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Absolutely continuous invariant measures
for transformations on the real line

by Marian JABLONSKI and Andrzej LASOTA

1. Introduction. The purpose of the present paper is to prove the existence of absolutely
continuous, ergodic invariant measures for a family mappings of the real line into itself.
This family contains as a special case the functions of the form T(x) = atg(bx+c¢) for
which the existence of an absolutely continuous invariant measure and ergodicity was
proved by J. H. B. Kemperman [4], [7] and F. Schweiger [5]. Analogical results with more
restrictive conditions were also obtained by J. H. B. Kemperman {6].

_ In the proof of the existence we shall use the technique developed in [2]. It is based
on the fact that the Frobenius-Perron operator corresponding to the point transformation
under consideration has the property of shrinking the variation of the functions. In the
proof of the uniqueness we shall follow the ideas of T. Y. Li and J. Yorke [3] concerning
the density functions of bounded variation.

2. Existence theorem. Let {,}i=%, be a countable partition of the real line R such that
(i) each 7, is an open set,
(i) LnI; =@ for k # j,

k=0

(iii) R\ |J I, is a countable set,

k=—w
(iv) sup|l| = L< o0,
where {7;] denotes the length of I,.
Let T: |J I, — R be a function satisfying the following conditions
(v) for any k the restriction T}, of T to the interval I, is differentiable and its deriva-
tive Ty is locally Lipschitzean
i) [Tx)|=g>1 for xe I,
(vii) (1) = R,

|T(x)| ‘
Cﬁa&?gﬂl<a%
P3|

{ix) w(x) = sup I—;—— is integrable on R, where ¥, = T, 1.
k &

(viii)



The foregoing conditions are satisfied, for example, for T'(x) = atg(bx+c) if ab>1.
In fact, we have

T = 12 S a1 ;
"~ cos? (bx+c)” ’
" 1
IIT’(:(:)CI)i = |, sin26x 9 <
e
@) = n(l+bx+c)?)

THEOREM 1. Assume that T: ) I, — R is a function satisfying (1)-(ix). Then there exists
on R a finite absolutely continuous measure p invariant with respect to T. The density
g = dujdx may be found by the formula

n-1
1 : :
(l) ) g = lim - Pkfs
n—-wil
k=0

where f is an arbitrary integrable function and

d .
&) P = f f@)ds.
x
T 1(—ow,x)

Proof. From the definition of P it follows immediately that any integrable function g
satisfying Pg = g represents the density of a finite invariant measure. Moreover the limit
function g given by formula (1) is automatically a fixed point of P. Thus we need only to
prove that the limit (1) exists.

For fe L'(R) and f>0 we have

| fOds= [ f@ds=Y [ [@ds
T-1(=o0,%) Y T = 0,x) L A CL )
SRR RO TACT R W CAO T ASES

- ¢}

and, consequently

Pf(x) = ;f (NP0 -

Since the last series is absolutely convergent for almost all x and Pf = Pf* —Pf~ where
ft =max(f,0) and f~ = max(—f, 0) we obtain

©)) Pf(x) = %f (F()) 12N

for any fe L!(R).
For given f we can choose points z, € I, such that

+ o
TIRIF @IS § 17ldx.



Consequently

+ oo

Z 14 lf(‘Pk(X))l< Z 17l 1f (P0) —f (20l + Z TANVACAIES \/f+ I [fCo)ldx,

+ oo
where \/ f denotes the variation of f on R. Using the last inequality we obtain

-
+ 00 +oo

@ IPFI<PIII<O@ f+ | 1f(ld)

‘Now we are going to evaluate the variation of Pf. We have

+

V<Y \/ (fo BT =3 I l4((f = PO
<T T e vl S 17 wilan

From (vi) and (viii) it follows that

1L LA
- and 2
ITkl q Ill'k\ ITkI

\/Pf< Z J ld(fe ‘I’k)l+Mz f | fo Wil |4

and consequently

\/Pf< Z Jldfl+MZ Ilfldx = - \/f+Mf |fldx .

Using this and the obvious inequality

[Pl =

Therefore

+ o0 + oo

[ Ipflds< [ Plfids = T ir1ax,

we obtain

0 o)

® \/P'f<;]1;\/f+—— Jlfldx n=1,2,.).

ol o

Finally, from (4) and (5) it follows that

+ oo

el (o0 2) [

-0
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Therefore for any integrable function f of bounded variation there exists a constant K,
such that

[P (X)<K;0(x).
Since @ is integrable, this implies that the sequence {P"f} is weakly compact in L'(R).

The set of functions of bounded variation is dense in L!(R) and consequently, according
to the Yosida-Kakutani ergodic theorem, the sequence

n-1

b2,

converges strongly for cach fe L'(R). This completes the proof.

