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The classical solution of the one-dimensional
' Burgers’ equation

by Tomasz DroTko (Katowice)

§ 1. Introduction. A continuation of the author’s investigations [1] is given. The
classical existence of the solution of Burgers’ problem, its boundedness and some remarks

. . P .
concerning the structure of non-stability for —>v are presented.
v

The following system is studied:

(1.1 fﬂ@ = P—vU(t)—Jv’ft,x)dx
dt
2
do(t,x) - (%) 3,
1.2) PP Uo(t, x)+v o x v¥(t, x)),

where xe @ = (0,7), te(0,T), Q@ = 2x(0,T), with the conditions
(1.3) U0 =U, v(0,x) =), o0 =0 =0.

The symbols defined in [1] remains unchanged. The following new spaces are used:
2+al+g )
C 2(Q) — the Banach space of all functions continuous in Q together with the

derivatives v, v,, with the finite norm

2+a..i+-§ Y o , %
1 "= T UDEIGIDIG], 2e@, D),

where . '

. | D £ (P)= D5 £ (R)
1D/ I = supg|DEf | +subrreg — o5

P=(t,x), R=(%), dP,R)=Ix—x"+]—17,

o , _|DLf(P)—Dif (R)|
|!Drf”§ = SuPaiDtﬂ‘l‘SuPP,Rs? AP.R) | :
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C?*%Q) — the analogous space for functions f(x) defined for x e g,
C*'(Q'v Qr) — the set of continuous in.§ functions, possesses continuous in QU Or
derivatives v,, v,, vy, (O = Qx{t<T}).

§ 2. In-[1] the following theorem is proved

TueoreM 1. If the initial functzon o(x) e Hy (Q) . H 2(s’)), then there exwts a umque
“weak solution” (U,v) (defined in [1]), and U(t) satisfies (1.1) in' a classical sense,
v(t, x) e L*(0, T; Hy(R)) n L*(0, T; LX(Q)) and the distributional derivative v = Do
satisfies v'(t, x) € L¥(0, T; Hy(Q)) nL°°(O T; LZ(Q)) Moreover the funcnon [0,T]>¢
— v(t, ) e LX(Q) is continuous.

Now the following will be shown ’
LemMa 1. The solution v defined in Theorem 1 is continuous in Q.

Proof. From the condition wveL*0,T;H{®Q), v eL*0,T;H;(Q) and
Theorem 3.1, 1, 3 of [3] the function v(¢, x) is continuous as [0, T]13 ¢ — v(z, *) € HY{(Q).
Next from the Sobolev embedding theorem Hg(2)< C(Q).

The following difference must be estimated

lo(t, x)=v(to, X < [0(t, X)=0(t, X +[0(t, Xo)—=0(to, XQ)| - i

- The first component converges to 0 for x — x, because Hy(2)<=C °(Q) and also the second
component for t — t,. :
Hence the solution v(z, x) satisfies the initial and boundary conditions in the classical
sense. :
Now the followmg is considered

THEOREM 2. If -@(x) € C**%(Q) and the condition below is satisfied
(2) V(Pxx(x)—2¢ (.X) (Px("‘)"" U0¢(x)|x=0.ﬂ = 0 ’
?(0) = p(m) =0

: 2+a 1+ 245
then there exists a solution v(t,x)e C 20), U@neC X0, T).

The proof follows directly from Theorem 5.2, V1, 5 of [4], which for our assumptions
will be formulated as follows: the following problem\ is studied

G : L 0
) ot llaxz a_(,J(,W,W_x)—

a;, = const.>0, with the condition
@ Wi =YL,
where I'y 1= {Qx{t = 0}} U {6Q2x [0, T1}.
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PROPOSITION 1. Let the following ‘conditions be satisfied: : ’
a) for (t,x)eQ and any w ' ‘
dr
—a(t,x,w, Ow< @ > et ’
a( x,w, 0w [w[D(jw]) -_[(b(‘t) o0
1 4

where @ denotes a non-decreasing positive function,
b)for (t,x)eq, IwlsM ,

la(t, x, w, pl<u(w):-(1+]pD?,

where u(t) is a positive non-decreasing continuous. function of t=0,
c) for (t,x) e Q, Iwl<M, |p|<M,

, o
a(t, x, w, p) is Hélder continuous in t with the exponent 3 and in x, w, p with the exponent a,

v, neC " 4D) and | |
N’:(O, X)——a“ 'ﬁxx(o‘: x)+a(0, x?‘ll(oﬁ X}, '»bx(03 x))]lx=0.1r =0

2+a145

Then the problem (3)~(4) has a unique solution in C X0).
For our case

a(t,x,v,p) = —U@)v+2vp,

where U(t) belongs to CY([0, T] (from Theorem 1). The assumptions of Propbsiﬁon 1 are
satisfied. In d) we put-

Y(t,x) =¢(x) for all te[0,7), and hence ¥, (0,x)=0.

