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Differentiability of solutions of elliptic problems
 with respect to coefficients

by Anna KRAKOWIAK

1. In the present note we are concerned with the question of differentiability of weak
solutions of elliptic Dirichlet problems with respect to coefficients in the sense of some
norms.

Our method of the proof is similar to that of [2]. Schechter in [2] gives a theorem
on differentiability of strong solutions of elliptic problems with respect to parameters.

2. Let Q<R" be a bound domain with C?™ boundary 02 and let H™(Q) (m>1) denote

the space of those functions u(x) € L) which satisfy D*ueL? for all |o|<m. Here

DP = gaFten (XL 0%, o = oy ...+, and the derivatives are taken in the
sense of the theory of distributions).
The norm and scalar product are defined by the formulae

lutx)lm = (1 Y, J1Pu)dx)t,

al€sm Q2

(u(x),v(x) = Y | Du(x)  D*v(x)dx.
lo[<m @
. We shall denote by H™ the closure of C§° in H™, where Cg’ is the set of all C* functions
with compact support in Q. Moreover we shall use the following notations:

(.) is scalar product in L?,

H™* is adjoint to H,,

I s is norm in H™*,

{f, ¢> is value of the functional fe H™ for o e H™

3. Consider on elliptic equation

M Au@] = ¥ (=DDY(a"(x) Dux))+o(x)ux) = f (x)

0<é<m
1<€osm .
Denote by ‘
Bu,p) = Y (D%, d*D’u)+(p,v(x)u)
. 0sésm

1<g€m
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We assume that

(1) The operator 4, is strongly elliptic in © (i.c. Re( E"a‘-’s(x)f’s)ZColflm,
' le|=]8|=m
Cy >0, for every £, xe Q). ‘

(ii) The coefficients ae" are bounded in @ and v(x) is continuous in Q.
(iii) The coefficients a®® for |g] = |8] = m have got the module of continuity c,(¢)
in @ (i.e. [a®x)—a®(P)|<cy(|x=y)) for x€Q, yeQ; c,)(1)\ 0 if £ 0).
(iv) The bilinear form satisfies the condition ReB,(¢, @)=clp|} for every o e H™
" and v from a ncighborhood ¥ of v,.

(In the set of all continuous mappings C we define the usual norm,
Iole = max {jo()]: x e Q).

Let fe A™. We shall say that u,e H™is a Weak solution of Dirichlet problem of the
equation (1) if the equality ;

(2 Byu,, 9) = {f, ¢>
is satisfied for every ¢ € H™. :

Under the assumptions (i)—(iv) there exists the exactly one weak solution of Dirichlet
problem of equation (1) for every ve ¥ ([1], théorem 6, p. 363)

We have the following

THEOREM. The weak solution u, is infinitely differentiable with respect to v for v = vg-

Proof. If u and v are fixed, then the bilinear form B,(u, - ) is a bounded linear functional
on H™. By the well-known Riesz theorem on the form of continuous linear functionals
there exists some element ze H™, such-that

(u (P) ((D’ z)ma ”Bv(uv : )”m* = Hz”m
Setting
z=A,u

from [1], p. 362 it follows that 4, is the linear homeomorphic map H™ onto H™ Hence
there exist constants &y, k,>0 such that the inequality

3) ley |ulln= 1B @ty Mlae = Nl Apttlln =k, ut]l, ‘

is satisfied. . ,

Denoting
L, ue H™ - B,(u, )eH"'*

we conclude by (3), that /, is the linear homeomorphic map of the space H™ onto H™*,
The equation (2) can be written as follows

(4) . Lvuu = f

- Note that /
) Li‘L, = Ly, (Ly=Loy+Lyy) = LML, —Lo)+1
Since

IZog (Lo — Log) tllm < Lo | Ly = Lig) s
= L 11> 00 =060 ) lma S ML | (00— v0(X)) ] 2
<ILs I (max[v (x) — vo (x)]) 14l
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we have by (5) that there exists a constant C such‘ that
©) . ILo ' Lo| SC  for every ve V.
From (4) we have
‘ LotLou, = Lt f
and consequently
Uy = (Lo L) LG f)

By (6), there exists a constant C; such that

’

(M ety < WL L) ™M L5 FIISCy;  for every ve V.
Now, let us consider '

.(8) Up—Uy, = (‘L;)IL,,O)(I,I,,F— Upy) = Lu_olLvouu_L;;lLvouvu
= Ly Ly, — Lot f = Lo Lygu,— Ly Ly,
= LoY(Loy—Ly)u, .
We have also

”uu - uvo “m < "L(;,l ” (mEIXID (x) - Uo(x),l) ” uv”m .

