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The Whitney condition for sub-analytic sets

by Jacek Stasica

"The aim of this paper is to prove that every sub-analytic compact set fulfils Whitney -
condition. It generalizes the known result for semi-analytic sets [5].

In order to obtain the main theorem we construct a partition of a sub-analytic bounded.
set in a finite dimensional vector space on a finite number of graphs of analytlc functions
with bounded differentials.

1°. At this point we give definitions and propertles of sub-analytic sets useful in the
proof of the main theorem.

Let X be a real n-dimensional Euclidean vector space.

Definition 1. A closed subset EcX fulfils the Whitney condition if for every ae E
there is a neighbourhood U of a and there are constants M >0, ¢ >0 such that every two
points x, y e U n E may be joined by an arc contained in F of length <M x—yi°

Definition 2. Subsets A and B are regularly separated at ¢ € X if there is a neigh-
bourhood U of ¢ and there are constants C>0, a>0 such that g(x, A)+e(x, B)=>
Co(x, A n B) for xe U (g(x, A) denoctes the distance between x and A).

A, B are regularly separated if they are regularly separated at each point of X.
Notice that when 4 and B are compact then they are regularly separated if they are
regularly separated at each point of 4 n B,

Definition 3. A subset AcX is semi-analytic (semi-algebraic) if for every ae X
there is a neighbourhood U of & and there are analytic functions (polynomials) g,;, f; de-
fined in U such that A

0 =0 (1) {00} 0 (= 0.

Definition 4. A bounded subset EcX is called sub-analytic if there exists a semi-
analytic bounded set A contained in some finite dimensional vector space Y such that
E = II(A4), where IT: Xx Y — X is the natural projection.

Definition 5. A germ 1s called sub-analytic if it is the germ of a bounded sub-analytic
subset.
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Notlce that a bounded subset is sub-analytic if and only if its germ at each point of X'
is sub-analytic. So we may extend definition 4: ‘

Definition 4'. A subset EcX is sub-analytzc if for each x € X the germ of E at x is
sub-analytic.

It follows immediately from this definition that the union of a locally finite family and
the intersection of a finite family of sub-analytic sets is a sub-analytic set.

The complement of a sub-analytic set is a sub-analytic set. The proof of this non-
trivial result may be found in [2], [3].

The closure of a sub-analytic set is a sub-analytic set (in factif Vn E = II(A) with V'
open and 4 bounded then V' N E = (4 n (Vx Y))). _

The interior of a sub-analytic set is a sub-analytic set (intE = X\(X\E)).

- The family of connected components of a sub-analytic set is locally finite (if S is a
connected component of E and V n E = II(A4), so Vn S = II(S,), where §; are
connected components of 4). In particular a bounded sub-analytic set consists of a finite
number of connected components. :

The Cartesian product of sub-analytic sets is a sub-analytic set.

Every bounded (compact) sub-analytic set is a projection of a bounded (compact)
semi-analytic set. '

Let IT: Xx Y — X be the natural projection. Then if EcXx Y is a sub-analytic set
and for each bounded AcX, IT"!(4) is bounded then IT(E) is a sub-analytic set.

Definition 6. Let X, Y be finite dimensional vector spaces. A mapping f: 4 —» ¥,
AcX, is called sub-analytic if

f = {(x,f(x): xe A} is a sub-analytic subset of Xx Y

If K, L, P are sub-analytic bounded subsets of finite dimensional vector space X, Y, Z
respectively and f: K — L, g: L — P are sub-analytic mappings, then g o f is also sub-
-analytic mapping (for the prooflet I1: X x ¥'x Z — X x Z be the natural projection, then we

AN
have g o f = II((fx P) o (K x §))).
If f;: A— Y, i=1,2 are sub-analytic mappings, then

(f1,/2): A3x — (f1(x);fz(x)) €Y xY,
is ‘a sub-analytic mapping.

Definition 7. A subset I'< X is called a semi- (sub-) analytic stratum if I is a semi-
(sub-) analytic subset of X as well as an analytic submanifold of X.

Definition 8. We define the dimension of a sub-analytic set E as max(dimo: ocE,
¢ an analytic submanifold of X).

In [1] there are the proofs of the followmg properties.of the dimension of a sub-analytic
set EcX:”

(p.1) if X=U®V, I. X — U the natural projection then dimlII(E)<dimE;

(p.2) . dimE = dimE;
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(p.3) dimE<dimX <« E is nowhere dense in X;

(p.4) dim(E\E)<dimE, if E # &;

(p.5) dim(E\intE)<dimX; if EcI, I' and analytic submanifold of X then
dim(EN\intE)<dim I’

(p.6.) IntE # O = intE # O.

