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A generaﬁzed solution of Oseen’s equations
by Jolanta DZzIUrRDA

The present paper is devoted to the existence and uniqueness of the generalized solution
of Oseen’s equations. In the first part we give the basic notations and definitions of the
special spaces, of the operator 4, and of the functional 5. We shall prove their properties.
The generalized solution of Oseen’s equations is defined in the second part. In this part
we prove the existence and uniqueness theorems.

1. On some functions space

L.1. Let Q<R? be a bounded domain. We assume that the boundary 8@ of Q is of
class C2.
Let L¥ (1< p<+ ) denote the space of measurable (with respect to the Lebesgue
measure) vector-valued functions u = (uy, u,, u3) defined on Q such that
P 1

3 il =
Julp = {f! [lzl (ui(x))z]zdx}§< +o0.
For u,veL?® we shall use the following notation
3
(u,0), = _f i—zl ux)v(x)dx .

: ( ), is a scalar product and obviously [u|} = (u, 1),.

Let H* (k=1) be a Sobolev space (see [5] p. 13) i.e. the space of those u € L? for Wthh
L

050505
derivatives are taken in the sense of the theory of distributions).
In H* we take the usual norm

flulle = (Y 1D%ul3)t.
|2k

H* (k>1) is the Hilbert space with the scalar product

D*u = (D*u,, D*u,, D’us) e L* for all |¢|<k (D* = y lof = a; +o,+03 and

((w,0)) = | Z Z DPu(x) D*v(x)dx

; 2i=1 |e[S
(see [5] p. 15).

b id
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Let .# be the space of vector-valued functions u = (u,, u;, 1) defined on Q such
that u;e C3'(Q) for j =1,2,3 (i.e. u;: @ > R is a C” function with compact support
3

ou '
in Q), divu = Ecl = 0 in Q. We shall denote by N the closure of . in L? and by N'!
. E .
i=1

the closure of .# in H. For k>1 we shall put
N*=N'nH*.

The sequence of spaces ... N*c N!'< N verifies the following conditions (see 6] p. 79)
N¥ is dense in N*~! for k>1, N' is dense in N.
The scalar product in N can be also defined by

3

ou; 8
) ((u,v)) = .[Z é:;' a—zdx (see [7] p. 62).
Q ij=1
We shall use the following notation
) lu]l = ((u,8)) for ueN'.

According to Poincaré inequality (see [7] p. 62) we deduce that there exists a constant ¢, not
depending on u, such that

) flully<cyllull for all ue N*.

From the above inequality and definition of || |, it follows that the norms || || and || |}, are

equivalent.
Thanks to {u|, = |¢|;+ |ul| we have

@ ‘ ful,<c;u for all ue Nt.

In sequel we shall always consider the space N! with the scalar product ((,)) N* with

. this product is the Hilbert space.
Now, we introduce the conjugate space to N!, where the duality extends that given
by (u, v), (with ve N', u e N). Let u be any fixed element of N and let us consider a real,

£

linear functional
(#,*);: N'3v - (u,v),€R.

From the inequality (4) we obtain
@) ‘ W, v),l<eq o]l Julz .

It means that this functional is continuous. According‘ to Riesz theorem (see [9] p. 105)
there exists the unique element Ju e N' such that

(5) (u,v); = ((Ju,v)) for all ve N.
In such a way we define the linear, continuous operator I: N — N'. For u,ve N we put

©) . (u, v)_y := (Tu, v), = ((Ju, Iv)).

-
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It is a scalar product (see [2] p. 46). We shall denote by N~ ! the complement to the Hilbert
space of the space N with the scalar product (,)-;. :
For all ue N! we have

lul -y <eglul,<cillull - (see [2] p. 47).

