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Approximation and decomposition theorems
for the algebras of amalytic functions
in strictly psendoconvex domains

by Piotr JAKGBCZAK

Abstract. In this paper we prove that Henkin’s approximation theorem holds for the algebras 4*(D)
in strictly pseudoconvex domains with sufficiently smooth boundaries. We prove also the existence of the
decomposition operators for the algebras 4%(D) and H®+¥(D) in strictly pseudoconvex domains in C".

0. Notations. We denote by C” the complex n-dimensional space. The coordinates
of the element z of C” will be denoted by z;, i =1, ..., n.

As usually, given x € C” and r>0, B(x, r) is a ball {ze C": |z—x|<r}, | | being the
Euclidean norm in C".

We use the following notations for different spaces of analytic functions in a domain
DcC™:

O(D) is the space of all functions holomorphic in D.

For a closed set K= C”, O(K) denotes the space of (germs of) functions which are
holomorphic in some neighborhood of X.

For any non-negative integer k, 4*(D) is the algebra of all functions, which are
holomorphic in D and continuous with the derivatives of order <k in D, the closure of
DinC" If « = (a,, ..., &,) € Z", is an arbitrary n-tuple of non-negative integers, we set
lof = ay+...4+a, and

. alel
D= — .
ozyt ... ozgr
Equipped with the norm

flloe= 3 sup|D°f|, fedXD),
la]€k D

AX(D) becomes a Banach algebra. We will write 4 (D) instead of 4°(D) and || [|p instead

of || llp,0-
As usually, we will denote by H®(D) the Banach algebra of all functions holomorphic
and bounded in D, with the sup-norm.
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Let D be a bounded domain in C”. We say that D is strictly pseudoconvex with €7
boundary, p>2, if there exists a real-valued function ¢ of class ¢”, defined in a neighbor-
hood @ of D and satisfying the following properties:

(i) ¢ is strictly plurisubharmonic in a neighborhood of oD;

(ii) for each ze dD, grade(z) # 0;

(iii) D = {ze Q: o(2)<0}.

The function g is called a defining function for D. We put D, = {ze Q: g(2)<y}. If 5
is sufficiently close to zero, the domain D,, is also strictly pscudoconvex with ¢” boundary.

If in the condition (i) we require ¢ to be only plurisubharmonic, we call D a weakly
pseudoconvex domain with %* boundary.

1. Introduction. This paper consists of two parts. In the first we consider the questions
of approximation by functions holomorphic in a neighborhood of the closure of a strictly
pseudoconvex domain We prove the following generalization of Henkin’s approximation
theorem [5, p. 631]:

THEOREM 1. Let D be a strictly pseudoconvex domain in C* with €° boundary Let k be
a non-negative integer such that p>k+4. Then the functions holomorphic in a neighborhood
of D are dense in the algebra AY(D) (with || ||px-norm).

In the case k = 0 the thcorem was proved by Henkin [5] and independently by
Kerzman [10] and Lieb [11]. Henkin’s proof requires a weaker assumption on the differ-
entiability of the boundary — it is sufficient to assume that D has a %3 boundary. Actually
only €? regularity of 0D is needed, as was shown by Fornaess in [3].

At the end of the first part of the paper we give some applications of Theorem 1.

In the second part we study the existence of decomposition operators in different
algebras of analytic functions in strictly pseudoconvex domains Let D be a domain in C*
and let s = (s, ..., 8,) be a given point of D. Suppose that A4 is a subalgebra of functions
holomorphic in D such that the coordinate functions z, ..., z, belong to 4.

Definition. Any continuous linear operator
Py A3f— (P15 s (Puf)n) € A"

is called a decomposition operator for the algebra A at a point s € D if for every fe 4 and
for every ze D,

(1.1) F(D) = £+ @ =) P )@ + e+ = 5) P2 -

If there exists a decomposition operator for A at each point of D, we say that A has
a decomposition property.