For the projection of a semi-analytic bounded set we have the following partition [1]:

" LeMMA B. Let X = UV and II: X — U be the natural projection. Then for every
semi-analytic bounded subset AcX there are semi-analytic stratum I'; in a finite number
such that 1I1(4) = ) II(I'y) and Hr,: I'; » U is immersion for each j.

2% Let G,(X) be a Grassmanian manifold (the set of all k-dimensional subspaces of
a vector space X). G(X) admits the structure of a Nash manifold introduced by an atlas
consisting of inverse charts:

ouv: LU, V)af— = {u+f(w): ue U}e G(X),

where dimU = k and U@V = X.

Let X be a Euclidean space with an orthonormal base {e,, ..., ¢,}. For a = (x4, ..., ),
K

oy <...<o let us denote U, = Y Re,, then U, » where O = (05 weey O g)y (X1 woey Glpid)
t=1

= {1, ., n\{ey, ..., o} is the orthogonal complement to U. We 'shall show that
Gk(X) = U G: ’

where ;

={f:feK} and K, = {feL(U,, U.): lfl<\/(Z)+l}- |

Let us take W e G(X). We should find some fe K, such that W = f. For we A*Wc A*X
(k-th exterior product) suchthat |w| = lwehave w = ). e, wheree, = ¢, A... A€,

ay <...<dax

hence Y A2 =1, so for some a [i,|> l(Z) Because of [wAey| = |4,]>0, we have
«

W@ U, = X, hence there is fe L(U,, U,) such that W = f. Now let us take x e W,
y € U, such that x| = |y| = 1. w = xAw', where w’ is the exterior product of vectors
forming with x an orthonormal base of W. Similarly we can present e, = yAe'.
[w'l = |e’| = 1, hence from Hadamard’s inequality it follows that

Iwne,] = [xAaw Ayaei<|xayl,
so we obtain for ue U,

o\ /N1
[ul 1/ @I Z u+f () A f @) ZJ(Z)Iuﬂ’(u)l Lf () 2\/(;:) | £ @)?

and finally | f(w)|< \/ (;:)luI.
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Let I'c X be an analytic submanifold. We denote by T, I the tangent space of I" at
a point @ and by TI' = {T,I': ae I'} = G(X). .

LeMMa 2.1. Let AcX@®Y be a semi-analytic bounded set, X, Y finite dimensional
vector spaces, IT: X ¥ — X the natural projection, Then 11(4) = II((JI;), where I';< 4
are semi-analytic stratum in a finite number such that:

1) Op: I'; = X is an immersion,

(2) V,3,I(TT)=G; (k = dimT}).
Lemma 2.1 follows i‘rom Lemma B.(p. 1°) and from the following theorem [6]:

Let I'cX be a k-dimensional semi-analytic stratum. Let us consider the mapping
t: Tex » T, I'e G(X). If G is a semi-algebraic subset of G(X) then 1" YG) is a semi-
analytic subset of X.

From the theorem already mentioned the sets I'; n t~}(f17%(G})), where

IT: Gk(X(-B Y)={LeG(X®PY): dimII(L) = k} > L - (L) e G(X),

are semi- analytlc in X& Y and open (7 is continuous). Hence for the proof of Lemina 2.1
it is sufficient to replace the stratum obtained from Lemma B by the stratum
Iryn t'l(H YGY).

3°. THEOREM W. Let X be a Euclidean vector space (finite dimensional). If E is ‘a com-
pact sub-analytic subset of X then E fulfils the Whitney condition.

Notice that the theorem W is a consequence of the following theorems 3.1-3.4:
THEOREM 3.1. Every two sub-analytic compact subsets E, Fc X are regularly separated.

THEOREM 3.2. If Ec X and F= X are compact subsets fulfilling the Whitney condition
and regularly separated then E U F fulfils the Whitney condition as well.

TueoREM 3.3. If Ec X is sub-analytic and bounded then
E = ) W, (finite union)

where , :
W, = {utou): ueQ;}, Q, open in U,

@;: Q, - V; analytic, sub-analytic, X = U;@V; and 3KNue Q,|d,0,|<K,.