) 2+%
Remark 1. If v has the properties given by Theorem 2 then U(t)e C *([0, T)).
This is the consequence of (1.1); :

‘% = P—vU(t)- J v3(t, x)dx
. - ' ) a2
and
. Juz(t,x)dxeCHE([O,T])-

Remark 2. In Burgers® problem the physical condition v(#, 0) = v(z, n) = 0 must
» be satisfied. It should be noted that (2) is then satisfied when

?(0) = (1) =.9.(0) = p(m) = 0.

It will be attempted to show that the solution given in Theorem 1 is the classical one,
i.e. that v e C*(Q U Qy), and satisfies (1.2) in Q u Qr. The solution will be approxi~ .
mated with those given in Theorem 2..

We start with the following:
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Lemma 2. If (Uy(t), vy(t, x)) and (U,(t), v,(t, x)) are the two classical solutions of

Burgers’ problem, with the initial functions (U,(0), ¢,(x)) and (U,(0), ¢,(x)) respecitvely,
and moreover if the derivatives (v),, (v,), are bounded in Q U Qr, then .

5) maxg|e,(t, X)— 0,12, x)| <max {maxg|@,(x) — @,(x)| ;

UL0)— U0+ ¢, V [UEO)— UZ(0)] + €5 |01 (3) — 0,0 20

i [[A 2max(—%) —max (U;)]-exp(— vT)]

exp (A7)

" where ¢, and c, are pasitive constants, depending only on T, v, max|v;|; i =1,2, and A
satisfies’

ov,
A>2max|—| +max|U,| .
ox

Proof. Denoting W({(t, x) = v,(¢, x)—v,(¢, x} and defining the function
v(t, x) = Wlt, x)exp(—Ait)
it is obtained that V (¢, x) satisfies

ov o'V vy
(6) 5 —/1V+v(3 5 (Ulvl——U'zv2 2016

a .
L4202 2) exp(—4At)
0x i

in the classical sense, There are three possibilities;

e) V(t,x)<0 in Q, -

f) V admits the largest positive value in I'z,

g) the largest positive value is admitted in Q\I'r.

In case €) V(t,%)<0, in f) maxgV(t, x)<max,, V(t, x) = maxg(@,(x)—@,(»). It
remains to study the g) case. Let ¥ have the maximal positive calue in (¢y, x¢) € Q v OF.
We have ,

Vt(tOs xo)zo: Vx(t()’ xo) = 0: Vxx(to, xo)so

and from (6) it follows that

W a2V, (U b Usoy 4 Us 0y — U 9y — 20,000 4
at a 2 1¥1 2v2 ‘] 2 1Yz lax
+2vla '—"21]16 +2vza )exp(—'it)
ox ox ox

s0 in (25, xq)
(U (t0) — U (15))v,(t0, xo)exp(—Aty)

v,
A= Ul(to)+za (to= Xo)

D 0< VLo, x0)<

' v,
For A>2max|—
ox

|+max|U,| the denominator is pos1t1ve and the right s1de is bounded
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It is required to estimate the difference U,(t5)— U,(ty). From (1.1) it follows that

(U ()= Up(0)| <(|UL0)— U(0)| +oj gy z(f)df)exp 07),
where | '

£12(7) = | llvy(z, x)”%.'—’(n)—uvz(f, x)"iz(n)l .
Such gy,(7) satisfies

®) &0 =

J (v; —0y) (v, +vp)dx
¢

M
<2M I [o; —v)ldx<nMeS— j(v, —v,)%dx,
£
2

where M = max;-; maxglv,|, >0 is arbitrary.
From Theorem 3 of [1] it follows that

C) N s_!(91—Uz)zdxsﬂl%(??)—fpz(x)llxz.zmr!-lUf (0)— U3(0)|)exp(cT)
where ¢ depends on T, v, M. From (7), (9) and (8) with

&= maX{ilcol(x)-f%(x)lle(m; ~/IUf(0)—U§(0)I}

we obtain .

e —1 N
10y Vi, x)<V(t0,x0)<(l—U1(t0)+26 (to,x0)> - Mexp(vT) x

% (|U(0)— U3(0)| + =M Tmax {||¢; (%)~ 92(%)l| zzcay; ¥ IUHO) = U0)[} +

+ MT(J94(x) = @20 o+ ¥ 1 UZ(0) = UZ0))exp(cT),

which gives the estimate for the function W(t, x) = V(t, x)exp(ds). -
Similarly we may estimate the least negative value of V(t, x), and get

R .
V¢, %)>min {0; ming(91()— ¢2(9); (z* U, +2 22, J—Co)) x
x Mexp(vT) - (u-!Ul(O)— U,(0)|-nMeT—

——(Hrpl(x) P,(x))?

