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On the invariance of the L-regularity
under holomorphic mappings

. by Maciej KLIMEK

1. Introduction. Let E be a compact set in C" and let P(C") denote the space of all
polynemials of n complex variables. The Siciak extremal function of the set E is defined
as follows (see [8] and [9]):

®(z, E) = sup{[p(2)|/**": pe P(C), Iple<1, degp>1},

for ze C", where ||pllg = sup{lpW)|: we E}. If E is a compact subset of the complex
plane C, then the function log®(z, E) is known to be equal to the Green function of the
unbounded component of C\.E with pole at infinity. It is well known that the Green function
plays an important role in the theory of interpolation and approximation of holomorphic
functions of one variable by polynomials. The Siciak extremal function plays a very similar
role in the theory of functions of several complex variables (see [8]).

- The assumption that the function ®(z, E) is continuous at some points of C" is often
necessary in applications of the method of extremal functions. In the case of one complex
variable the question of the continuity of @(z, E) has been well explored. The analogous
problem in higher dimensions is much more involved. Some criteria for the continuity of
@(z, E) may be found in the literature (see [6], [7], [8], [9]). Additional information may
be derived from the main results of this paper (Theorems: 1.1, 1.2, 1.3, 1.4).

We now recall some useful definitions. Let E be a compact set in C". We say that E is
L-regular at a point a € E if the function ®(z, E) is continuous at a. If &(z, E) is con-
tinuous in C" we say that E is L-regular. By a result of Zaharjuta (see [9]) in order that Ebe
L-regular it suffices that E be L-regular at every point a € E. The set E is called locally

- L-regular at a point acE if for every r>0 the extremal function @(z, E n B(a, r)) is
continuous at @, where B(a, r) is the closed Euclidean ball in C" with centre at a and radius r.
We may now state our results.

THEOREM 1.1. Let f be a holomorphic mapping defined in an open subset of C", with
values in C". Let E be a compact set in C" such that the inverse image of the polynomially
convex hull of E under f is compact. If aef~*(E) and E is L-regular at the point f(a), then
f~YE) is L-regular at the point a. '

"THEOREM 1.2. Let f be a holomorphic mapping defined in an open subset of C", with
values in C*. Let E be a compact set in C" such that the inverse image of E under f is compact.
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If aef~YE) and E is locally L-regular at the point f (a), then f ~Y(E) is locally L- regular
at the point a. .

THEOREM 1.3. Let E be a compact set in C*. Let f be a holomorphic mapping defined
in a neighbourhood of the polynomially convex hul of E, with values in C™ (m<n). If E is
L-regular at a point ac E and f is open in a neighbourhood of a, then f(E) is L-regular
at the point f(a).

If peP(C") and degp>1, then p denote a homogeneous polynomial, such that
degp = degp and deg(p — p) <degp.

TneoreM 1.4. Let f=(f;,..,[,): C">C" be a polynomial mapping. Put
d = max{deg f;: 1<j<n}. The following conditions are equivalent:

1)) hm mf(lf(z)J/Izld)>0 and d=1;

(2) degfy = .. =degf, =d>1 and f710) = {0}, where [ = (f,, ..., .);

(3)  The mapping f is proper and for every compact set E in C"
(z,fTUE)) = (@(f (@, E), zecC";

(4)  The mapping f is proper and for every Eompact set E in C"
(@(w, BNV = max{®(z,f"E)): zef '(w)), weC";

(5)  The mapping f is proper and there is a compact set E in C" such that E is not polar and
D(z, fHE)) = (¢(f(2), E), zecC"; ]

(6)  The mapping f is proper and there is a compact set E in C" such that E is not polar and
(@(w, ENV = max {@(z, f"UE)): zef " '(w)}, weC".

Theorem 1.3 is similar to a recent result of Plesniak [6]. Assume that E is as in
Theorem 1.3 and F< E. Pleéniak considered a large class 3 (F) of mappings including all
mappings which are holomorphic in a neighbourhood of E and open in a neighbourhood
of F. Theorem 1.3 was proved in [6] under the assumption that f € # (E), E is polynomially
convex and L-regular (sece [6], Theorem 3.5) or fe #({a}) and EcR" (see [6],
Theorem 3.8).

As a consequence of Theorem 1.4 we obtain a generalization of some results of Polya
and Fekete on transfinite diameter (logarithmic capacity) of plane sets (see [1]).

I wish to thank Professor J. Siciak for his valuable remarks.