~ Denote fi(z,5) = (P,f){2), 5, ze D, i = 1,...,n. We may then write (1.1) in the
form

(L.1y F@ =)z =) filz, )+ +(za— ) Sz, 9) -
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Henkin [7] and @vrelid [12] independently proved that a decomposition property
holds for the algebra A(D), D being a strictly psendoconvex domain in C* with 2
boundary. Moreover, Ahern and Schneider [16] improved this result by showing that the
components f; in (1.1)" depend holomorphically on s, as s varies over D. In this paper
we prove the existence of a decomposition operator for the algebra 4*(D) in strictly
pseudoconvex domain with sufficiently smooth boundary:

THEOREM 2. Let D be a strictly pseudoconvex domain in C" with €° boundary. Let k be
a non-negative integer such that p>k-+4. Then the algebra AY(D) has a decomposition
property. S

Our proof follows that of [7] and we do not obtain the holomorphic dependence of
the components in (1.1)" on the second variable.

Let H®*D) be the algebra of all functions holomorphic in D such that their
derivatives of order k are bounded in D. (Here k is a non-negative integer). H**(D) is
a Banach algebra with |} ||p,-norm. In particular, H**°(D) = H*(D). We prove the
following result on the decomposition propemy of H**(D):

THEOREM 3. Let D, p and k be as in Theorem 2. For any s € D, there exists a continuous
operator

R H*Y D)o f— (fy, ... f;) € (HOK D))

such that for every fe H**(D) and for every ze D

f@) =)+ —s) 1@ +... +(z,~5,) fu(2) .

We should stress that the operator R, given by the above theorem is only continuous
and need not be linear in general. The existence of the continuous and linear decomposition
operator for H®(D) (with the holomorphic dependence of the components in (1.1)’ on
the second variable) can be proved by a method similar to that of [16]. (In this case
we need 8D to be only of class %),

For convenience, we recall here two results which are basic for our further investigations.
We state them in a form suitable for our purposes.

THeEOREM 4. (Henkin, [5, th. 1.1], [2, p. 86] and [6, p. 303]). Let D be a strictly
pseudoconvex domain in C" with €7 boundary, and let ¢ be a defining function for D in
a neighborhood Q of D. For any 6, £>0 define

Vs = {zeQ: |o(2) <4}, Uns = {(z,8) € Dyx Vy: |E—z] <6} .

There exist positive numbers y, 8 and e, and the functions ®(z, &) e €”° “YDyx V),
holomorphic with respect to z in D;, and F(z, &), G(z, £) e 6°" (U, ), holomorphic with
respect to z, such that

(i) @ =F-Gin U,y F(&, &) =0,I|G(z, 8>y in Uy, and &(z, &)>y outside U, ;

(i) 2ReF(z, HZe(O)—e@+y1—2|* in U,,;

7 — Prace matematyczne z. 22
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(iii) There exist the functions Kz, £) € €°~*(Dy x V), holomorphic with respect to z in D;,
i=1,..,n, such that if

.= KD o g Ao~ Al AdEL A AL
"(z, O
i=1

then for every ue€'(D) and for every z€ D,
u(z) = f u(€)C(z, O +Tp(w)(2),

where T}, is the integral operator which yields Henkin's solution of the 8-problem for the
d-closed €°(0, 1)-forms in D (see [6, p. 303] and [15, p. 165]);
(iv) If n is close enough to zero, then fcr every ue € (D) and every ze D,,

u(@) = MJ; u(§)C(z, O)+Tp,(0u)(2)

with the same kernel C(z, &). (We recall that D, = {ze Q: o(z)<n}).
In (iii) and (iv) above we keep the notations of [15, p. 165].

THEOREM 5. (Siu [15})7. Let D be a strictly pseudoconvex domain in C" with ¥ boundary
and let p, k be non-negative integers, p=k+4. For any (0, 1)-form f with €% coefficients
in D, which satisfies the equation 0f = 0, there exists ue €°(D) such that du = f, and

llullpx<e I} f ok

¢ = c(D) being a constant independent of f.
Moreover, ¢ is independent of small perturbations of D, i.e. given a domain D, there

exists ¢>0 such that ¢ = ¢(D,) for any n close enough to zero. (If f= Y. fidZ;is a (0, 1)-form
i=1
with €% coefficients in D, we put
1llbx =2, T suolDDf),

where o, Be Z',, and
P

ozl ozt

2. The approximation theorem and applications. We give here a proof of the approxi-
mation theorem (Theorem 1).

We begin with the following lemma, which will be used also in proofs of the decom-
position theorems:

LeMMA 6. Let D be a strictly pseudoconvex domain in C" with €° boundary. Let k be
a non-negative integer such that p>=k-+4. Suppose that g is a €% function defined in
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a neighborhood Q of D. Given fe A¥(D), define the function f, by
21y 12 = aj;f(f)g(f)C(Z, $, zeD.

