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Unitary dilation of two-parameter semi-groups of contractions IT
by Marek StociNsk1

In what follows, H is a complex Hilbert space with inner product (x, y); x, y € H and
norm [x| = \/ (x,x); xe H. L(H) denotes the algebra of all linear bounded’ operators.
on H. Let G be a semi-group. The map T: G — L(H) is called a semi-group of operators
iff T(t+s) = T()T(s) for every 1,5 € G. The semi-group is called strongly continuous if
T(s)x — x for s —» 0 and for every x e H. The semi-group is called one-parameter if’
G = R™ and two-parameter if G = {(¢,s): #,5>0}. We have proved in [3] that every
two-parameter strongly continuous semi-group of contractions has a unitary dilation,
i.e. there is a space K including H and unitary strongly continuous semi-group U(z, 5)
on K such that T(z, s)x = PU(t, s)x for ¢, 520 and x € H, where P is the projection of K
onto H. In this paper we give a second proof of this fact. The proof is geometrical and we
do not use the theorem of the spectral dilation of a semi-spectral measure. We use the
Parrott construction of a unitary dilation of a pair of contractions.

The Parrott construction is the following:

Suppose T, and T, are commutlng contractions on H and the pair U, U, on K is thelr
umtary dilation. Let K, = \/ Uz H. Evidently K, reduces U,. Deﬁne operators S,

n=-aw

and S, as follows:
S =U,lg, and S; = P, Uylg, -
S, is the minimal unitary dilation of 7',. Parrott has proved that
5.5, = 5,5,
TiT7x = PyS;S3x for every xe Handn,m = 0,1,2, ..., S, Ky =Ky and S,(K; ©H)
cheH, where K = ‘O SYH '
- IS:0 = IT:1-

I V, is the minimal unitary dilation of Sy on Ki then there is exactly one uﬁitary
- extension ¥, on K, of S, such that V¥, = V,V, and K, reduces V,. Since for xe H
a}nd n,m=210,1,2,... we have

PuViVy x = PPy ViVix = PyPy ViStx = PyS;S3x = T1Thx

hence the pair' ¥;, V, is a unitary dilation of T, T,."
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We start from the following lemma:

Y .
LeMMA 1. Let U be a unitary operator on K = \/ U"H, and let S on K commute

n=—o

with U. Then if L€ o,(S) there is k, € K such that Pyk, # 0 and Sk, = ik;.

Proof. Since A€ o,(S), there is k € K, k # 0 such that Sk = Ak. The uilitarity of U
implies that U and S doubly commute, i.e. S commutes with U and U*. It follows that for
every integer number n we have

) SU™ = USk = AU"k .
Let K* = \/ U"H. We consider two situations:
0 n=0

L Pk #0

If PXk=0

In the first case the set N = {neZ: n>0 and Py.gk 5 0} is not empty because
Py+k # 0 and is, by definition, bounded below by zero. Define n, = minN. Now let
k, = U™™k. 1t follows by (1) that Sk, = Ak,. By the definition of n, we conclude that
Pynogk # 0. Consequently there is Ae H such that (k, U™h) # 0. It follows that
ki, By = (U™™k, h) = (k, U™h) # 0 hence Pyk, # 0.

In the second case, the set M = {me Z: Pyik # 0} is not empty and M is bounded
above by zero. Let m, = maxM and k; = U~™%k. By (1) we have Sk; = Ak,. The same
computation as in case 1 shows that Pgzk, # 0 which finishes the proof of our lemma.

Using this lemma we shall prove the following proposition:

ProOPOSITION 1. Let T, and T, be a pair of commuting contractions on H and let the
pair Uy, U, be a unitary dilation of Ty and T,. Suppose that A ¢ o (T,) and |A| = 1. If
: " .
S]‘ = PKO UIIKO’ Whel‘e KO = \/ UgH Ihen A¢JP(S')'

H=—00

Proof. Suppose that there is k € K, k # 0 such that S,k = Ak. 1t follows by Lemma 1
that there is k; € K, such that Pgk, # 0 and S, k, = Ak,. Let h = Pyk,, f = Pg;oHy,
and g = Pg,ogs ky. Then ky = h+f+g and A(h+f+g) = Si(h+f+g). Since h+fe Ko
and S, Ky =Ky (see the Parrott construction) we have A(hA+f) = Si(h+f)+Pxy S19
and Ag = Pg,oks S;g. We shall prove that PxsS,g = 0. Suppose that [PgsS,g|>0.
It follows [S;gl* = 1Pes Sl + 1 Prooky Sigl*> [ Prooxy S19”2 = |4g1* = llg|I*. Con-
sequently [|g|| <[, gll. Since [|S;[| = |T,||<1, hence ||g[ =S, g{ and we have a contradic-
tion. We have proved that A(h+f) = S,(h+f). Since fe K ©Hand S,(Ky OH)<K; OH,
hence Ak = Py S h. But the pair S;, S, is a dilation of T, T, and in particular we have
Ah = PySih = T h. But h = Pgk, is a nonzero vector. It follows that A € 6,\T;) which

contradicts the assumption of our proposition. The proof is complete.
We shall also prove the following:

LEmMMA 2. Suppose that T; and T, are commuting contractions on H. Let S;, S, on K,
and V,, V, on K, be as in the Parrott construction. If A ¢ o, (S;) then A ¢ a,(V)).
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Proof. Suppose that there is k € K; such that k£ # 0 and V;k = Ak. It follows by
Lemma 1 that there is k, € K; such that Pg ky # 0 and V,k; = Ak;. Let h = Pg k.
Since K, reduces ¥V, we have ih = V,h = S,k which contradicts the assumption that
}“¢gp(52) ‘

Since for a single contraction T; o,(T) nI' = 6,(U) where U is the minimal unitary
dilation of T (see Theorem II-6-1 of [1]) by Lemma 2 and Proposition 1 we have

THEOREM 1. Suppose that T, and T, are commuting contractions on H. Let V| and V,
on K, be as in the Parrott construction. Then

oT)nT =a,(V)(i=1,2

Proof. If J,€0,(T) nT then chere is ;€ H, h; # 0 such that T;h; = Ahy. Now
we have 4

1207 = Vil = |1PgVily)® + 1Pk, ouVilil* = ITh? + P onVibill®
= [|A;,01% + IIPx,eHVihi”2 = llhillz+llPX,GHVihillz .

It follows Pg,onVih; =0 and consequently Vih; = PgVih; = Tih; = 4;h;. We have

proved that if ;€ 6 (T)) n I then A; € 6,(V;). Now we shall prove that if 4; ¢ ¢,(T;) and

[2] =1 then A;¢ o,(V};), which will complete the proof. Since Ay ¢0,(T,) and |4, =

and S, is the minimal unitary dilation of T, hence 4, ¢ ¢,(S,). Now by Lemma 2 we get

Ay ¢ 6,(V>). By Proposition 1 we have that 4, ¢ ¢,(S,) because 4, ¢ 0, (T)) and [A4] = 1.

Since ¥V, is the minimal unitary dilation of S; hence 4, ¢ 6,(V), which finishes the proof.
Now we can prove our main theorem,

THEOREM 2. Let T(t,s) be a two-parameter strongly continuous semi-group of con-
tractions on H. Suppose that T; is the cogenerator of T(t), where T,(t) = T(t,0) and
T,(s) = T(0, s)..Let the pair V, V, be a unitary dilation of Ty and T, as in the Parrott
construction. Then ‘

(i) 1¢o,(V) (i=1,2) .
(ii) V(t,5) = V(t)Vs(s) is the unmitary dilation of T(t,s), where Vi) = elV)

(=1,2), ez) = exp(ri—])
z—1

(i) K, = \ ViKo = \V Vi9)K,

H=—o0 §=—0

(ivy Ko = \/ ViH= \/ Va9 H.

n=—w s=—c

Proof. Since T, and T, are cogenerators, 1 ¢ o (T) (see [1]) (¢ = 1, 2). It follows by

Theorem 1 that 1 ¢ o,(V;). Consequently (see [1]) V(r) = e(V) isa unitary one-parameter

strongly continuous semi-group. Hence V(t,s) = V;(t)V,(s) is a unitary strongly con-

tinuous two-parameter semi-group. Now we have to prove that ¥(z, s) is a dilation of

T(t, ). Since the pair V,, V, is a unitary dilation of Ty, T, for arbitrary polynomiials p, g
and every x € H we have the equality

p(T)a(Ty))x = Pap(Vi)q(Vy)x.

13 — Prace matematyczne z. 23
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By limit passage we may conclude that for every f, g e A(D) and every xe H
ST)g(T)x = Puf(Vy)g(Vo)x.
In particular for every x e H and 0<r<1 we have
@ elrT)erTy)x = PuerVy)erVy)x .
Since 1 ¢ o »T) and 1¢ a,(V)) hence e,(rT)x — e(T})x and e(rV)x — e(V)x for r —» I
and x € H. An easy computation (see [3]) shows that
e(rTy) e (rT,)x e,(TI)ei,(T Dx and e (rV)e(rVy)x = eVy)e (Vo) x

forr-1 and xeH.
It follows by limit passage in (2) that

T(t,5) = e(T)efT5)x = Pye Ve V)% = PaV(t, 5)x

for every x € H and ¢, s>0, hence V(, s) is a unitary dilation of T'(¢, s). We shall show
that the equalities (iii) and (iv) hold true. Since V, is the minimal unitary dilation of S, S,
and S as in the Parrott construction, for the one-parameter semi-group V,(¢) we have

(see [1])
V VnKo- V V1(S)Ko

R= = a0 &= =00

Since K, reduces ¥, and V,|¢, = S,, then the semi-group S,(s) = e(S,) is equal to
Vz(s)IKo For the semi-group S,(s) we have '

\/ STH = \ S,WH

n=—c0 3=—o
7

because S, is the minimal unitary dilation of T,. It follows

V SSH= \/ (Vyg)'H = \/ ViH

' n=—ow n=-w $= -0
and analogically 4
o] o0 -]
V S@OH= \/ Vys)lgH = vV ‘Vz(S)H-
=—-w® 5= — o0 3=—0

Consequently K, = \/ ViIH = \/ Vz(s)H which completes the proof

R=—00 $=— 0
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