Let 1, denote the extension (by continuity) of 7 to the opérator from N~'into N. I, is
isometrical operator (see [2] p. 47). : ‘
For o e N™! and ue N' we shall put

@) (a, u), = lim (u,, u)

n—+w
where u, € N and |u,—a]_; = 0 for n > 0.
In case xe N~ and ue N! the following inequality is satisfied

[, w)al S eqloe] -y [l -
From (6) we deduce that
(a’ ﬁ)—i = (CC, Ieﬁ)z = ((1;,0.’, Ieﬁ)) for «, BGN—‘I
(a, 1), = (T, u)) for ae N"Y, ueN*.

The space N1 is idenfiﬁed with the space of all real, linear and continuous functionals
defined on N1,
For all ae N™! we have

® ]y = sup 2l
weNt  Jlul|

1.2. Let A denote the Laplace operator defined on the vector-valued functions
u = (uy, Uy, ti3) i.e.
Au = (duy, Au,, Auj)

Au 1,23
. = i= g Ly .
! 0x;0x;

j=1

We consider the operator D = —A4|, in the Hilbert space N. The domain 2(D) = #
is dense in N. For all u,ve .# we have '

3 3
2 7
e [ S [313 e
£

2 j=1 i=1
. = ((v’ u)) = (_DU, u)z = (u: Dv)l

and

1 1
(Du, u), = ((u, W) = lul*=luli=—=ul3 (Erom (3).
- (4] Cy »
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According to Friedrichs’ theorem there exists the selfadjoint extension 4 (in N) of D

(see [8]). :
We have also 2(4) = N? (the domain), #(4) = N (the range) and

1
(Au, u), >?|u|§ for all ue N2,
1 .

The space N! can be considered as the domain of selfadjoint operator 4 in N such that
A>0 and ‘ :
((u; W) = (Au, Av), for all u,ve N*

(see [5] p. 22).
For ue 2(4) and veN1 ‘we have

" (du, 1), = ((u, v)) = (Au, Av), = (A o Au, v), .
Thus 4 = A* and obviously 2(4%) = N*
- Let A4, denotes the linear continuous operator from N*! into N ™! extending A

) (Aeu,0), = ((u,v)) for all u,ve N*.

1.3. Applying the theorem about inverse of linear and symmetrical operator the range
and the domain of which are dense in the Hilbert space (see [9] p. 168) we deduce that there
exists the symmetrical operator 471, : :

LeMMA 1. The operator A~ is compact in N.
Proof. By Relich’s theorem (see [9] p. 207) A~! is compact in N if only if the set
{ue N; (du, u),<1} is relatively compact. We have
{ue N; (du,u),;<1} = {ue N?; |u] <1}

- because (Au, 1), = ((u, w)) for all ue N2
The bounded set in the space N*' is compact in N because @ is a bounded domain
(see [7] p. 64).
Thus, 4~ is compact in N and it finishes the proof.
From above lemma and spectral theory (see [9] p. 216) it follows that there exists the
orthonormal basis {w,} of N such that

Ao, = L,0,, where ,=21,=21,>..21,>..-0.

1 .
Putting A, = T we obtain
.

Ay = Iy, 0<iy <Ay <Ay g s = 400 .

We denote by P, the orthogonal projection of N onto the subspace spanned by
D150y O .-

" Pau=Y (u,0)w, foral ueN.
k=1 .

These projections P, (m =1,2,3, ) will play an éssentional role in the sequel.
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Lemma 2. Let ae N*. Then |la—P,a| - 0 for m — oo.

Proof.
» !|a—Pma”2 = ((a’ a))_z((a’Pma))'l'((Pma’ Pma))

= -2 3 (@ 00)@ as+ T @ 0)s(@ 0)s((01, )

= llallz—ZkZ (a, Awy),(a, wy), +j kz1 (a, wa, ) (wy, Aw),
=1 . K=

~ lal*=2 3 Aa, i+ i i@, ) = al?~ f M@, 03

Since Z dla, co,‘)z — |lal|? for ae N (see [12] p. 48) we obtain [@a—~P,a] — O,

m- oo m-—+ oo

-and thls completes. the proof.

