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On the existence of an invariant measure
for a quasi-linear partial differential equation
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0. Introduction. The problem of the existence of an invariant measure is important '
because of the connections between turbulence and the existence of an.invariant measure.
These connections were noticed by Prodi [8], Foiag [4] and Hopf [5], who like Butler [2]
dealt with the turbulence of trajectories of dynamical systems generated by partial dif-
ferential equations. The method of construction of an invariant measure applied in the
paper [3] comes from Avez [1] and Lasota and Pianigiani [7] Professor Lasota [6] has
also dealt with the equation considered in paper [3] and in this paper.

In this paper I should like to expound paper [3], in which a theorem on existence of
* an invariant measure for a linear partial differential equation was proved. I have presented
a generalization of this theorem for a quasi-linear equation. In the last section I have tried
to prove a theorem on the stability of the solution of this equation.

1. Invariant measure for a dynamical system given by partial differential equations.
In this chapter X is understood as the space functions x: [0, 1] —» R satisfying the Lipschitz
condition and such that x(0) = 0. X, is understood as the space of non-negative valued
functions of X and X, as the space of all functions of X valued on [0, ¢) when a may be
finite or not.

Remark. If a = oo then X, = X,
X, X, and X, will be considered with a topology generated by sets

U(xo; vy, &) = {v€ X|Ice R: Vx>x,|v(x)—vo(x)— | <e} .

Let us consider the differential equation

: du du
4)) . i lu-—xa—;c
@ 120, 0=<x<1
with boundary conditions
3 u(t;00 =0, =0

u(0; x) = v(x), O0sxs1,

where ve X is a given function.
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Let the semi-dynamical system

@ _ T XX
be given by the formula
© (T () = u(t; %).

THEOREM 1. If 'A>‘l then there exists a measure i on X satisfying the following con--
ditions . )
i) u zs probabzlzsttc,
@) p zs T,-invariant,
(iii) u(E)>0 for each open non-empty set EcX,
(iv) u is ergodic,
W) ,u(ED) = 0 where E, is the set of all functzons v such that 3t>0: |Tw| = |v|.

2

This theorem is proved in the paper [3] but the point (v) is slightly different. This dif-

ference does-not influence the proof.
Let us consider the same differential equation with the same boundary condition but

let the semi-dynamical system /
()] : ‘ TF: X, - X,
be given on X,.

THEOREM 2. If A>2, then there egasts a measure u* satzsfymg the following conditions
(i*) u* is probabilistic,

(ii*) u* is T*-invariant,

(iii*) u*(E)>0 for each open non-empty set EcX,, ,

(iv¥) u* is ergodic, - '
(v¥) pu*(E,) = 0 where E, is the set of all periodic points.

Let us consider, finally, an equation
™ 5t = Fu,

where F: U —» R (U is open and U>]0; g]) satisfies the following conditions
(a) F is continuous, . .
(b) F(0) = F(a) = 0,
(c) F(x)>0 for every xe(0; a)
(d) F satisfies the Lipschitz condition,
(e) Fis of class C? in the neighbourhood of 0.

In this situation the equation (7) gencrates a seml-dynanucal system.

THEOREM 3. If F'(0) = A>2 then there exists a measure v satisfying the Jollowing
conditions

(i) v is probabilistic,

(ii) v is S,-invariant,
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(iii) v(E)>0 for each open non-empty set EcX,,

(iv) v is ergodic,

(v) v(E,) = O where E, is the set of all periodic points.

-» :
2. Proof of theorem 2.

Let us consider V;: X — X defined by the formula

A

) V() = & (™).

Since £>1 it is obvious that there exists a- measure u satisfying the thesis of theorem 1.

Let us define #: X-— X, by the formula

(10) B

@) = WP

Now it will be shown that the diagram

(11)

is commutative
A

Ve
X - X
] ,
l}h ~|n '
ooy
Xy X,

Let ve X, h(V,o(x) = [ro(xe ) = *[vxe™ )P = e*h(v)(xe™) = T*hv(x).

This completes the claim.

The continuity of s results from the continuity of function y = x*.

2

Define the measure p* by the formula

(12) w

-

-~

(E) = p(h™X(E)).

It is obvious that the measure u* satisfies the conditions (i*), (ii*), (iv¥). To prove the
condition (iii*) it is sufficient to prove that 2(X) is dense in X, . Let v then be an arbitrary

function in X, .

1 ! '
Define 7,(x) = max {v(x) ; ~}. It is obvious that 7, 3 v. Let us define v, by the formula
n

13) v,(x) = 4

n

e 1
n*, (—)x2 for x<-
n

B,(x) for x>-
n N

- Since v,(x) = §,(x) for all x e (—; |
n
of X,.

, it is obvious that v, converges to v in the topology
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1 1 1 1
Since v,(x)=- for x=-, and N, v,(x) =n \/ v,,(-)x for x<—; so Vu,(x) satisfies the
n n n n '

Lipsctitz condition on [0; 1]. This completes the proof of density £(x) in X, .
Let T*h(u) = h(u) for some ¢>0. This means that h(Vu) = k(u), and from this it
results that |Vu(x)| = lu(x)l which completes the proof.