TueoreM 3.4. If a sub-analytic bounded subset EcX = UDV is of the form
{u+e@u): ueQ}, where Q open in U, ¢: Q - V analytic and AKVu e Q|d, 0| <K then
its closure fulfils Whitney condition. \

We shall prove theorems 3.1, 3.3, 3.4. The proof of theorem 3.2 may be found in [5].

The proof of theorem 3.1 is based on the two following lemmas.

LEMMA 3.1. If E is a compact sub-analytic subset of X then ¢: X3x — o(x, E) is
a sub-analytic function.
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Proof. The set T' = {(x, ) e Xx R: o(x)<t} is suE—analytic because
T=1I{x,y,t)e XxExXR: g(x,y)<t},

where i
II' XxXxR>3(x,y,t) > (x,t)e X xR

hence ¢ = {(x, ¢(x, E)): xe E} = T\intT is a sub-analytic set as the difference between
two sub-analytic sets.

LemMa 3.2. If @, y: XoK — R are continuous, sub-analytic, compact as graphs and
@~ H0) =y~ H0) then
3C, >0V, ClYG)*<lox) .

Proof. From our assumption ¢ = IT,(B,) and = I1,(B,), where for i =1,2
I;: XxRxY; > XXR and B,cXxRxX Y, are semi-analytic compact subsets. Notice
that the set

Z = {(1,0): T = @(x), 6 = y(x) for some xe K}
is sub-analytic as the image of the semi-analytic compact set
{tx,u,v,7,0)e Xx Yy x Y, xR?*: (x,t,u)e By, (x,0,0) € B,}

in the projection (x, u,v, 7, o) — (t, 6). Since every sub-analytic set contained in R? is
semi-analytic [5], Z is semi-analytic. If ¢ ~1(0) = & then the lemma holds trivially because ¢
reaches the positive minimum on K. Let us assume that ¢~ !(0) # @. Z and {0} x R are
regularly separated (every two closed semi-analytic sets are regularly separated [5]) and

Z ({0} xRB) = {0,0}(if ¢(x) =0 so Y(x) = 0)

hence there are constants C, o.>0 such that for (z, 0') € Z we have |t]=C|d]|* which means
that [o(x)|>Cly (x)* on K.

For the proof of Theorem 3.1 let K be a compact cube containing £ n F. From
Lemma 3.1 ¢g: K2 x — ¢(x, E),

Vg: Kax—o(x,F), 7y K3x->9(x,EnF)

and (p. 1°) @g+ g are sub-analytic continuous compact functit;ns. Because (@g +Wg) " 1(0)
= (xx)”'(0) we get from Lemma 3.2 constants C, >0 such that

VxeKo(x, E)+o(x, F)2Co(x, EnF),

which completes the proof.
Now we give the proofs of three lemmas, Wthh we shall need in the proof of
Theorem 3.3.

LemMa 3.3. Suppose X = UDV, II: X3x = u+v > ueU, EcX is a sub-analytic
bounded stratum such that Ilg is the local diffeomorphism. Then v: Usu — #(E A (u+V))
is a bounded function.
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Proof. We have b(u)<oo for u e U because the set E n (u+¥) is discrete (IT; local
diffeomorphism) and bounded from our assumption and as a sub-analytic set has only
a finite number of components.

If v(uo) =k, then in some neighbourhood U of u, there are at least k different sections IT;
‘in U, hence v(u) =2k for u € U, which shows that {ue U: v(u)>k} is open fork =0, 1, ...
This enables us to see that v is a lower semi-continuous function (v is a natural valued
function). The set 4 = ITI(E\E) is closed, nowhere dense in U (this is a consequence of
p. 1, 3, 4 p. 1°) hence its complement UN\A is open and dense. Because of the lower semi-
continuity of v it is sufficient to show that v is bounded in UN\A. Let us take an open
cube G containing IT(E). We have v(u) = 0 for ue UNG. G\A as a sub-analytic set has
only a finite number of connected components. We shall show that v is constant in each of
them, which completes the proof.

The mapping ITg,: E, — G\A, where Ey = (II5)”1(G\A), is a local homeomorphism,
proper (if K< G\4, K compact, then Iz (K) = I1"Y(K) n E = II"Y(K) n E is compact)
hence ITg, is a finite covering, therefore v is constant in each connected component of G\A.

LemMA 34. Let IT'cX@®Y be a semi-analytic bounded stratum, dimI = k,
II: X@® Y — X the natural projection and IT an immersion. Assume that there exists a sub-
space V< X such that foreachze I' VOO II(T;I') = X. Then II(I') = E' U E", where E', E"
are sub-analytic, E' an analytic submanifold and dimE" <dimE’ = k.

