ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
DCXXII PRACE MATEMATYCZNE, ZESZYT 23 1982

The one-dimensional Burgers’ equation;
existence, uniqueness and stability

by Tomasz Drotko (Katowice)

§ 1. Introduction. The existence, uniqueness and stability of the equation first investi-
gated by J. M. Burgers [1] has been studied. This equation is derived from the theory of
turbulent fluid motion and has properties similar to those of the Navier-Stokes equation,
but is simpler to study. Investigations on the stability of this equation, or rather system of
one differential-integral and a second partial differential equation, were reported re-

P P
cently [3]. It was shown that the solution (U, v) = (~, 0) of (1) is locally stable for —<v, and
v , v

P
the case — = v was classificated as unstable.
v .

v
it is global asymptotic stable (for definitions see 2Dh.

First using the method of J. L. Lions [6] we show the existence and uniqueness of, the
solution of (1) in a weak sense, but our solution is sufﬁ01ently smooth to study the stability
in a rather normal manner.

The one-dimensional Burgers’ equation may be written in the following form:

P P\ P
We show that for —<v the solution (—, O) is global exponential stable and for — = v
v v

(1.1) % = P—vU(t)—jvz(t, x)dx for >0,
1.2) vt U(t)v(t,x)—i-va 229 (2, )

oxt  ox ‘
in the set Q:={(f,x)eR*t>0,xe(0,m}, Q:= (0 n), U= U(t): [0, )~ R, |
v = v(t, x): ¢ - R, with the conditions

U(O) - UO 194
) (0, x) = @(x) for xe Q,
v(t,0) =0v(,n)=0 for t=0.

§ 2. Notation and definitions. The following real Banach spaces are considered (for
details see [7] or [4]):
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C™(Q) — the set of all real functions together with m-th order continuous derivatives

(classical) in Q,
»

L#Q) = {u: @ > R; |ullp> = (| luPdx)’ < co, u-measurable},
: Q
L?(Q) = {u: Q > R; |lullp» = esssup|u|< oo, u-measurable},
&
H"Q) = {u: Q> R; D“ueL"(Q), la| <, u-measurable}, D* := e where D* is
X .
taken to be the derlvatlve in the dlstrlbutlonal sense ([4], [7], 8.
By Hy(2) we mean the completion of @(Q) in H{(Q) (2(Q) as in [7]).
H Q) = (Hé(ﬂ?))
The symbol ‘
“feL*0,T; Hy(Q))" denotes that the function [0,T)et— f(t,-)e HA(Q) belongs
to L*0, T). (X, Y) denote the space of linear continuous opérators from the Banach
space X into the Banach space Y. The symbol ¢, ) denotes the real scalar product in
LXQ),
e ”H" i L2 denotes the norm in HO(Q) L*(Q) respectively. .

We also define certam other symbols

of oh
a(f, h) := '[ai 5_dx = Af, k),

b(f, b, 1) = ffa—xldx =<9 (/s 1), I,
e(fy 1) = | fhlds = <CCH Ty .
2 .

For any real fixed T>0 we define the weak solution of the problem (1), (2) as follows:

Definition 1. A pair of functions (U, v) is said to be a weak solution of the pro-
blem (1) (2)in @ N {t<T} if U satisfies (1.1) in Caratheodory s sense (as in [5] or [2]);

U(t) = U0+ j(P—vU(t)— | v*(x, x)dx)d‘c
0 2

for any t€[0,T], and U is absolutely continuous, and

(3) veL¥0, T; Hé ()L™, T; Li(Q))
satisfies | R
@ : o'y wh+vafv, w)+2b(v, v, w) = ¢(U, v, W)

. 1 g , Cov .. . . . .
for any function we Hy (), v' = W (distributional withi the values in the Banach

space [4], [7]), , .
() v(0, x) = @(x) = vo(x) eLz(Q) .
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- § 3. We now prove certain lemmas which guarantee the correctness of the conditions 4)
and (5).

Lemma 1 (Wirtinger’s inequality). For any functions f(x) e HY{(Q)
(6) oA N <UD f IZ2¢ay -

Proof. For any fe CY(Q), f(0) =f(n) =0

o0

' fx) =Y a,sinnx

n=1
where

= 2 J\f(x)’sinnxdx .
n

Differentiating the series with respect to x we get

f'(x) = oi na,cosnx

n=1

where the equality is satisfied in LZ(Q) Now the inequality

j' Z a2sinnxdx < f Z apn?cos’nxdx

2 n=1

and the fact that @3>0 finishes the proof for the dense subset of HY(Q) and so for all
Hi(Q).