»

1.4. We shall also consider the trilinear functional

o 3
(10) b(u, v, W) = Z J‘u,-(x)?wj(x)dx . !
. ' i .

Lji=19Q

The integrals make sense in the case of u, we L* and v € N'. In virtue of the following
particular case of Sobolev’s imbedding theorem (see 5 p. 18)

Hi CL6
we deduce that the above functlonal is defined for u,v, we N1,
We also have ,
(11) [b(u, v, w<cplull o] Iwl  for u,v, we N*,

where ¢, denotes a constant not depending on u, v, w (see [5] p 95).
Finally let us remark that :

(12) b(u,y,w) = —b(u,w,v) for all u,v,weN!.

This relation is true if u, v, we # because

b, v, w) = JZ (x)a”‘(x)w( )a’x -jzu(x) [u(x)w(x)]dx
i,j=1 i,j=1
2
Jz o0 24 wj(x)dx JZ 02 s

91]1 i,j=1

3
— [ divu(x) Z v(x)wi(x)dx—b(u, w,v) .
2 =1 .

i
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Since divu = 0 in Q for u € # the first integral is equal to 0. We obtain (12) because .# is
dense in N! and b is continuous.

Lemma 3. Let {u,}<N' be a sequence weakly convergent to u in N. Then
lim b(a, u,, v) = b(a,u, v) for all a,ve N'.
Proof. Let a, v be any fixed elements of N''. In virtue of (11) there exists a continuous
bilinear map B: N'x N! - N~! such that

(13) b(a,v,u) = (B(a,v),u), for all ue N'.
hm b(a,u,,v) = —lim b(a, v, u,) = —hm (B(a,v),u,), = —(B(a, v),u),

= -—b(a, v, u) = b(d, u, U)

which was to be proved.

2. Generalized solutions of Oseen’s equations

2.1. We shall consider Oseen’s stationary equations

duy op
~- =Ji—7 > .=13293
E:axa E,’ax,. fgm |

divu =0 in Q

(here a = (a5, a5, a3), f = (fy, /2, /3) are given functions defined on Q).
We add the condition

u(x)=0 'for all xedQ.
This problem takes the form
(14) v((u, v))+b(@,u,v) = (f,v), forall veN?*,

where ue N1, ae N, feL>
The above equation can be written in the form

(15) vA,u+B(a,u) = Pf in the sense of N7*,
where P denotes the orthogonal projection of L? onto N.

DEFINITION 1. A generalized solution of Oseen’s stationary equations with given
aeN' and feL? is an element ue N' satisfying (15) (or (14)).
Obviously such solution satisfies the following energy equation

(16) | viul? = (f, ), .
We obtain this equation by putting v = u in (13) and applying the condmon
a7 ‘ b(a,u,u) =0 for all u,ae N?!

~ (it follows from (12)).
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THEOREM 1. The generalized solution of Oseen’s stationary equations with given feL?
and ae N*' always exists and is unique.

Proof. We show first that the generallzed solution (1f it ex1sts) is unique. Let us suppose
that u, , u, € N* are the solutions of (14). Then u = u,—u, satisfies the following equation

v((u, v))+b(a,u,v) =0 for all veN'.

This implies the energy equation ,
viuj>=0.

Consequently we obtain u = 0. Thus, if the solution exists then it is unique.
Let {wy, ..., @, denote the subspace of N spanned by oy, ..., @, (here {w}iny is
* the orthonormal ba51s of N introduced in 1.3.). We shall find an approxmatlon solutions.