Remark 1. It can be easily shown that under condition of Theorem 1 the variation
of the limit function g in (1) is finite for any integrable . In fact, from (5) and (1) it follows
that

+ o n—1 + o +ao
1 1 M
G2 rr)saat [t Jine
n ng-1 g—1
) —~ 0 k=0 — 0 -
From this, using Helly’s theorem, we obtain
+ o n—1 + o
1 M
o NS
n—own q—l
- k=0 —wm

for each function f of bounded variation. Now we may apply Helly’s theorem once more
to extend inequality (6) to the closure of the set of functions of bounded variation, that is
to all of LY(R).

3. Uniqueness theorem. Now we are going to show that the measure du = gdx given
by formula (1) is unique. We start from some simple lemmas which are not related with the
specific form of the function T in Theorem 1. Lemmas 1 and 3 are due to T. Y. Li and
J. Yorke [3].

A transformation T: R— R will be called nonsingular if T(E) and T !(E) are
measurable for each Borel set FcR and if

m(E) = 0= m(T(E)) = m(T"YE)) =0,

where m denotes the standard Borel measure on R. Given an absolutely continuous
measure u on R we shall denote by Ap the support of u, that is

dj
4, = {x: g(x)>0}, where g = ju_
X
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We shall write
A = B(mod0)
if m(4+B) = 0, where + stand for the symmetric difference of the sets 4 and B.

LeEMMA 1. Let T: R — R be a nonsingular transformation and let I be a finite, absolutely
continuous measure invariant with respect to T. Then

o 4, = T(4,)(mod0) .
Proof. Since du = gdx is invariant, we have
ggdx =r—lf(s) gdx
for each Borel subset EcR. In the particular setting E = 4, or E =T(d4,) we obtain

fgdx= [ gdx, f gdx= | gdx> [gdx.
Au

by T-1(4,) T(4,) T=1({(4u)
Since 4, is the support of u this implies
m(ANT™%4,)) =0 and m(4,\T(4,)) = 0.
From this and nonsingularity of T it follows (7).

LEMMA 2. Let T: R— R be « nonsingular transformation such that
4, = 4,(mod0)

Jor any two probabilistic absolutely continuous invariant measures 1 and v. Then T admits
at most one probabilistic absolutely continuous invariant measure.

Proof. Suppose that u; and pu, be two different invariant probabilistic measures,
Denote by 6* and ¢~ the positive and the negative part of the countably additive function
0 = ly—U,, that is

do* = (fi=f)*dx, do~ =(f;—f)) dx,
where f; and f, are the densities of the measures u, and U respectively. Since f; = f, on
a set of a positive measure and f; are normalized we have

+ o0 + o0

I (fi=f)Tdx = I (fi—f)7dx =r>0.

-0 hanll¢ o]
Setting = r™'¢* and v = r~'¢~ we obtain two invariant probabilistic measures with
disjoint supports. This contradicts our assumptions and finishes the proof.

LEMMA 3. Let f: R— R be a function of bounded variation. Assume moreover that

+ 0

J f®dxe>0, f(x)>0.

Then there exists an interval AR such that f (x)>0 for xe A.



12

Proof. Choose an £>0 and an interval [, b] such that
b .
6))] , [f(x)dx>e(b—a).
a .

Moreover, suppose that the interior of the set

A = {xela, b]: f(x)>0}
is empty, i.e.

()] intd =0.

From (8) and (9) it follows that the set B = {x € [a, b]: f(x)>¢} contains infinitely many
points and that for any x;, x, belonging to B there is an x; € [x;, x,] such that f(x;) = 0.
~ But this is impossible because the variation of f is bounded. Therefore [a, b] contains an
interval 4 on which f is different from zero.

THEOREM 2. Assume that T: R — R is a function satisfying conditions (}-(ix). Then
the probabilistic, absolutely continuous measure invariant under T is unique and consequently

ergodic.

Proof. Let g be an arbitrary invariant measure with the required properties. The
existence of a measure follows from Theorem 1. Since y is invariant its density g = du/dx
satisfies the equation g = Pg, where P is the Frobenius—Perron operator defined by for-
mula 2. Consequently

n—1

1
g = lim - Ptg .
. nowh

k=0

According to Remark 1 this implies that g is a function of bounded variation and
by Lemma 3, g(x)>0 on an interval 4. From conditions (i)—(vii), it follows that the domain
of the function T" (n = 1, 2, ...) may be divided into a countable number of intervals I¢
such that 7"(J;) = R and the length of 7} is smaller than of equal to L/g". Therefore
T%(4) = Rif n is sufficiently large, namely if 2L/g" <m(4). Since the interval 4 is contained
in the support 4, of the measure p, we have also T"(4,) = R for large n. According to
Lemma 1, this implies 4, = R(mod0). Thus we have proved that any probabilistic,
absolutely continuous measure, invariant under T admits the same support equal to R.
By Lemma 2 this implies that the measure is unique.
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