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On an iterative functional inequality
by Erwin TURDZA

In this paper we shall deal with the inequality
(1) PHR)SG(x, ¥ (),

where G is a given function, ¥ is an unknown function and ' denotes i-th iterate of the
function . Inequality (1) has not been studied so far. In our research we shall follow the
trend initiated by D. Brydak [1], i.e. we shall consider inequality (1) under assumptions
taken from the theory of the equation ’

2) : *(x) = G(x, p(x)) .

Equation (2) was studied by M. Kuczma [3], M. K. Fort [2], P. E. Lush [35] and their re-
sults are to be found in [4] (ch. X1V, §3)

Throughout the paper we shall assume conditions which are usually imposed for
equation (2) (cf. [4], ch. XIV, §3). '

(H) L G: Q — R is a function continuous in the domain
Q = {(x,y): xe[0,5],b>0,0<y<x},

Il. G is strictly increasing with respect to each variable,
1. G(0,0) =0, G(b,b) = b,
IV. G(x,x)<x for xe(0,b), .
V. There exists a function B: [0, ] — R such that
G(x, p(x)) = B(x) for xel0, b]
and the inequality
3) G(x,»)<y

holds in the set {(x,y): O<x<b, f(x)<y<x}. .
It follows from these assumptions (cf. [4], ch. XIV, § 3) that the function f is continuous,.
strigtly increasing in the interval [0, ] and

C)) B(0) =0, pbB) =2>b,
N
5 ' B(x)<x for xe(0,b).
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§ 1. In this section we shall give some sufficient and necessary conditions for a con-

tinuous function y to be a solution of inequality ( 1). These results are analogous to the
theorems coptained in [6] and concerning the inequality '

Y(x)<g(x),

Definition 1. We denote by C2 the clasé of continuous functions ¥: [0, b] — [0, b]
fulfilling the inequality

6) : t//(x)‘<x for xe(0,5).

R.ema_rk 1. If a function G: [0, b]> — R satisfies assumptiond (H) then, as it is easily
checked, every continuous solution of inequality (1) fulfills also inequality (6). Thus as-
sumption (6) in the above definition is not restrictive.

THEOREM 1. Let hypothesis (H) be fulfilled. If a function Ve Ch fulfils the inequality
) Y()<G(x,x) for xe[0,5],
then i fulfills inequality (1) in [0, b].
Proof. It follows from (7) by virtue of (6) and (H,\ IT), that
 POSCEE, Y @)<G, yw) for xe0,5],
which ends the proof. '

THEOREM 2. Assume that hypothesis (H) is fulfilled and y € C§. If there exist continuous
Sunctions p: (0,b8) > (0, 1) and q: (0, b) — (1, o) fulfilling in (0, b) the following ine-
qualities ' ’ ‘

® ' V() <PEIG(x, Y(x))+(1—p(9)x,
) P)G(x, Y (%) +(1—p(x)x<qg(x) G (x, x),
10) 9 (NG ), ¥ (D) <C(x, ¥ (%) ,

then Y fulfills inequality (1) in [0, b].
Proof. Putting ¥ (x) in place of x in (8) we have, by virtue of (9) and (10)

V) <p(F )G (), Y2(0))+(1—p (¥ () (x)

<g(W )G (), ¥ ()<G(x, Y (x)) - for x€(0,5).
The obtained inequality ‘ :

V)< G(x, Y(x))

holds also at points x = 0 and x = b because ¥ and G are continuous in these points,
which ends the proof. ‘ ’

Assumption (8) in theorem 2 is weaker than that (7) in theorem 1. The theorem 3,
proved below, shows that the additional conditions (9) and (10) are, in a sense, necessary.
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" THEOREM 3. Let hypothesis (H) be fulfilled. If a function € Cq fulfills the inequality

!

(11) G(x,x)<y(x) for xe(0,b)
and it is strictly increasing solution of inequality (1) in [0, b, then there exist continuous
functions p: (0, b) — (0, 1) fulfilling inequality (8) and q: (0, b) — (1, o) fulfilling ine-
qualities (9) and (10).

Proof. The function
p(¥)‘= _V®-x
Gx,y(®))—x - .
is defined, continuous and positive in (0, b) and it is obvious that p fulfills inequality (8).
The inequality
p(x)<1  for xe(0, b)

follows from (11) and (H, IV) (note that ¥ (x)<x in (0, b)).
Now we shall prove the part of the thesis concerning the function ¢. Let us put

. _ G(”b—l(x), x)

. (12) r{x) 1= 70 for xe(0,b).

Then we have
rix)=1 for xe(0,b).

Equality (12) is equivalent to the following

G, %) () [ Y (x)—x

TR LR T e

)—x ]

" GV

Let us define

G, %) _ rxy ) ‘
(14) q(x) = ema G for x€(0,b).