Then f € AYD) and satisfies the estimate

(2.2 , Wfllox<e | fllpellglloe+1 »

¢ being a constant independent of f.

For the case k = 0, the lemma was proved by Henkin [5, Lemma 4.3] in a more general
setting, which is not necessary for our purposes. Our proof is based on the results of
Siu [15].

Proof of Lemma 6. We may assume k>0. For every ze D,

(23) F(2g(2) = D{) F(9OC, H+TH(0(S9)) (@) = f(2)+To(/-3g)(2)

by Theorem 4, (iii). Let ¢ be a defining function for D and let
D,={zeD: o(2)<-1/m}, m=1,2,...

Then for m sufficiently large,

@l @@ = [7Og® C(zr &)+ To (/- 39)(2)
= (f;)m(z)+TDm(f‘ 5g)(z): zZ€ Dm »

the integral kernel C(z, £) being the same as for D, in virtue of Theorem 4, (iv). Since the
sequence {( f,),,} converges to f; uniformly on compact subsets of D, we conclude from (2.3)
and (2.4) that T, ( f-0g) converges to Tp( f-dg) uniformly on compact subsets of D. The
functions T, (f-¢g) are bounded on their domains of definition by the same constant
([6], [10]), and the differences Ty, (f-0g)~Tp(f*0g) are holomorphic wherever they are
defined. Therefore, by a standard use of Montel’s theorem, Cantor diagonal process and
Weierstrass theorem, we conclude (as in [15]) that there exists a subsequence {7} of the
sequence {Tp, (f-2g)} such that for any « € Z", the sequence {D°T;} converges uniformly
on compact subsets of D to some function h,. Therefore 2, = D*T,( f-8g). By [15, p. 175],
for any a e Z%,, with |a|<k, the function A, extends continuously to all of D and

2.5 [1hdllp< -1l fOgllp s
for some ¢ independent of f. Since
(2.6 Df, = D*(f-g)~ D*Ty(f-09) = D(f-g)~h,,

it follows that DY, extends continuously up to the boundary of D, for |¢[<k. Thus
J,€ AX(D), and the estimate (2.2) follows from (2.5) and (2.6).

Proof of Theorem 1. Fix ¢>0. For any ¢ € 0D there exists a neighborhood Usof §
in C" and a number §,>0 such that

@1 Uy BeD+8n()

[ 4
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for 0<d<4;. (Here n(¢) denotes the exterior unit normal to 4D at £.) Choose a finite
number of points &,,..,&yedD and the positive numbers r,,...,ry such that
N

U, = B(, r) satisfy (27), i =1,..,N and dDc | B(&;,rf2). Let g,, i=1,..,N
i=1

be a €% partition of unity in a neighborhood of @D, subordinate to the covering
(B¢, rf2) i=1,..,N. Given fe AYD), we then have

N .
2.8) fl@) = _;lj;"(z), zeD

with f,, defined by (2.1). Singe g; = 0 outside B(&,, r,/2), we have
Jul®) = | fO940CE 9

aDAB(Er1/2)
By (i) and (ii) of Theorem 4 and the definition of C(z, £) we conclude that each f, is in
fact analytic in some neighborhood of dDN\B(¢;, 4r). Combining this with (2.7) we
conclude that for each i = 1, ..., N there exists §;, 0 <d;<J,, so small that the function
f{2) = f,(z—8,-n(£)) is holomorphic in a neighborhood of D and

(2.9) N [ fo—Sllpu<e/N.
It follows that Y f;e O(D) and, by (2.8) and (2.9),
i=1 -

N
1f~ ¥ fllox<e.

Since & was arbitrary, the proof is concluded.

We give also an alternative proof of Theorem 1, based on a method set forth by
Kerzman [10]. Since the proof follows the same line as that of [10, th. 1.4.1], we give here
only the necessary modifications.