in the form u,, = Z ™ o,., where ™ e R for k = 1,2, ..., m, such that they satisfy the
k=1

differential system
(18) V((th, 1)) +b(Ppa, ty, v) = (f,0);  for €@y, s O

(P,, is orthogonal projection of N onto @y, ..., D))
Let us put v = , in (18). We obtain the following system of m-equations with unknown

quantities ¢{™, ... cm

(19 V/‘{kc(m)'i' Z c("')b(Pma, w;, OF) = (fiw), (k=1,..,m

because ((tn, @) = iy and b(Ppa, thy, @) = ), Mb(Pya, w;, ). If we denote
=1

gj = b(P,a, w;, ) then we have g; = —gy; for j, k = I, ..,m

The matrix of the system (19) is as follows

YA —g12 — Y13 -0 —im
M = 91.2 V}:z —.‘_]23 _E!2m )

Iim g2m am - Vz'm
Its quadratio form is y(x) = Z vl-x? >0 for all x = (x,, ..., X,;) # 0 in R™ In virtue of
j=1
Sylwester’s theorem (see [10] p. 349) we deduce that there exists only one solution of (19).
In this way we obtain the solutions {#,}m-1 of (18). Each such solution satisfies the energy

equation

'

V”“mnz = (f9 um)z .

It leads to
Va2 < 12 Ul 2 g lugll 112 (from (4)) .
So that
(20 “um]|<‘31|flz form=1,2,3, ..
v i
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In virtue of (20) there exidts {h} = {u,,} such that {tn} is weakly convergent (in N )
to ue N*' (see [1) p. 147). We shall show that u is the generalized solution of Oseen’s
stationary equations. Obviously '

(O ) > ((,v))  for all e N1,

. k= + o0

- From lemma 2 and lemma 3 we obtain A .

b(P,,a, Uy ©) —b(a, u, v)| < |b(a, u, v)—b(a, Upme» v)l+]b(a—P,,,ka, Uy » V)|
<lb(a, u, U)'*b(a, umka U)I+C2”a‘“'PMkCl” "umk" ”U”

<lb(a,u, v)~b(a, u,,, v)l+c~l—%||a—PmkaH vl — O for ve N1,
v k=00

Since {u,,} satisfies (18) for all ve {@y, ..., ®,> we can. deduce that u verifies

v((W, ) +b(a, u,0) = (f,v), forall ve OC) (D, ey @, .
: k=1

Q0 o]
The space | <y, @, ..., 0, = | {@y, ..., ®;> is dense in N! so, that
k=1 ' i=1

v((u, 1)) +b(a, u,v) = (f, v), for all pe N?
and this completes the proof of the theorem. '

Remark. We shall show that the sequence {u,,} is convergent to  in N*. For u,,—P,u
we have : '

v((, 4 —Pw))+b(a, u, Un—Pot)) = (f, uy—P,1), ,
V(s thy— P, 1)) +b(P,,a, Ups U= Pputl) = (f, thy—Pyi), .
It leads to :
(=, u—u,))] = [v((u—u,, U=Pp ) +v((—thy,, Ppu—u,))|
= lv((’:u, u—P,uw)—v((u,, u—Pu))+v((u, Ptt= 1)) =V((th, Ppti—u,))|

c - .
SV("H” + _i!% "u—Pmu” +ib(aa u, Pmu"”m)_b(Pmaa um:Pmu—um)l

<vluf + & 'f S Pyl 4 1b0a, w4, Py 4 15(Py, t Pt —10)| +
+b(a, u, U—tty) —b(Ppa, u, u—u,)|
<Vllull+ivf]~2 I!u—PmulHCzllaH Nult 1Pt —ul +c,|P,,al Nty 1Pyt —]] +

tella—Pyall lu) u—u,)

alfl,

Svfjull+ - lu—Pouli+c,lall fjul [Pyu—ul +c,

ANAP

v

lall |1Ppes—ull +

+eala—Pyal uun(u'uu+%f'2) - 0

m-=roo
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So, that : .
lim u—u,) = lim ((u—t,, u—u,))* =0

m=r o0 m-=w

2.2. For a given Banach space B (with the norm [ [5) we say that fe L¥(a, b; B)
(< p< +o0) if f is measurable and if

b L
[f1f®Nzdt]" . for p<+oo
| flep@pmy =4 °

esssup|l f(®)]g forp= 4+
te(a,b)

is finite.
If H is a Hilbert space then,

b
(f) g)L’(a,b;H) = j(f(t)’ g(t))Hdt

is the scalar product in L*(a, b; H) and the space L*(a, b; H) is the Hilbert space (see [3]
p. 236). '
Obviously

VS Neranany = (FofVasary  for fEIa, b; H) .