Let us note that the equality in (6) is possible only for the functions f (x) = const.sinx,
because HO(Q)C C°Q). The inclusion below is the consequence of the Sobolev embedding
theorems (see [3), [6]); ‘

HO(Q)cC°(Q)cL°°(Q) for bounded QcR,
Hy(Q) < Lp(Q) for p>1.
Now we prove the following:

LeMMA 2. For any functions fe HO(Q), h, IeLz(Q)
N Iffhldx]<ilf||% If 11k Mllga W22 - -

Proof. The followmg estimate is the consequence of the fact that HO(Q)CL‘”(.Q)
lgﬂtldXIS IS N 172] 22 12 2

For any function fe C*(@), £(0) = f(II) = 0
(F®P = £y = [ DSOS @ds+ | D (5f(5)ds
< J DSOS sl +1 [ Duf 5 ()|
, IIDJ(s) f(S)IdS<JID Fle 1 f <A, llfllu ‘
and so (7 is satlsﬁed for all fe CY(Q), f(0) = f(z) =0, and also for all f e‘Hé(.Q). 4
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3

For the functions f, ke Ha(Q) and [eL*Q) the following fact should be noted;
¥ - (R D= Igf'D/xh'ldxléllfllflé 1f 12 4Dl g2 Wllga -
Remark 1. For any function v satisfying Definition 1 we have
g(v,v)e L*0,T; H Q).
The following estimate (w € Hy(£2)) ensure that this is so: ‘
b (v, v, w)l = b, w, )<} IIUII:‘H) lolEz 1wl vl a< ol 1wlag ol -
Remark 2. For any weak solution (U, v) the function |

a [0,T15¢ - o, %2

is measurable and belongs to L*(0, 7). So U given by

du
) — = P-vU-lG, x)ia

o) = U,

has the derivative almost everywhere, and the derivative belongs to L*(0, T), which is the
-consequence of (9).

LEMMA 3. For any weak solution (U,v) of (1), (2) is v’ e L0, T: H ~1(Q)).
Proof. With our notation condition (4) may be written in the operator form: -
{10y v\ = —vA@W)—2g(v,v)+C(U, ).

Under our definition of the norm in Hg(Q):

1/ g = Va(£.1),
la(o, wlI<lollay 1wl
and the fact that v e L%(0, T; Hy () implies that
| A@) e 120, T; H(9) .
Also the following condition is satisfied
B l(! U(t)yo(t, )w(t, x)dx| < | Ullgs 0]z 1wl 2 < U leo lollag 1wlay

but Ue C([0, T]), so C(U,v) e LX0, T; H™(@)).
Hence Remark 1 finishes the proof of Lemma 3. -

Lemma 4. Any weak solution v before the change on the set of the null measure is con-
tinuous as the function

[0,T]2t—>v(t,)e LYQ).
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Proof. The proof is the consequence of Theorem 3.1, 1.3 in [7], and the fact that

[Ho(Q), H (@), = L)
(the symbol [, ], as in [7]). , ‘ o

Remark 3. Lemma 4 makes condition (5) sensible. Moreover the function U(r) satis-
fies (1.1) in the usual sense.

§ 4. Now we start to prove the existence of the weak solution of (1), (2), using the
Bubnov-Galerkin method. The proof is parallel to the proof of existence for the Navier-
Stokes equation in [6].

THEOREM 1. There exists a weak solution of the problem (1), (2) in the sense of De=
finition 1.

Proof. We are looking for the function u(t x) as the limit of the approximate solutions
v,(t, x) of the form

m

an Ualt, X) = Y. en(t) Vi(%)

: k=1
where {V,(x)}{ is the “special” complete system in H(Q).{V,}¥ consists precisely of the
own functions of the problem )

Yy whny = a(Vj, w) = 1<V, W)

for any w € H3(). The existence of such a base in Hp for any dimension of the domain
is a known fact (see [8], [6]).

The functions ck(#) and U, are given by a system of (m+ 1)-ordinary differential equ-
ations:

du,
(12.1) = P—vU,— v,

(12'2) <v;ns I/I>+va(vm3 Ifl)"'z'b(vm’ U Vl) = Um<vm9 I,1>’ l= 1,.,m
with the conditions

U (0) omy Uom - UO"

12.3 : .
( ) U,,,(O) = Uom>s Vom > Vo - in Lz(g) »

where the convergence of v,, follows from (11).

