisfies (L*) if and only if it satisfies both (L¥) and (B,).

The condition (L§) is, in gencral, essentially weaker than (L*). Indeed, by taking
E=1[0,1]uv {2}cR' and p(4) = A,(A), if 2¢ 4, and p(4) = A,(4)+1, if 2 € 4, where 4
is a Borel subset of E, we obtain a pair which does not satisfy (L*) (the extremal function Dg
is not continuous at 2!), which by Example 1.1, however, does satisfy (L¥).

Observe also that for the Cantor ternary set Ec [0, 1] we have 1,(E) = 0, and therefore
the pair (£, 4;) does not satisfy (L*). E is, however, known to be L-regular.

An inspection of the proofs of Lemma 3.2 and Theorem 3.4 gives the following

THEOREM 5.2. Let h be an open holomorphic mapping defined in an open neighborhood U of
a polynomially convex, compact set E in C”, with values in C* (M < N). Suppose jt and v are
measures on E and h(E), respectively, such that the triplet (u, h, v) satisfies assumption (Z,).
Then, if the pair (E, y) satisfies both (Z,) and (LE) so does the pair (h(E), v).

Remark 5.3. The assumption of Theorem 5.2 that # is open may be replaced by the
weaker one that for any subset F of E with ¢(F)>0 we have c(h (F))>0. By Lemma 2.5,
the last assumption is equivalent to the following one:

For each connected component V of U with ¢(E n V)>0, we have c(h(V))>0.

Similarly as Corollary 4.5, by Proposition 4.3, Remark 4.4, Theorem 5.2, and
Remark 5.3, we get
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COROLLARY 5.4. Let E be a polynomially convex, compact set in C" (resp. any compact
set in R"). If the pair (E, A,x) (resp. (E, Ay)) satisfies (L%) and h satisfies the assumptions
of Remark 5.3 (and h(E)c R™ if EcRY), then the pair (h(E), A,u) (resp. (h(E), Ay)) also
satisfies (L}).

In fact, to conclude the corollaty we have to show that with the assumptions of
Remark 4.3 on & we can apply Proposition 4.3. This, however, follows from

LEMMA 5.5. Let h be a holomorphic mapping in a non-void connected open subset U
of C", with values in C* (M<N), such that ¢(h(U))>0. Then

c¢({ze U: rank,h<M}) = 0.

Proof. It follows from the assumptions on A that for any Borel subset E of U, ¢(E)>0
implies ¢(#(E))>0 (compare the proof of Lemma 2.5 in [6]). Since the set

K = {ze U: rank,h<M}

is an analytic subset of U, we have ¢(K) = 0 unless that K = U (see [2] and [10],
Theorem 3.10 and Corollary 3.9). Suppose then K = U and put & = max {rank,h: ze U}.
The set 4, = {ze U: rank,h<k} is then analytic, whence ¢(U\A,)>0. Moreover, for
each point a € U\4,, there exists a neighborhood ¥ of a such that #(V) is a k-dimensional
complex submanifold of C¥ (see e.g. [1], Theorem VB 10), and therefore #(UNA4,) is locally
polar (for plurisubharmonic functions in C™). Hence by [10], Theorem 3.10 and
Corollary 3.9, c(h(U\Ak)) = 0, a contradiction.

6. New examples of pairs (E, p) satisfying condition (L*). Given a Borel subset E of C"
and a measure y on E, we say that the pair (£, p) satisfies condition (L*) at a point a € cy
if for every family # <P(C", C!) such that

sup{lf(2)|: feF}<oo p-a.e. on E,

and for every b>1 there exist a neighborhood V of a and a constant 4>0 such that for
each fe &,
S 1ly<4b°FT .

It is obvious that

6.1. If E is compact, then (E, p) satisfies (L*) if and only if (E, u) satisfies (L*) at every
point a€ E.

Note the following sufficient condition for a pair (E, p) to satisfy condition (L*) at
a point.

PROPOSITION 6.2. Let E be a Borel subset of CN and let u be a measure on E. Given
ae C", suppose that for every b>1 there exists a compact subset F of E such that

1° the pair (F, y) satisfies (LY),

1° the extremal function ®y is continuous at a and dg(a)<b.
Then the pair (E, p) satisfies (L*) at a.
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Specially convenient is the following criterion of the L*-regularity (with respect to the
Lebesgue measure) which is an analogue of a criterion for the L-regularity due to
Gondar (see [7]).

ATTAINMENT CRITERION 6.3. Suppose that for a Borel subset E of C™ (resp. R") and
a point a € C" there exists a real line | and a sequence {K,} of compact subsets of I such that
1° for each n, (K,, A,) satisfies (L*) (in 1),
2° K,cintE (resp. K,cintgnE), n=1,2, ...
3 P (a)—1, as n— 0.
Then the pair (E, 1,y) (resp. (E, Ay)) satisfies condition (L*) at a.

Proof. Consider the case where Ec R¥. Let / be the line chosen to a. We may assume
that a =0eR" and /= {(#,0,..,0)eR": teR'}. Denote by = the projection
n: RN 3x = (x4, ..., xy) — X; € R,

By 1° the pair (n(X,), 4,) satisfies (L*) in R*. Fix 5>1. By 3 there exists n such that

Q”(Kn)(0)<b .
By 2° we can find ¢>0 such that the set
F(e) = {xeR" x,en(K), |x]<e, j=2,..,N}

is contained in the interior of E. By Example 1.1, 1° and by Fubini’s theorem the pair
(F (o), /1,,,) satisfies (L*). Moreover, by [10], Proposition 5.9,

D (¥) = max{Pyx 5(%1), Ppeer(X3,s s X4)} 5

for x = (x, ..., xy) € RY, where P(e) is the parallelepiped {lxjl<e,j=2,.., N}cR™Y,
whence

qun(a)(O) = an(x,,)(o)<b .

Thus, by Proposition 6.2, (E, 1y) satisfies (L*) at 0.
A similar proof works in the case where EcC".
Now we can give some new examples of pairs (E, ) satisfying (L*).

Example 6.4. Let G = {(x, y) € R?: f(x)<y<g(x), 0<x<1}, where f is an analytic
function in a neighborhood of [0, 1], g is continuous on [0, 1}, and f'(x) <g(x) for x € (0, 1].
Set E = G. Then the pair (E, A,) satisfies (L*).

Proof. We may assume that f(x) = 0. (Indeed, take the biholomorphism A(x, y)
= (¥, y—f(x)) of a neighborhood (in C?) of E into C2. Then by Corollary 4.5 the pair
(E, 4,) satisfies (L*) if and only if so does the pair (h(E), 4,).) By 6.1 it suffices to prove
that (E, A;) satisfies (L*) at every point ae E. If a # (0, 0), this easily follows from
Attainment Criterion 6.3. Suppose then a = (0, 0). Given b>1, choose « € (0, 1) so close
to 0 that

@u_u(()) < b .