"~ We consider Oseen’s non—stationary equations

ﬁu ap . ,
——— E E =fi—— fori=1,2,3
6x 0x X, ort

6uj
5x

div,u:= in Q,

L i=

where a = (ay,a,,as3), f= ( f1:f2, f3) are given R3-valued functions of (7, x) belonging
to the cylinder [0, T]x Q.

We add the following 1n1t141—boundary condltlons

u(t,x) =0 for (¢, x)e [0, T)xQ
u(0, x) = ug(x) for xedQ

(where uy(+) is a given function such that uy(x) = 0 for x € 02).
Using the following notations

u(t) = ut,"), . () =1, a@~am)

we can write the initial- boundary problem for Oseen’s non-stationary equations in the
form

@n W' (t)+vA.u(t)+Bla(t), u()) = Pf(t) ,
(22 u(0) = ug .
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* DEFINITION 2. The generalized solution of Oseen’s non-stationary equations (in (0, T) x Q)
with given functions fe L*(0, T; L%, ae L*0, T; NY) A L®(0, T; N') and initial value
uy € N is a function u(-) such that

23) ueL*0,T;; NY) n L®(0,T,;; N)  for every T, €(0,T)

u as N~ lvalued functions is an absolutely continuous function (i.e. there exists
w':(0,T) > N~1 such that for every ve C50, T; N~1) we have

— 6[ (u(®), v'(1))-,dt = 6“ @(0), v(D))-,at

A

and verifies almost everywhere on (0, T') (with respect to the Lebesque measure) the dif-
ferential equation (21) and initial condition (22), which are considered in N~1.
Let u() be the generalized solution of Oseen’s non-stationary equations. Then
u'(t)e N~! and verifies

219 ('@, v)2+v((u(t), v))+b(a(r), u(t), v) = (f(1),v),

for all ve N, a.e. in (0, T) (the above equatlon is equivalent to (21)). In virtue of (4)
and (11) we obtain

'I(u @, )2l < @) Toll +e2la @] Tu] ol +1£ @)l lol,

<@ llu@®l+ella@®l Ju@)l+eil f@I) ]l -
~ So that (from (8) and above inequality) ‘

[ (O] <V u@®ll +exla@ll fu@+cql £ 01,
sv”“(‘)“+Cz||u(t)”?:(503";¥) la(®l+c, | f@®)];  a.e. in (0,7).
Thus ,
}]u’(t)liidt< +.

It shows that 4’ € L*(0, T; N~!). The conditions u € L*0, T; N') and «’ e L*(0, T; N~ 1)

imply that the function (0, T) 5 t — u(t) € N is continuous (see [6] p. 33). This shows that

the relation (22) makes sense i.e. (u(f), v), 2 (4p, v), for all ve N. We also proved the
-

following

LEMMA 4. A generalized solution of Oseen’s non-stationary equations (in the sense of
above definition) is continuous from (0, T) to N.

Let us remark that the function ¢ — (u(2), v),eR is absolutely continuous. For any
fixed function ¢ e CH0, T; R) we have

I(u(t),v)zqf(t)dt I(u(t) PO = f(a(t),f:ivrp'(t))-ldt

; ‘
= -oj' (W@, 17 Lop(t))-,dt = —J(u'(t}, v)0(t)dt,

where I, is isometrical operator defined in 1.1.
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Thus

4 g.t.(u(t), v), = ('(t),v), foraltveN'.

