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A generaﬁzed solution of Oseen’s equations
by Jolanta DZzIUrRDA

The present paper is devoted to the existence and uniqueness of the generalized solution
of Oseen’s equations. In the first part we give the basic notations and definitions of the
special spaces, of the operator 4, and of the functional 5. We shall prove their properties.
The generalized solution of Oseen’s equations is defined in the second part. In this part
we prove the existence and uniqueness theorems.

1. On some functions space

L.1. Let Q<R? be a bounded domain. We assume that the boundary 8@ of Q is of
class C2.
Let L¥ (1< p<+ ) denote the space of measurable (with respect to the Lebesgue
measure) vector-valued functions u = (uy, u,, u3) defined on Q such that
P 1

3 il =
Julp = {f! [lzl (ui(x))z]zdx}§< +o0.
For u,veL?® we shall use the following notation
3
(u,0), = _f i—zl ux)v(x)dx .

: ( ), is a scalar product and obviously [u|} = (u, 1),.

Let H* (k=1) be a Sobolev space (see [5] p. 13) i.e. the space of those u € L? for Wthh
L

050505
derivatives are taken in the sense of the theory of distributions).
In H* we take the usual norm

flulle = (Y 1D%ul3)t.
|2k

H* (k>1) is the Hilbert space with the scalar product

D*u = (D*u,, D*u,, D’us) e L* for all |¢|<k (D* = y lof = a; +o,+03 and

((w,0)) = | Z Z DPu(x) D*v(x)dx

; 2i=1 |e[S
(see [5] p. 15).
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Let .# be the space of vector-valued functions u = (u,, u;, 1) defined on Q such
that u;e C3'(Q) for j =1,2,3 (i.e. u;: @ > R is a C” function with compact support
3

ou '
in Q), divu = Ecl = 0 in Q. We shall denote by N the closure of . in L? and by N'!
. E .
i=1

the closure of .# in H. For k>1 we shall put
N*=N'nH*.

The sequence of spaces ... N*c N!'< N verifies the following conditions (see 6] p. 79)
N¥ is dense in N*~! for k>1, N' is dense in N.
The scalar product in N can be also defined by

3

ou; 8
) ((u,v)) = .[Z é:;' a—zdx (see [7] p. 62).
Q ij=1
We shall use the following notation
) lu]l = ((u,8)) for ueN'.

According to Poincaré inequality (see [7] p. 62) we deduce that there exists a constant ¢, not
depending on u, such that

) flully<cyllull for all ue N*.

From the above inequality and definition of || |, it follows that the norms || || and || |}, are

equivalent.
Thanks to {u|, = |¢|;+ |ul| we have

@ ‘ ful,<c;u for all ue Nt.

In sequel we shall always consider the space N! with the scalar product ((,)) N* with

. this product is the Hilbert space.
Now, we introduce the conjugate space to N!, where the duality extends that given
by (u, v), (with ve N', u e N). Let u be any fixed element of N and let us consider a real,

£

linear functional
(#,*);: N'3v - (u,v),€R.

From the inequality (4) we obtain
@) ‘ W, v),l<eq o]l Julz .

It means that this functional is continuous. According‘ to Riesz theorem (see [9] p. 105)
there exists the unique element Ju e N' such that

(5) (u,v); = ((Ju,v)) for all ve N.
In such a way we define the linear, continuous operator I: N — N'. For u,ve N we put

©) . (u, v)_y := (Tu, v), = ((Ju, Iv)).

-
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It is a scalar product (see [2] p. 46). We shall denote by N~ ! the complement to the Hilbert
space of the space N with the scalar product (,)-;. :
For all ue N! we have

lul -y <eglul,<cillull - (see [2] p. 47).

Let 1, denote the extension (by continuity) of 7 to the opérator from N~'into N. I, is
isometrical operator (see [2] p. 47). : ‘
For o e N™! and ue N' we shall put

@) (a, u), = lim (u,, u)

n—+w
where u, € N and |u,—a]_; = 0 for n > 0.
In case xe N~ and ue N! the following inequality is satisfied

[, w)al S eqloe] -y [l -
From (6) we deduce that
(a’ ﬁ)—i = (CC, Ieﬁ)z = ((1;,0.’, Ieﬁ)) for «, BGN—‘I
(a, 1), = (T, u)) for ae N"Y, ueN*.

The space N1 is idenfiﬁed with the space of all real, linear and continuous functionals
defined on N1,
For all ae N™! we have

® ]y = sup 2l
weNt  Jlul|

1.2. Let A denote the Laplace operator defined on the vector-valued functions
u = (uy, Uy, ti3) i.e.
Au = (duy, Au,, Auj)

Au 1,23
. = i= g Ly .
! 0x;0x;

j=1

We consider the operator D = —A4|, in the Hilbert space N. The domain 2(D) = #
is dense in N. For all u,ve .# we have '

3 3
2 7
e [ S [313 e
£

2 j=1 i=1
. = ((v’ u)) = (_DU, u)z = (u: Dv)l

and

1 1
(Du, u), = ((u, W) = lul*=luli=—=ul3 (Erom (3).
- (4] Cy »