The classical existence theorems ensure the existence of the solutions U, {c,,,}"' for
any m. The functions ¢ exist in the intervals [O %) and U, exists in {0, min, tky.

Now we draw the “first a priori estimate”, which guarantees the exxstence of {c,,.}"'
and U, in the whole interval [0, T'], and the fact that

U, is bounded in L*(0, T),

v,, is bounded in L*(0, T; H3(Q)) nL°°(0 T; LZ(Q))

11 — Prace matematyczne z. 23
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Equation (12.1) is multiplied by U, and integrated over [0, f] for any te [0, T], equa-
tions (12.2) are multiplied by !, respectively, integrated over [0, 1] and summed over /
t ‘ t : ¢ t . . ‘
17d I )
5 fﬁ Un(tyde+v f Un(t)dt = P J .U;,.(f)df—J Un(®) 8D 2d7,
0 0 ’ g o
t t t

1(d ‘
2 J gz 1O laade+y f lon(®lpy de = fvmm lon(®I3de
[+} .0 o .

summing these equalitieé by sides gnd using Young’s inequality:
X <8x2'-|—1 2 for >0
= — any
IS T Y
we have
t ] . N

1 1 ‘
(13) | EU:I(t)"FE”vm(t)"iz'*-vJ‘{U;(t)+l!vm(t)|l:6]dt

1}
t

1 1 eT 1
<'2_ U,i(()) +5 "Uom "%.2 + ?Pz =+ 2_8 J‘ U,ﬁ(‘t) d‘L’I
_ 0
. 1 .
setting v—é— >0 we obtain that
s ,

U, are bounded in L*(0, T, ‘
v,, are bounded in L*0, T; Hs(Q)) n L*(0, T; L} (%))
In the next part of the proof we show that v}, are bounded in L2(0 T; H™Y(Q)). De-
noting as' P,, the pro;ectlon
L2Q) = im(Vy, ., V)

such that
th = Z <h, Vi>Vj,
i=1

multiplying (12.2) by ¥; and summing over / from 1 to m we get

e : — ran oV,
(14) (O VO Vy = =v ]'if- axv,
: ox ox
I i

Note that P, = P,, and
2. LV, VO Vi = 1)y
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‘because

' dck, .
= —d-;- Vk ellm(Vlg “eey Vm) .

Mu]tlplymg (14) by any function w e HO(Q) and mtegranng over 2 we obtain the operator _
equahty

(15) O = —2Pm(g(vm))—vP,,,Av,,,+PmC(U,,,, v,) .
Taking in the definition of V}; w = V; we obtain that
= V12, 1Vl

-and so by‘ Lemma 1 it follows that 2;>1. Now

“ Z(VJs‘W>V} Z —<w, Vj>a ¥
i=1

1 .
because w e Hy (Q), and Igl for any j. So we obtain |P,||gmyay<!
g : .

aB<wley

and by P, = P,, _

(16) 1Pl ier-1,m-1y <1 .

Just as in Remark 1 and Lemma 3 g(v,) is bounded in L*0, T; H~(®)), also Av,, and
C(Un, va) are bounded in. L*0,T;H" 1(Q)), -and so (15) and (16) imply that o/,

is bounded in L*0, T; H™Y(Q)).
Now we make use of the “theorem of compactness” [6], Theorem 5.1, 1.5, with

¢W)) B, = Hy(Q)cB = L} Q)<B, = H Q).

In our situation Theorem 5.1 laid down that for any sequence v, such that the following
sequences are bounded

vm € L*(0, T; Hy(Q)) and o), € L*(0, T; HY(Q))
a subsequence v, may be taken such that v, is convergent in L*(0, T; L)) = L*(Q).

Now using the well-known properties of bounded sets in reflexive spaces (see [4]) we
may take a subsequence of v, such that

(18) v~ v weak in L*0, T; Hy(Q),
(19) v, > v weak star in L*(0, T; LX(Q)),

‘ i ]
(20) . v, v in L*(Q), almost everywhere in Q,

@y vy v weak in L¥0,T; H~Y(Q)).

11+
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By (18) and (20) and Lemma 1.2, 1,2 in [6]
Vog = Yo weak in H~1(Q), but from (12.3)
Von v in L*(Q), and so
v(0, X) = vo(x) in LXQ).
It follows from Lemma 2 that for fe C}(Q), f(0) = f(r) =0
(22) ||f(x)l|t4<1|f|1;.ol|f"12.z);1d}’ =1 ||f|];‘.) £ 1z

Using (22) and (3) we obtain that v are bounded in L*(0, T; L)) = L*(Q) and so v:
are weak convergent in L*(Q). But v, from (20) is almost everywhere convergent in Q
to v, so

23) vz > v*  weak in L¥Q).