Equality (13) implies, by virtue of the definition of the function p and (14), the following
equality
P G(x, Y ())+(1-p(x)x

G(x, x) '

(15) g(x) = r(x)

We shall prove that the function ¢ fulfills (9) and (10). Since r(x)=1 in (0, b), then (15)
implies the inequality
‘ PX)G(x, Y(x))+(1—p(x)x

. G(x,x) ’

g(x)=>

whence we have (9).
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Putting ¥ (x) in place of x in_ (14) we obtain

G(x, Y (x))
Gy (x), ¥ (x))
e.g. (10) (with “=" in place of “<™).

The inequality ¢(x)>1in (0, b) follows from the inequality r(x)>1 in (0, b) and from
the second equality (14), which completes the proof.

) q(¥(x) = " for xe(0,b)

§ 2. Now we quote here (as lemma 1) some definition and facts due to M. Kuczma [4]
(ch. XIV, § 3) which will be useful in the sequel.

Definition 2. Let ¥ denote the space of all continuous and strictly increasing in [0, 3]
functions  fulfilling the relation -

(16) BX)SY(x)<x tor xe[0, b],
with the metric
oW1, ¥y) 1= sup ¥ (x), —y(x)] .
[0,b]
Lemma 1. A transformation T: W — ¥ defined by the formula
a7 TW1(x) = G(¥~'(x),x) for xe[0,d],
is a continuous and one-to-one transformatibn of the space ¥ into itself, order reversing i.e.
(18) | Vi< = Tl 1> TTY,]
' (W1 <v2 = ¥ (N)<Y(x)  for x [0, B]).
If hypothesis (H) is fulfilled, then
(19) T(¥)=¥
(hefe C denotes closure of the set C in the space of .all continuous Sfunctions),
(20) T*('P) is an equicontinuous set of functions .
» Moreover, we have also
@) T°BI(x) = Bx)<ST?[BI(x) = G(x, X)<...
‘ STRlX)<STYPI(x) = x  for xe[0,B].
LeMMA 2. Assume that hypothesis (H) is fulfilled and function € ¥ fulfills the ine-
quality (1) in [0, b]. Let us put
(22) o,(x) 1= T"[x](x) for xe[0,b], n=0,1,..
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If the sequence a,, is increasing, then there exist continuous functions t, s € ¥ such that

(23) (%) = limay,(x) for xe[0,5],
02 N s(x) = lim ay,,q(x) for x€[0,.0]
and , T

(25) t(x)<s(x) for xe0,b].

Proof. Putting &~ (x) in place of x in (1) we have uy(x) = a(x)<G (2™ (x), x) = #;(x)
for x € [0, b]. Hence 2,<a,. Now (18) implies the following inequalities
ay = Tloy]<T[ero] = %y 5
ay = Tl ]<T[o,] = a3
and in general (by virtue of monotonicity of the sequence ay,)
(26) UpStzpey for k=0,1,..p=0,1,..

Since the sequence a,, is increasing, then the sequence &y, is decreasing, whence, by
virtue of (26), we have

27 . A SOy Ky Ko S0 KAy

It follows from (27) that the sequences «,, and a,,,,; are convergent, therefore the func-
tions £ and s exist, and that inequality (25) holds. Since the convergence of sequences o,
and oy, is uniform, then ¢ and s are continuous. They belong to ¥, by virtue of (19),
what ends the proof.

THEOREM 4. Let hypothesis (H) be fulfilled. If a function a.€ ¥ is such a solution of (1)
for which the sequence o, given by (22) is increasing, then each Sfunction W € ¥ fulfilling
inequality '

(28) . Y(x)<t(x) for xe[0,0],

where function t is given by (23), fulfills also (1) in [0, b].

Proof. From continuity of transformation T we have
T[t] = T[lim a,,] = lim T[ay,] = limoy,4y =8,

n—co n—=w0 n—+ao

T[s] = T[lim ey, ] = lim Tlog, sy = limag,, =17.
n-—ao n—w n—=>o

Inequality (28) and (24) imply inequality y~'>s71.

Hence by virtue of (H, II) and T'[s] = ¢ we obtain
YAx) = Yy () <e(Y (x) = Ts1(¥ ()
= G(s™ (W), Y ) <G (Y (%), ¥(x) = G(x, ¥ (x))
. what ends the proof. '

Since it is easy to verify that the function B fulfills the assumptions of theorem 4, we

have the following
e
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CoroLLARY 1. If the function G fulfills hypothesis (H), then every function \r € ¥ fulfilling
inequality )
| Y@< for xe[0,b],
where
7(x) 1= lim By (x) for x€[0, 5],

n-+o

ﬁ,.(x) =T"[fl(x) for xe[0,b], n=0,1,
| Sulfills also inequality (1) in [0, b].

A continuous solution ¢ of equation (2) in [0, 5] also fulfills the assumptions of
théorem 4 (see [4], ch. XIV, § 3) and it is obvious that

Oy e T ¢l =¢ forn=0,1,..
This imply the following :

COROLLARY 2. Let the hypothesis (H) be fulfilled. If a function ¢ is continuous solution
of equation (2) in [0,b] and a Y € ¥ fulfills the inequality

Y()<p(x) for xe0,8],
then v fulfills inequality (1) in [0, B].
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