LEMMA 5. u(+) is a generalized solution of Oseen’s non-stationary equations in the sense
of above definition if and only if u(-) verifies (23) and satisfies the following equation

. .
(25) of [—((u(®), v'@));+ (@), v®)))+b(a(®), u(), v())}dt

= (o, v(O))2+oIT(f(t), v(t)), dt

for all functions v(-) verifying the following conditions
(i) v(-)e C([0, T); NY),
(ii) v(-) is differentiable (in N) and its derivative v'(-) belongs to L*(0, T; N),
(iii) v(-) has a compact support in [0, T). :

Proof. Let us suppose that u(+) is a generalized solution of Oseen’s non-stationary
equations in the sense of above definition. We shall denote

@6 F(1) = (4@, o) = (0, 0O+ § ~(/(5), 0(5)ds+

+ j (= (u(s), o)) +v((u(5), 06)) +B(a(s), u(s), visH)]ds -

We assume that v is of the form v(t) = @(f)v, here ve N! and ¢ verifies the following
conditions \ ‘

a) 9 e C([0,T); R),

b) ¢’ € L*(0, T; R), ,

c) ¢ has a compact support in [0, T).
In this particular case we can write (26) as follows

F(I\) = QD(I)(UU), ”)2—¢(0)(“0a ’-’)2“'6‘ —QD'(S)(U(S), ”)2d5+ '
+ § (), v))+b(as), u(), 9)=(/6), D)o ds
Let us remark (in virtue of (21°) and (24)) that wc; have

d
d—t(u(t), o), +v((u(t), V) +b(a@®), u(®), v) = (f(),v),

for all ve N!, a.e. in (0, 7).
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It leads to

F(1) = e (u(t), v),— @) (o, '-’)2"‘6[ —o'()(u(s), v),ds— K

d
- f 0 () 2 (u(6), )pds

1]

= () (u(t), v)2—¢ 0) (1, 1), — (_f @' (5)(u(s), V)2 ds—p () ((s), v)alo+

+{ ¢'(5)(u(s), v),ds = ~p(0)(up, v),+0(0)(u(0), ;).

We have also (in virtue of (22)) (u(0), v), = (4o, v), for all ve N1 It gives F(t) =
In the particular case of ¢ = 7 it leads to (25) for all v(t) = @(f)v, where ve N?! and @
verifies a), b), ¢). We shall show that if v(-) satisfies (i)~(iii) then v(-) can be approached by
the functions @(+)v (v e N1, @ verifies a), b), c)). For every fixed 1€ (0, T) v(t)e N'cN.
It is obvious that ‘

o(t) =;i (@), 0@y, V() = ji ©'(0), )0, .
We shall denote |
(0@, @), = 01), (@), »), = oj1).
The functions i) ( j=1,2,3,.) satlsfy the conditions a), b), ¢). If S,(¢) = Z oDw;,
Sp(t) = Z @(Hw; then v(t) = lim S,(7), v'(¢) = lim Sy(t) and (25) holds for Sp(*)

n—o n—w

(n=1, 2 ..). Applying Lebesgue’s dominated convergence theorem we obtain that (25) is
valid for all v(-) verifying (i)-(iii).
We can use this theorem because

I(u(0), ,.(t))zl = l(u(), Z coj(t)w;)zSir[Z I(v (t), ,)z]2+ Z Hu(), @;).1]
<3O+ u)iz]~

In the same way we obtain

(), SN <HILON+3 1O, (£, Sn(t))zls%‘lv<t}|§+%lf(t)l§
and '

Ib(a(t),u(t),~ (t))I<Czlla(f)Ii Ilu(l‘)ll sup llv(t)ll

Thus, if u(*) is the generahzed solution of Oseen s non-stationary equations, then u(-)
verifies (23) and (25).

On the other hand, let u( ) be a function verifying (23) and (25) and let v(-) be a func-
~ tion from (0, 7)) into N ™! of class C! with the compact support in (0, T'), which deriva-