Finally from the condition

T '
6fb(v,,, vy, VW dt = —}ojb(v,,, Vi, vy dt

for any ¥ € L*(0, T), and by (23) it follows that
b(vys vy V) = b(v,v, V) weak in L*(0, 7).
Now (18) implies that
a(v,, V) > a(v, V)  weak in L*0,T)
and (21) implies that
| oy, Vi > <0 V> in 9°(0, T) (see [6]) .

It remains to study the component U,{v,, ¥;>. From (20) it follows that
gy Vip = <0, Viy
We show now that U, converges uniformly to U in [0, T].
" Remark 4. U, converges uniformly to U in‘ [0, T).
The condition (20) implies that [iv,]72g) = vll12g)- Let U, satisfy (12,1)
U,(t) = U,0)+ j [P—vU,— vyl i:]de
Then the difference U,,— U, satisfies
(24) [Un8)— U (DI <[|Un(0) — Uy(0)] + &ppJexp (1)
Whete &y 1= | 2] 220y~ I10all 220l = O

All the facts previously studied allow us to pass with # to infinity in (12), and the fact
that {¥,}7 is the complete system in Hy(€2) shows that there exists a weak solution of (1), (2).
Now we show that under the “smoothness” initial conditions our solution exists in

a better sense.
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THEOREM 2. If v, € Hy(Q) n H*(Q), then for the wéak solution of (1), (2) we have
25) v' e L0, T; Hy(R) n L™(0, T; LA(R)) .
Proof. Let now {¥,} denote the base in Hp(2) n H*($2). Differentiating (12.2) with
respect to ¢ we obtain: , , '
(Vs VO +va (v, Vi) +2b (05 Vs V)26, Vs Vi) = Upn0ps V1D + Upitm, VO
Vom = Vo In Hy(2) n H¥(Q). ‘
Multiplying by ¢’ and summing over / from 1 to m:
(26) i, V> +va(Up, V) +2B(Vn s Uy, V) + .
25 (0 Vs Op) = U, 0+ Ul O
The following estimates are now used:
2B 0 1) 42 (0 s ) = — 4B (0l Uy 1)+ |
+2b(Vhy, Uiy V) = —2b(0ys Upys Upy)

3 .
[—2b(v; Vs v...)|<2llv.'..l|;5 loml£a lomllza

€ ’ l ’
it o loaly,

< ’ 2 2
= al“um“ H.l) “Um“ L‘—{._ 281 28] 82

| U0 Omp | <3N Unl? 0wl Ta+ 3 0] s
and U, eL*(0,T),

2
| Uty 0| S1U [1omllza -
7

Choosing constants &, and &, such that

1
B = v—ess sup(2 —g llvm!|i=)>0

€1 &

and integrating (26) over [0, f] we get

' t
1 1 1
QD =l +B | 0l de<= o2 += | U v, ade+
2 Hg 2 2
0

. t
g, 1 1 ;3
N —2+—+IU,,,| dr<- c1+cz-[llvm]|izdt]
\ 2¢; 2 2
0

so by Gronwalls’ inequality ,
- (28) V)32 e exp(e, T)
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from Wthh v;, is bounded in L*(0, T; LZ(Q)) and by (27) v), is bounded in L¥0, T;

Ho(Q)) We must show only that J[v/,(0)]%: in (27) is bounded. We multiply (12.2) by
€h(0) and sum over / from 1 to m, with ¢ =0

@) o)<y

2
f 7 ‘;"’y:,.m)dx’
0

'+2uv:n(0)uuuvomu§5 12onlifs +1U] I00mlza x
X 10(0) 2 3 17022

because v,,, = vp in Ho(2) n H*(2). We have also used the following estimate for the
functions v,,, converging to v, in Hy(Q) N HX(Q):

62

5;500", <const .

and so

0? |
f e?vo,,,-v,',,(O)dx <veonst. [[o,(0) {2 .

2 . ’ \

Vla(vOtm U;,,(O))l =V

e

From (29) it follows that [v},(0)]|%: is bounded.
To finish the proof of Theorem 2 it remains to note that v,, - v weak in L*0, T; Hj (.Q))
and so we may pass to the limit in (12.2).