Proof. Let us take U such that X = U@V and consider the natural projection

d: X — U. Vis the common supplement for IT(T,I') hence (p o Iy is a local diffeomor-
phism. From Lemma 3.3 it follows that function

i) = #(T' " (w+V+7Y))
is bounded therefore :

v: szﬁ#Fn(x+Y)
is bounded also (because #I' N ‘x+ Y)<#I n(p(x)+V+Y)). Taking

A ={(zy, s 2) e XO N H(z) = 1I(z)), z; # z; Tor i # j}
and

II: X®Y)53(z,.,2)>2,eXBY
we see that subsets

B, ={xeX: v(x)2I} = O){I n4A,) are sub-analytic
hence .

={xeX:1(x) =T} = B\B,,, are sub-analytic.
Let us now form the sets ’ ,
Fo={xel': #(x+)AT'=T and (x+Y)n(I\I)=0}
F, are sub-analytic sets because ', = ((4,\II(T\I))+ Y)nT.

Define I', = intl’,. I', are sub-analytic sets (their complements in I' are (I'\I',) n I).
We shall show the following observation:

() if I, # @ then II(I',) is an analytic submanifold and dimII(I",) = k.
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For the proof we take xo € II(I',). II™'(x)) n I = {23, .es 20}z # z) when i # j and
II"Y(x,) n (I'\I') = @. For each z; we choose such a neighbourhood ¥; that IIry, is an
injection and IT(I' n V) is an analytic submanifold, moreover V; n V; = @ for i #j.
Iy is open in I' so we may take ¥, such that Vy'n I'<T,. Evidently for the proof of () it

is sufficient to show that the germs at x, of the sets IT(V, A and II(T',) are the same.
~ Of course we have OV, A, <), Assume II(Vyn Dy # (- This.
implies the existence of a sequence x, - xo such that

(*x) Vax,e INC)NIT(V; N T)

We have II-1(x,) A I’ = {2, ..., 2"}, 2 5 z{” for i # j. Because I is bounded we may
assume that the sequences 2" are convergent zZ" - z, for i = 1, ..., r. Notice that for
each i

H(z) = xo(H(Zf”’) = Xps H(Zgn)) - II(z), xp = xo) ,

hence {zy, .., z} = {2}, ) 2%}, Moreover we have z; # z; for i # j (otherwise supposing

A" o 22 and 2P — 27, i # j, z™, 2§ would be in ¥; n I" for sufficiently large n and since

(™) = I(z") we get a contradiction with injectivity of ITrqy,. So we have proved

2y, z = {22, s zy}. In particular for some i we have z; = 2. The sequence z” — 29

hence z™ e ¥, n I for sufficiently large n, jchérefore x, € II(V; n I') for sufficiently large n;
which contradicts (+#).
Now let us define E, = II(I,). By () E' = U(EN U E)) is a sub-analytic stratum
i j#i .

and dimE = k. For the pro_of of Lemma 3.4 it suffices to show that dimII(I')\E’ <k,
) = (NI ry) v 1Y ry
= (MO FY) v (I F)NIQ L) v AU I

NI Fycmr\y F'ycn@\r)
hence (pp. 1, 4 p. 19

- dimI(PNI(U T <k
I PN Ty (U FAU T) = (U FintF)

hence (pp. 1, 5 p. 19 _
2 dim(IT(U FONIT(U Tp) <k

o) =UENUE) VU EANUE)=E UF,
i j#i i J#i

where

since E; n E; = @ for i # j we have

U(Ein (UE)) = U (E:n U((ENE)).
i j#i i J#
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\

Because ‘Vi dim(ENE) <k (p. 4 p. 19 we get
3) dimF<k, N
Finally from (1), (2), (3) we conclude that dim(H (F)\E’)<k.

LEMMA 3.5. Assume X = U@DV. Let p: X — U be the natural projection and EcX
a submanifold such that py: E — U is a local homeomorphism. If ¢ is a section of pg over
some neighbourhood U of iy (¢p: U — V, pg o (id+¢) = idy) continuous in u,, then the germs
of the sets E and ¢ at uy+@(u,) are the same.