Hence (7) implies‘ :
&) ly—tholl = O as  [lo(x)—ve(x)ilc = 0.

Denote by (u,),-,, the Fréchet derivative of u, for.v = v, with respect to v(x).
We shall show that for any continuous function £ (x)

(uv):)-“: vo(h ()")) = Ll.;l(., _h(x)uvo(x)) .
In fact, by (8) ‘
ety =1ty = L' (- (v0(¥) = (1))t X))l
i (x)—vo(x}ic
_ Ly, (5 (vo(x) — 0 (X)) 4) — Loy (-, (00 (x) = 0 (X))t 1
lo(x)—vo(x)lc
_ Lo (s (vo(ﬂ—v(X))(uu—uuo))llm< 1L 1 o =00l ¢ 14y — gl
lv()—vo(x)lc T @ =ve®)le

which tends to 0, as [[v—v,il¢c — 0, because of (9). To prove that u), is differentiable with

respect v we differentiate equation (2) with respect to v and have that u/ satisfies the equ-
ation

o<|z,,"|< (D%o, a® Dau;(h(x)))%(cﬂ, h(x)u)+ (@, vix)u(h(x)) = 0.
1<|e|<m

Thus ,

(10) Z (Dgtp, aﬂﬂ Ddu:;(h (x))>+((0’ U(.X)U;(h (x)) = ..,..(qo, h(x)uv) .

0<ld|<m
15[e|sm

A
A
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The equation (10) can be written as

Lyufh(x)) = (-, —h(x)u,}.
Hence we obtain
11 Lot Lyuyh(x) = L' (-, —h(x)u,) .
From (11) it follows that ‘
©ufh(x)) = (Ly' L) 1L (-, —h(x)u,)

and

(12) g GO < I L L) ™A Lo, M WA 1t -
By (6), (7), (12) we have that there exists a constant C, such that
(13) el S M(Loo L) ™ 1L I e lm < C -
Notice that

(14 U (0)) = Voo A (X)) = Lgg" Log(tasfr (%)) — 255 (x)))

= Lo (Loo g (%)) = Logting(h (%)) + Lyt R (x)) = L, u{h(x)))
= Lv_ol((Lvo —Lv) ll",(h (x)) + ( "y (uvo - uv) h (x)))
= L Y(-, (0o () —0(x)) (X)) +(*5 (o~ ) B (%)) -

" From here we have

Nety(R (X)) = ttpo(BC) | < I Loyl (0o —vll Nt 4 2206 =2l m) 1Al -
This implies , '
llety — o | < 1Ly | (!lvo(x)—v(X)il'c ot |+ ety — o]l )
(9), (13) shows that
(15) ty—=tizol = 0 as fo(x)—vo(x)c = 0.

Now we shall show that for any continuous functions A(x) and g(x) the second Fréchet
derivative satisfies ‘

(16) (u;')vz,,;(g @)(rE) = L'+ =g () uyo(h(x)+h(x)ul (g (x)) -
‘In fact, by (14) X
o () — B () = Loy (- (2o6) =0 (5)) (B () + P () (0 (5) = 0 )} o
= 1L (- ((v0() — 0(x)) g (x)) = (2o(x) = 0 ()t (A CE))) +
[ (g =) = a0G0) =0 ) BG0)
<IL5 (oo — vl Nty =gl + Nty =10y = (0 () = Do)l | A e -

Hence by (15) we obtain (16).



129

In a way very similar to the method used in the proof of the existence of the second
derivative we may show that u, is infinitely differentiable with respect to v for v = v,.

Remark. A similar result may be obtained for the coefficients a®® 0<d<m, 1<o<m.
In those cases the proof is analogous to the one presented above.
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