Remark 5 From (3) and (25) usmg Sobolev’s theorem it follows that
30y - ve CY[0, T1; HO(Q))

so the initial condition for v is satisfied in the sense of (30).

§ 5. Now we show the uniqueness of the weak solution (U, v) of the problem (1), (2).

THEOREM 3. There exists at most one solution of the problem (1), (2) in the sense of
Definition 1.

Proof. Let (U, v;) and (U,, v,) be two different solutions of (1), (2). We put

U=U,-U, (U©)=0),

v=10,—-0; (v(0,x) =0 in L¥Q)).
Then it is satisfied that

(31.1) U' = —yU—|v;|2a+v,132  (almost everywhere, when U’ exists) ,

(31.2) W, V) = UKp, VO+ Uy, V>—va(v, V)=2b(v,, v, V)—2b(v, vy, V).
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Multiplying (31.1) by U and putting in (31.2) ¥ = v (v belongs to HE(Q) for almost all
te[O T we get:

-%-(Uz) = Ujv(vl'l‘vz)dx
¢, vy = =vlol, + Uy o]+ U<oz, 0>~
’ —2b(171, v,v)—2b(v', Uz’v) .

now by
217(”,”2, U) = —4b(v’ v, Uz)
we have ‘ . \
(32.1) (Uz) +vUz<2 Uzllvri-vzllz +—l| II2
' 1d ) 2
(32.2) :—ZZIIUII +Vllvllﬂa~<~CzllvllL,+
c 1
j"‘; Ilvz!12,72+£ !Ivlliz+21b(v;, v, V)| +4[b(v,, v, V)]
now

Ib(vy, 0, D<ol Jol, o,

—1|vI!2 o2, + Ilvll2 +4—:‘H .IIH., i=1,2.

Choosing the constants in such a way that:

¢ ¢ ‘
oy = v—ess sup(i1 loy +”2"iz"§"”2”iz) >0

1 1
o, = y—ess sup(81 oy I]i2—283”92”22_23 8, 6136 )>0
| 1181 822%2

summing (32) together, integrating over [0, 7] and using the fact that U@©0)=0,v(0,x) =0
in L*(Q2) we obtain

%Uz(t)+%llv(t)nv,,,\2U2(t)+1~||v(r)!lj,,z
< .+a1§ UZ(T)dT']'azdf ||u‘('c)i];6d1:<00nst.j |]v(t)]|i,d1:
and so by Gronwall’s inequality |
UMD+ o, M)l =0 in [0,T],

which finishes the proof of Theorem 3. ‘ o
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. ' P
§ 6. Finally we shall study the stability of the solution (— , 0) of (1), (2).
¥ .

All the. definitions for this part will be found in [2].
As the solution we mean the functions U, v in the weak sense (see Remark 3). U(¢)

satisfies (1.1) in the classical sense and the function z(f) := |v(¢, x)||Z: is continuous. The
regularity allowed us to study the following system obtained from 4 and (1.1):
| au
2 Pp—yU~
o yU-z
(33

T2 T;
32(T)—32(T) =Tj U(z)z(z)dr—v}j I|v(‘r)”12i(,.dt

with the conditions ‘ o
U(O) = Uy, Z(O) = ”Uo“iz = 2o,
where 0T, <T,-arbitrary.

P
Our purpose is to show the global exponential stability of the solution (— , 0) of (33)
Vv

P . P
when —<v. Using the transformation W(f) = U(t)—— we arrive at the problem of the
v v

stability of the (0, 0) solution for .

aw
(34.1) = vW—z
T2 T2
1 P " "
342 E(z(Tz)—z(T 1) = W('c)+-; z(t)dr—v J ||u(‘r)|]Hadr
. T T

) P
W(O) = Uo—"—‘, Z(O) = Zo .
v .
We . start with the following;

LEMMA 5. When W(t)>0, then W is strictly decreasing.

Proof. The proof is the consequence of (34.1) and the fact that z(¢)>0.
By Lemma 5 it follows that if the function W exists in all real axes, then
limsup,, W(t)<0. Also when for some £,>0 is W(z,) = 0, then W()<0 for t>t,.

P L
Now we show that the solutions W and z are bounded on [0, «©) when ;S v, which

implies that
' Ue CY([0, x)) and is bounded,

ve CO0, 0); TA(®) and is bounded.

P
THEOREM 4. When —<v then the solution (W, 2) of (34) is bounded independently on t.
v