3. Auxiliary lemmae.
LemMma 1. Let us consider the differential equation

(14) ' % = Ax+px?.
Let ¢ be a solution of this equation such that ¢(0) = x,. Let us consider the funetion
Inz
(15) p(2) =¢(—):) .
Ax
Thus llmI:Q = 0

=0 2 Adpxy

Proof. The solution of the equation (14) is given by the formula

Jxge™
o(x) = At puxy—puxye
Hence,
Axqyz
P@ = Adpxo—pxyz
and in consequence
im?® - Fo_

z=»0 2 A + uxq

LEMMA 2. Let the function F satisfy the conditions ¢a), (b), (c), (d), (). Let us consider
the equation

(16) . u = F(u).
Then there exists a solution of (16), such that for p defined by the formula (15) we have
0<tim?? <im 29

z-0 Z z=0 Z

Proof. Let U be some neighbourhood of 0 and let g, = inf{F"(x)]xe U} and
Uy = sup{F"(x)|x e U}. Then, for xe[0;aln U .

a7n x4ty X2 SF(x) S Ax + py x?

Let us consider x, € U, such that A+, x>0, A+ p, x>0, x>0. Let @ be a solution
of the equation (16) such that ¢(0) = x,. Let ¢; be a solution of equation

(18) X' =dx+px:, (i=1,2)
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such that ¢0) = x,. From the monotonity of ¢ and ¢, and from the Czaplygin-Perron
theorem [9] we have

()L e(x) S (x) for x<0
and in consequence

p2)Ep(@)=pi(z) for z<1

1
when py(z) = qoi(%f) , (=12).

hﬂ§£@§P1(Z) for z<1.
4 z !’
So the truth of lemma 2 results from lemma 1.

Since z>07 and

4. Proof of theorem 3.

Let us consider the dynamical system U,: (0; @) - (0; @) generated by the equation (16).
Let ¢ be a solution of (16) as in lemma 2. 1t may be proved that ¢ is a surjective function
on (0; @). Let my(u) = ¢*'u. Tt is obvious that m,s R, — R,. Now we shall prove that
the diagram

R, ™ -R,

(19) ’ ’

(0; @) —> (0; @)

is commutative. Indeed,

Inz Inz Inz+A\ - (Inze* :
Up(2) = U:qo(T) = ¢(T+t) = qo( 1 ) = <p( 7 ') = p(ze*) = mz.

It may be proved that S is given by the formula

(20) (S;v)(x) = U,U(er_') .

Let p*: X, — X, be given by the formula (p*uw)(x) = p(u(x)). The correctness and
surjectivity of p* results from lemma 2 and the monotonity of p.
The commutativity of diagram

T:
X, - X,
(20) l -
s ¥ \
b . Xﬂ —>Xﬂ

results from the commutativity of diagram (19).
Now let p* be a measure from theorem 2. Let us define vW(E) = p*(p* N (E)). It is
obvious that v satisfies (i)~(v).
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5. Some remarks.
Let us now consider the dynamical system from theorem 3.

Inz
Remark. Let ¢, and @, be two solutions of 16. Let py(z) = qo,(—):), (i =1,2). Then
the existence of limpl—(z) is the necessary and sufficient condition for the existence of
z—0 z '
n P2(2)
im /=,

z—=0 Z

Proof. Since ¢, and ¢, ate solutions of (16), and (16) is an autonomic equation, then
there exists #o, such that ¢,(r) = ¢,(t—1,). Hence

) 1, (2 1) (nz N 1[Nzt pyeei)
2\ 2 2(p1 P z ! ) ze™ Mo i

Since *° s constant, the remark has been proved.

: z
Let us now consider the equation (7) with the boundary conditions (3). Let lim IL(-) = Do
. g0 2Z
(of p in the lemmae) i.e. it exists for every p.
THEOREM 4,
v(x :
a) If lim ‘(—a) = 0, then lim S,v(x) = 0,
x=+0 X t=0
. v(x) . :
b) If lim ~—~ = g >0, then lim Sp(x) = ¢(nx+A4) for some solution ¢ of (16)
x=0 X t=ow ' )
and some A,
v(x
c) If lim _(T) = o0, then lim (S,v)(x) = a.
x0 X t— o0
Proof. ¢) Let B>0. If lim lLic) = 00, then there is § such as for all x<dv(x)>Bx*.
x-0 x .

Hence v(xe™)>Bx"e™* for sufficiently large , not depending on x. In this case

S,009) = Uyo(ee™) = ple¥'p~1 (o (xe-'»)gp(el:n-i(Bx*e-*'))gp( B )
' . DPote

if ¢ is sufficiently large. '
. A :
' { &x
a) Let £>0. For sufficiently large t v(xe )<ex*e ™. Then So(x) =< p(—) for
. po""B
sufficiently large ¢, and hence S,v — 0.

: , -z ) +e
b) Let £>0. For sufficiently large ¢ p(g x“>§(S,v)(x)§ p(g - x"). Hence
Dote - Po—¢
v ' 1
(S;v)(x) -»p(—g—xl) = (p(—lng—}-lnx).
Po A po
This completes the proof. . . e

Finally, I wish to thank Professor Andrzej Lasota for his valuable advice..
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