L2(9)

and hence the proof of Lemma 2 is completed.

+1U30) - U3©)))exp (cT))}

The following properties of solutions constructed in Theorem 2 are proved in [4];
- A) From Theorem 4.1, V, 4 and Lemma 3.1, VI, 3 it follows that maxg|v,| is bounded

by a constant depending only on .

max|U|, maxg|v|, maxplv,], T and v,

12 — Prace matematyczne z. 23
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B) From Theorem 5.4, V, 5, for any subdomain D= Q U QOr, with d = dist(D, I'y),

L4
. the norm ||v[|;)+%1+2 is bounded by a constant depending only on d, maxg|v], maxg|v,|,
max{U|, max|U,, «, T and v. o ' :

Let us assume for a moment that the following fact is true:

C) For any function ¢ (x) € CY() there exists a sequence of functions ¢,(x) € C2*%(Q),
satisfying (2), convergent to ¢(x) in CY(Q). o

Let us consider the sequence of solutions ,(#, x) of Burgers’ problem, with the initial
conditions v,(0, x) = @,(x), U0) = U, = const. For any n this problem has a unique
“solution given in Theorem 2. Moreover the norms of @,(x) are bounded in C(Q) inde-
pendently on n, so from A) and B) it follows that for any subdomain Dc Q u Oy the
B o
norms ||v,,||,i,+a 2 are bounded independently on #. Using the Ascoli-Arzela theorem
and then the diagonal process we can find a subsequence vy, of v,, converging in Q U Qr
almost uniformly with the derivatives (Ve> (Un)xs (Un)sx to a function v and its deriva-
tives v, v,, v,, respectively. It is clear that the limit function v satisfies Burger’s problem,
moreover from A) it follows that maxg|v,| is bounded by the same constant as maxgl(v,),|.
From Lemma 2 it follows that v is a uniform limit of the whole sequence v, in C%Q),
so v is continuous in Q. :

To complete the construction of the classical solution it remains to show that C)is
satisfied. o ' ' i :

LEMMA 3. For any function ¢(x)e CYQ) there exists a sequence of functions
@,(x) € C**™(Q), satisfying the conditions in Remark 2 and converging to ¢(x) in C1(Q).

Proof. The condition ¢(0) = ¢(n) = 0 remains to extend ¢ on the interval [—=, n]
?X)=-¢0) _ ¢(—x)=0(0)

X —X

as the add and C?! function (
even function, and will be presented as the cosine Fouriers’ series

) - The derivative ¢, is then an

X <
\ ' ©

a -
(%) = lim,_, ,S,(x) = ?o+ E acoskx ,
k=1
where
1
a, = — '[‘(px(x)coskxdx.
n

It is known ihat Fejers sums

So(X) +... 4+ S, 4 (%)

0,(%) =
are uniformly convergent to ¢.(x). It is also clear that

SUPsero.ml | 0.(7)dy — 9 ()| S Hsu.c10,0l04(x)— @u(¥)]

*
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and converges to 0 for n — oo. Now

x

' 1 a :
Ja,,(y)dy = -[[n5°+(n——l)alcosy+....-|—a,,_lcos(n7l)y]dy
o \ 0. . . . ; .
1 _
= - n(iqx—(n—l)alsinx——...—ﬁ'—isin(n~1)x
nl .2 1
¥ . J

a ‘ ;
. and from condition ¢(0) = ¢(n) = 0 it follows that on =0, so @, =0 and’ hence

_11 sin(n—l)x).

. o 1
(11) X)) = 1im"_,m—(—(n—l)alsin:g—...—
’ n

. .
6[6“( y)dy may be taken as the function ¢@,fx). All the conditions of Remark 2 are sa-

tisfied. o \
We have shown that the following theorem is' satisfied:

Theorem 3. The solution given by Theorem 1 is the classical solution. Moreover, if
only @(x) e CXQ), then there exists a classical solution (U, v) of the Burgers’ problem,
it is unique and continuously dependent on the initial condzttons, its derivative v, is bounded by
the constant gzven in A).

§ 3. Tt will be proved that the classical solution of Burgers’ equation is always bounded
in L*(Q) (the proof is also valid for the solution given in Theorem 1. of [1]).
. LEMMA 4, The solution of Burger&’ equation U(t), v, %)|| 2 is bounded for all t.
Proof. Multiplying (1.1) by U and multiplying (1.2) by v and integrating the result

over Q, then S}amming together we obtain' (z(t) = [[v(t, X)|f2a))s

(12) % %(U’)+% %z(t) = PU@)—vU@)—v J(:—;)zdstU—-vUz—vz ,
where Lemma 1 of [1] is useci; ’ ‘
I f 122y < IDeSf 12 f.“oé any function fe HS(Q) .
Integrating (12) over [0, T'], for any =0 we obtain
~}_-U2(t) $U0)y+3z(1)— %2(0)<Pj U(T)d‘t vj[Uz(r)+z(t)]d1
and denoting L(f) = $U%(t)+%z(t) we get
(13) - L(t)<L(0)+P ! U(t)dt—2vbi_L(t)dr.