Proof of Theorem 1 by Kerzman’s method. We keep the notation of {10]. Let D
be a strictly pseudoconvex domain in C" with €” boundary. Consider a function u € A*(D).
The constructlon of the covermg (¥}, i=0,..., N of regions D* and of the holomorphic
cocycle (v])), v,, == v,—vje oV n vy, 0<6<60, i, j=0, ..., N, is similar to that given
in [10]. Note that under the assumption of Theorem 1 the functions v;-’_, are in
AW av)).

In order to continue the proof we have to replace Claim 2 of [10] by the following

CLAM. There are functions hi € A"(V{) such that h}—h} = vl on V} n V], and which
satisfy

P . .
() sup||Ailly .kgcsup”v?j”l"nlldk’ iL,j=0,..,N,
i i ij v

the constant ¢ being independent of u and 6.

Proof of the Claim. In the same way as in [10], we define the open covering
Wwin D%;-0....n of D* and the ¥* partition of unity (%) i =0, ..., N, in a neighborhood
of D’ subordinate to this covering. It follows that

(2.10) S;’P||54’}’llm,k~<~f1
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for some constant A independent of 4, ‘ provided that & is small enough. Then

N
fi= Y v-303, i=0,..., N, is a well-defined € (0, 1)-form in D’ such that 3f° = 0,
j=0

and the coefficients of f° are in ¢*(D’). Using (2.10) it is easy to show that

(2.11) I} £l psx < esup “U;',j”anV}’,k >

where ¢ is a constant independent of & for & small enough.
Now we use Theorem 5 instead of [10, th. 1.2.1]. It follows that there exists # which
is € in D® and %* in D’ such that di = f°, and which satisfies

(2.12) @l psse<< el /]l po»

the constant ¢ being independent of u and §, in virtue of the perturbation result of
Theorem 5.
Define

N
(2.13) ' wi=Y oo} v!>cC, i=0,..,N,
j=0 ’

and let A} = w}—di. Reasoning as in [10] (with the obvious modifications) we conclude
that 4} are in AX(V}), i = 0, ..., N. The assertion of the Claim now follows from (2.11),
(2.12) and (2.13). '
Having proved the Claim, we return to the proof of Theorem 1. The function
v* = v}—h} = v}—h}is well-defined and holomorphic in all of D?, 0<d<d,. Since D’ has
a Runge property with respect to D% (this is a consequence of Theorems 4.3.4 and 4.3.3
of [9]) it follows that ¢° can be uniformly approximated on D*? by functions which are
holomorphic in D*. We conclude from [9, Theorem 2.2.3] that »* can be approximated
in || ||pg-norm by functions holomorphic in D%. Since ||v‘i’j||,,¢i,n,,},‘,k—> 0 as 6 —0,

() implies that also [1hollyg.— 0, & — 0. But V=G, v =uand v*= v} —hd = u—h

on G. Hence {lu—~t%|p. = ||h5llpx— 0 as 8 —0, and since ° is approximable in

|| |lps-norm by functions holomorphic in D%, so is u. The proof of Theorem 1 is thus
completed.

Note. Theorem 1 is also valid for p = k = co. (In this case the algebra 4A*(D) of
functions holomorphic in D and continuous in D with all their derivatives is considered
with the topology of uniform convergence of all derivatives on D).

Henkin’s approximation theorem (Theorem 1 with k£ = 0) is an essential step in the
proofs of a number of results. An application of Theorem 1 with different values of k allows
to extend those results to a more general setting. We give here a few examples.

One of them is the following improvement of a theorem by Sibony and Wermer [14]:

THEOREM 7. Let D be a strictly pseudoconvex domain in C™ with €** 5 boundary. Suppose
that fy, ..., f,€ A*3(D) satisfy the following conditions: :

(i) The f, separate points of D.

(ii) The matrix [0f:/0z));=1,...m has rank n for all ze D.

Ji=l,u,n
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(i) K = {(fi(2), ... f(®): z€ D} is polynomially convex in C™. Then fi, ...,f,, are
a set of generators for A*(D).

In the case k = 0 the theorem was proved by Sibony and Wermer in [14] for strictly
pseudoconvex domains with €* boundary, and Rossi and Taylor showed in [13] that it is
enough to assume that 0D is of class ¢°.