Proof. From our assumption ¢ < E. Denote x, = uy+ ¢ (u,) and suppose @, # E, .
Then we may construct a sequence x, — x, such that Vn x, € EN@

p(xn) = Uy, where Xp = U, +1,, p(xn) —’P(xo) = Ug

and since ¢ is continuous in uy @(u,) — @ (u,). .
Choosing a neighbourhood G of x, such that pg,.z is an injection we see that for suffi-
ciently large n x, = u,+@(u,) which contradicts (x), therefore Bro = Exp-

Proof of Theorem 3.3 goes by induction on the dimension of a sub-analytic set.

The theorem is evidently true for dimE = 0. Inductively, suppose dimE = k and all
k —1 dimensional sub-analytic sets have the required partition. If k = dim X, then intE # &
(pp- 3, 6 1°) and dim(ENintE) <k (p. 4 1°). We may use induction hypothesis to ENint £
and intE is a graph of the constant function intE3 x — 0.

Therefore we may assume dimE<dimX. From the definition of a sub-analytic set
there exists a semi-analytic bounded set A <X@ Y such that E = IT A, II: XY - X.

Applying Lemma 2.1 we obtain o

I(4) = (U I;) (finite union)',

where I'; are semi-analytic stratum for which the following conditions hold:

(1) Vj Hp,: I'; —» X is an immersion, ‘

(2) Vj such that dimI'; = k 3« such that IT (IT)) = G;,. Since for each of the sets IT Ty
such that dimI';<k we'may use the induction hypothesis, it is sufficient to show that the
required decomposition on graphs has every sub-analytic set of the form IT (I') where I
is a semi-analytic stratum, dimI’ = k, rklI; = k and IT, <Gy for some o ().

It follows from (*), Lemma 3.4 and the induction hypothesis that for the proof of our
theorem it suffices to construct the required partition for every sub-analytic stratum
EcX such that Vxe E T,Ee G;.

Since Vx & E T,E € Gy we see that ¥V = U, is the common complement for T, E,
hence py is a local diffeomorphism (p: X — U is the natural projection, U = U, in the
definition of Gy U,DU, = X).

From Lemma 3.3 we get the existence of finite

s =max #{(u+V)n E}.

uelU
Taking . ) .
A, = {(xlz '-'sxr)EXr: P(xi) tp(xj):xi #* X; for i "/"]} '
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and
IO, X" (xy, ., %) > x, € X

we see that the sets
={uelU: W+VYnEzr} =(p-IL)(E n4)
are sub-analytic, hence the sets

Q, =B\B,,  ={uelU: #u+V)nE=r}, r=1,..,5

P4

are also sub;ana]ytic.
. , s
We have @ = p(E) = | @,. Let us denote E, = (2,+V)NE and E, = intgE,.
r=1

We shall construct the required partition for the sets E, # . E, is a k-dimensional sub-
analytic stratum as an open subset of E and py,. is a local diffeomorphism, hence (Lemma 3.5)
if @ is some section of p; defined in a neighbourhood of 4, and continuous in u, then the
r
germs at ¥+ ¢ (u4,) of the sets E, and @ are the same. First we shall show that E, = | F,
, j=1

.. where F} are sub-analytic sets and graphs of function ¢}: p(E) — V.

Let {e,, ..., e,} be a basc of X such that {e,, ..., &} form a base of U. For each x € X

we have x = Y A(x)-¢;. !
i=1

Let us define for x;, x, € X

Xy Rxy = (1) p(xp) = p(xz)(viSk’li(xl) = Ai(xz)) and
(2) AmVp<mlyyy(xX1) = A p(x2)  and Ay p(31) <Zpim(X2)-

The relation R orders each fibre p~'(u), where ue U.
The set

P, = {(xy, ., %) ;€ E; i=1,..,r, X, Rx;R ... Rx,}

is sub-analytic as an intersection of the Cartesian product of sub-analytic sets with a semi-
algebraic set. - ‘

Let pf: X™3(x;, .., %) = X;€ X be the projection. The set Fj = pi(P) is sub-
analytic as the projection of P,. x e F'J'- means exactly that x is the j-th point of the fibre
PeH(p(%) considering the order R.

E, = U F,  and F) = (u+@u): uep(E},

where: go, p(E,) — V is a section of pg,.

S}, the set consisting of all discontinuity pomts of @}, Lisa sub-analytic set as equal to
P(PING") N p(E,) and dimSj<k (pp. 1.4 1°).

Let us put F} = F\((Sj+ V) n E).
We apply the induction hypothesis to the sub-analytic set

(S}+V) N E,(dim(S]+ V) n E,<k),