" gae
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L P . .
It may be noted that from (1.1) it follows that when U(#) >~ then L is decreasing, and
. v

. P . P

so limsup,., U (t)s-; . For all £2>0 we have also that U(f)<max {U 0); —}.
y
For sufficiently large T, and 1>T,

P
Ui)s—+e=:N
v
and from:(13) it follows that
t
(14) : L(t)<L(0)+ [[PN—2vL(7)]dr.
: . . 0

The function L is continuous, the inequality (14) is valid also for any interval [T, T,],
with 0T, <T,, so using the same considerations as in Remark 6 of [1], with

- PN PN
A(t) = | L(0)~ ——:’ exp(—2vt)+—
2v 2v
we obtain

(15) L(t)<|:L(0)—I;—]vV]exp(—2vr) +};—iv

»

which is equivalent to

PN P2 ¢p
Uz(t)+‘[v2(t, x)dxs(U2(0)+J qoz(x)dx-—)exp(—2vt)+—2+iv—
. v v !
3 .

2

-and hence we get the boundedness of U and z. In the same way

P
max{U(O); ;}-P

2v

: P . P
(16) L(t)s[L(O)—Emax{U(O); ;}]exp(—2v1)+

P
and then (15), (16) imply that when U(0)<—, then UZ(¢) is bounded for all ¢ by
v

' . P? \ P2 - P ‘
2(1'(0)""2_'5) , and for 1 —» oo is “atiracted” by the set [0, ——2] , when U(0)>—, then
. v y y
2ran s P . P2
U*(t) is bounded by 2 L(0)+~2—U (0) |, and for ¢ — oo is “attracted” by | 0, — |. The same
. v v

holds true for [[u(t, x)|2xgq-
Finally a lemma is given concerning the structure of nonstability of solutions, when

P
—>v. We start with
"
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Definition. The following function
' 2
1t D2 0

3
I f(t, )2

defined for the functions continuous as [0, T]>t - HYQ) with | f[|22q # O is called
the complication of f. ‘ ’

an K=

P
Shifting in (1.1) and (1.2) the function U(f) on —— we get
v

aw .
(18.1) ) 'd—t . —vW—-—juzdx ,
- ‘ n
v P v 0
8.2 ‘ = = T A o S
(182 ot ( (t)“"v)””axz o)

Multiplying (18.1) by W, multiplying ( 18.2)A by v and integrating over 2, adding the results
we get

1(dz dw? , P
(19) Q(E-'-W) = —vlo(z, x)IIHé(m+-;z(t)—vW )
now from (17), when the function K(v) is defined
- 1/dz dw? P
(= = — 04 z()—vW(1).
(20) 2(‘# + % ) vK(v)z () + vz(t) yW3(t)

The following lemma is satisfied:

LEI\;IMA 5, If for some classical solution (W, v) a lower limit exists and satisfies
.. P
liminf,, ,K\(v) >—
v

then the function (W, z) tends to (0,0) for t — .

P ~
Proof Let be K(t)>—-+¢ for some £>0 and 1>T,>0. From (20) it follows that
‘v .

@1 V(& AW\ ey
2\dt _dt vert =y
and hence H(r) = 4(z(t)+ W(t)) converges to 0 for ¢ — co. Hence the proof is completed.
The implication of the condition given by Lemma 5 will be considered.
The solution (¢, x) is given by Fouriers’ series:

o(t,x) = Y aft)sinkx,

k=1

. 2 r ;
at) = p Jf(t,x)sinkxdx
0
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-and hence
3k e
K="
Z ar(t)

From Lemma 5§ it follows that the solutions for which the complication for big ¢ exists

~

. P ,
and is larger than the “Reynolds’ number” — must tend to 0 for ¢ — co.
v .
Finally wé give a method of effectiv approximation of the Burgers’ equation.

Remark 3. In [1] the existence of a solution was shown using the “spemal base”,
given by the own functions V, e Hy(Q) of
dv, dw
dx dx

JV,,wa'x for any we Ha(Q) .
2

It is clear that the functions ,
Vi(x) = sinnx  with 1, = n?

form such a base. Hence the proof glven in Theorem 2 of [1] eﬂ‘ectwely makes it possible -
‘to approximate Burgers equation.

The continuation of the authors’ studies is prepared in “Annales Polomm Mathe-
matici”. :
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