In order to prove Theorem 7 it is sufficient to note that the domain E in Theorem 4.8
of [13] has €*** boundary and then use Theorem 1 and the following lemma which is an
easy consequence of Oka-Weyl approximation theorem:

LemMMA 8. Let K be a polynomially convex set in C". Suppose that the functions of the
algebra O(K) are dense in ANK) (with the || ||gx-norm). Then the polynomials are dense
in AK) in the || || -norm.

Next we give extensions of the approximation theorems for weakly pseudoconvex
domains with sufficiently small number of weakly pseudoconvex boundary points:

THEOREM 9. (Fornaess and Nagel [4]). Let D be a weakly pseudoconvex domain in C*
with €° boundary and let k be an integer such that p>k-4. Denote by M the set of weakly
pseudoconvex boundary points of 0D. Suppose that there exists an open neighborhood U of M
in C" and a holomorphic mapping F: U— C* such that Re{F(£), n(&))>0 for € 0D n UL
Then the functions holomorphic in a neighborhood of D are dense in the algebra A(D) with
the || ||py-norm. (Here n(&) denotes the exterior unit normal to 0D at §).

TreorEM 10 (Fornaess and Nagel [4]). Let D, M, p and k be as above. Suppose that M is
a stratified union of totally real €° manifolds (see [4]). Then the assertion of Theorem 9
holds.

In particular, the assumptions of the above theorem are satisfied for any pseudoconvex
domain with %” boundary and with the finite number of points of weak pseudoconvexity
in 8D ([4]).

For the case k = O those results were obtained by Fornaess and Nagel in [4].

3. The decomposition theorems. In this part we give the proofs of decomposition
theorems (Theorems 2 and 3).

Proof of Theorem 2. We include here the detailed proof for the case k = 0, since it
differs from that of [16] and will be used also for the case k>1.

We will verify that the construction similar to that given in [7] yields the decomposition
operator for the algebra A*(D). In order to simplify notation, we assume that s = 0.
Since aD is of class %2, for every &, € 0D there exists a matrix M = [my];x=1,...,n> & ball
B(&,, r) and a number g,>0 such that for each ¢ with 0<e<g,, there exists a neigh-
borhood ¥, of D n B(&,, r/2) which is relatively compact in B(,, r) and such that for
any ze V,. '/

G.1) ' z—eMzeD.
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Choose a finite number of balls B(¢;,d), i = 1,..., N, of the above type such that
N

dD< \J B(&;, 8/4). As in the proof of Theorem 1, given fe A*(D), we can find the functions
i=1

gie AD), i =1,.., N which are continuable holomorphically across dD\B(¢;, 5/4)
and which satisfy

N
(32 f%; g
and
(3.3) SI}PHQi”D,kSC‘“f”D,k s

the constant ¢ being independent of f. In addition, g,’s can be chosen in such a way that
for some neighborhood U; of dD\B(¢;, 6/2), g, is holomorphicin Du U;, i = 1,..., N,
and

(G.4) 51:p”gi”DUUx,k<c' [FAIPS

for some constant ¢ independent of f, i = 1, ..., N. We conclude from (3.2) and (3.3) that
in order to prove the theorem, it is sufficient to show that for each i = 1, ..., N, there exist
functions g, ..., g’ € 44(D) such that

gdz) = 9i(0)+_z;Zj9_(ii)(Z), zeD
j=
and
9Pl pe<e 1 fllpes F =1,

Fix {, I<i<N, and denote g = g, and &, = ;. Choose g >0 and a matrix
M = [mylix=1,... Such that (3.1) holds for each O0<e<eg, and ze V,, where ¥, is a con-
venient neighborhood of 8D n B(&,, 6/2). Since dDc U, u V, for each ¢, 0<e<sg,, We
may assume that (after shrinking g, if necessary) there exists a neighborhood U, of D
(which depends on &) such that the function

(3.5 92) = g(z—e- Mz)
is defined in U,, O<e<e,, and
(3.6) gl e<e 1l f il

In addition, we may choose U, in such a way that there exists a neighborhood U of
0DN\B(&y, 8/2) which is contained in each U,, 0<e<e,.
We recall that the function g is defined by

g2y = [ fOHIOCE Y, zeD
DK
where g is some €® function in C* and K = supp §<B(&,, 6/4). Thus

geo(z) = I f(g)g(é) C(Z”SO 'MZ, 'f)) zZe D'go .
4DnK






