ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
DCXXIIX ) PRACE MATEMATYCZNE, ZESZYT 23 : ' 1982

On some Fréchet spaces of analytic functions
Marek JarniCKI

Abstract. In the paper we present a characterization of domains of analyticity with respect to some
Fréchet spaces of K-analytic functions on Riemann domains over K", K= R or K= C.

1. Introduction. The aim of the paper is to generalize some results of [1] and [3]. First
we shall fix some basic notations.

We denote by K either the field of real numbers R or complex numbers C. For
{= (4, ) e K" and r>0, let

B, r) = {E =, .. )K" (&=t <r, j=1,.,n}.

Let (X, p) be a connected Riemann domain over K", p = (py, ..., p,): X = K". For
x € X, let d(x) denote the supremum of all »>0 such that there exists an open neighbour-
hood B(x, r) of the point x which is mapped homeomorphically by p onto B(p(x), r).
Let us put B(x) = B(x, d(x)), px = Plsey. For AcX, let d(4) = inf{d(x): xe 4}. We
denote by &/ (X) the space of all K-analytic functions on X. Let D® denote the operator
of a-derivative, i.e.

(D‘ff)(x) aéafl Pg‘f“"( x), a=(,.,0)eZy, fedX) xeX.

For Focs/(X), we put F* = {p,, ..,p,} W{Df: feF,aecZ}},

F,, = {feF: 3fe A (B(p(x),n)): f =Fopx in B(x)},
w={ffeF,)}, xeX, r>d{). |

For a function f: E - C we write |['fﬂ,,-: = sup{|f(®){: xe E}.

- Definition 1. A pair (F, t) is said to be a natural Fréchet space in o (X) if F is a vector
subspace of &7 (X), ¢ is a topology of a Fréchet space on F and ¢ is stronger than the
topology 5 of uniform convergence on every compact subset of X.

In the sequel we shall always denote by I' a family of seminorms on F which generates
the topology ¢ and which satisfies the following condition: for every g¢,, ¢, € I' there exists
a norm g el such that q,, 9,<gq.
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For gel’ and M, c>1, let us set:
H(F;q,M,c)={xeX: VfeF,YaeZ}: |D"f(x)l<a‘Mc'°“q(f)}

Definition 2. A family Fc.o/(X) is said to be regular if for every x € X, r>d(x)
there exists a natyral Fréchet space (G™, ™) in & (B(p(x), r)} such that F,=G™.
The main result of the paper is the following:

THEOREM 1. Let (F, t) be a regular natural Fréchet space in o4 (X). Then the following
conditions are equivalent:

(1) (X, p) is an F-domain of K-analyticity;

(ii) there exists a set N F of the second Baire category in (F,t) such that for every
feN: (X,p) is an { f}-domain of K-analyticity;

(iii) F* separates points in X and
(1) for every qeI’, M,c=1: d(H(F; q, M, ¢))>0;

(iv) F* separates points in X and
(2)  for every set EcX with d(E) = 0 and for every c=1 there exists f € F such that

1 o n
sup e IuI“D flg: a€Zi}t = +oo.
In particuiar cases, Theorem 1 generalizes the well-known Cartan-Thullen theorem,

some results of [1] and Theorem 10.1 from [31.

2. Domains of K- analyticity. For fe o (X) let T ./ denote the Taylor series of f at x,
D,
ie. (Tf W) = Z ﬂx)({—p(x)) Put d(T.f) = sup{r>0 T.f is convergent in

acZ”

B(p(x), r)}.
For a family Feo/(X), let us consider the condition:

(RC) VxeX 3r(x)>0: VfeF: dT.f)=r(x).

Obviously this condition is interesting only in the real case. Note that if K = R then
the family F = & (X) does not satisfy (RC). .

It is easy to prove

LemMMmA 1. If F satisfies (RC) then (X, p) is an F-domain of K-analyticity if and only
if F* separates points in X and for every x € X, r>d(x): F,, # F.

3. Natural Fréchet spaces. Using the Baire property, it is easy to get (cf. [1], [B]):

LeMMA 2. If (F, t) is a natural Fréchet space in sf(X) then F satisfies (RC).

COROLLARY 1. In the real case the whole space <7 (X') cannot be endowed with the structure
of a natvral Fréchet space.

The following simple lemma will be useful in the sequel (cf. [1}):