2. Notation. If f is a mapping and a set A4 is contained in the domain of f, then we
denote by /|4 the restriction of f to 4. If @ is a member of the range of f, then we write
f7(a), instead of f~*({a}). Let X be a topological space. If A is a subset of X, then 4
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and 04 denote the closure and'the boundary of the set 4, respectively. Let v be a function
from A to [—o0, +00). We put

v*(x) = limsupv(y), xed
yea

and . 5
v (x) = max{0,v(x)}, xed. -

Let Q be an open set in C". We denote by €(Q), O(Q) and PSH(Q) the space of real-
valued continuous functions in 2, the space of holomorphic functions in © and the set of
all plurisubharmonic functions in @, respectively. If E is a compact subset of Q and v is
a complex valued function defined in E, then we define

lolg = sup{lo(2)|: ze E},
E={zeC" |p@)I<|plzpeP(CM},
Eoy = {z€Q: | fI<] [, fe O},
Epsueay = {z€Q: u(zm)<supu, u € PSH(®)}

We denote by |z| the Euclidean norm of ze C". If a e C" and r is a positive number, then
B(a, r) is the open r-ball about a.

3. Basic properties of extremal funtions. To prove our theorems, we need some results
involving extremal functions. For a more detailed discussion of similar results, the reader
may consult the literature (see especially [8], [9]). We begin by introducing our termi-
nology. ‘ .

Given a subset E of C" and an open set G=C" we define for every ze G

h(z, E, G) = sup{u(z): ue PSH(G),u<0 on En G,u<1 on G}.
We say that u: C" —» [—c0, +0) is a L-function if e PSH(C") and.
sup{u(z)—log*|z|: zeC"}<+ .

Denote by L the family of all L-functions. Observe that if p e P(C™) and degp>1 then

(1/degp)logipl € L.
Let E be any subset of C". We put

V(z, E) = sup{u(z): ueL,u<0 on E}.
The function I{(é, E) is called the L-extremal function associated with E.
THEOREM 3.1 (see [9], Theorem 4.12). If E is a compact subset of C" then
&(z,E) =expV(z,E), zeC".

THEOREM 3.2 _(seé [9], Prop. 6.2). If E is a compact subset of C" then E is L-regular
at a€ E if and only if for every bounded neighbourhood G of E the function h(z, E, G) is
continuous dt a. . ,
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We say that a subset E of C"is polar if there exists a function ¥ € PSH(C™) such that
= —~o on E.
leen a set EcC" let (see [9]):

c(E) = llmsup(lzl/exp( V*(z E)).
fz] >+
The number c(E) is called the L-capacity of E. If E is a compact subset of the complex
plane then c(E) is equal to the logarithmic capamty (transfinite dlameter) of E.

THEOREM 3.3 (see [9], Cor. 3.9 and Theorem 3.10). For every subset E of C" the followmg
conditions are equivalent:
(1) <c(E)=0,
(2) E is polar,
(3) V*z,E)¢L.

Remark 3.4. The following for?nu}a holds:

o(z, E(d, 1)) = meix{l I;rl} zeC"

,where ae C" and r>0.

4, The L-regularity of images and pre-images of compact sets under holomorphic map-
pings. In this section we shall prove Theorems 1.1, 1.2 and 1.3.

- LemMa 4.1, Let Q and Q' be open sets in C" and let f be a proper holomorphic mapping
of Q onto Q. If ue PSH(Q), then the formula

v(w) = max{u(z): zef~'(w)}, we@Q
defines a plurisubharmonic function. |

Proof. Without loss of generality we may assume that the set £’ is connected. Denote
by A the zero locus of the Jacobian of f. The set A is an analytic subvariety in Q. Thus f (4)
is an analytic subvariety in €', by the proper mapping theorem (see for instance [3]).

First assume that u € €(2) n PSH(Q). The proper mapping f is a ramified analytic
cover. Hence f is open (see [3]) and closed. Let a and b be real numbers (a<b). From
the definition of the function v it follows that

v"Y((a, B) = £ (@, +)NS ("B, +0))).

This implies that the function v is continuous. Clearly v € PSH (2"\/f (4)). The function
(vI2'\f(4)) extends to a plurisubharmonic function in ', by the Grauert-Remmert
theorem (see [2]). The extension of (v]Q'\f(4)) must be equal to (v]Q'\f (4))*. But v'is
continuous, so that v = (s|Q'\f (4))* € PSH(Q').

Let us now consider the general case. Assume that u € PSH(Q). Let w, belong to Q.
Choose r>0 so small that B = B(w,, r)c BcQ'. Define: u, = u| f~(B). The set £ ~1(B)
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is relatively compact in Q. Therefore there exists a decreasing sequence {ug, uy, ..}
=PSH(f"(B)) n 4¢(f~(B)) such that u, = lim w,. Define v, B> R by letting
: n~>+o

0,(W) = max{u,(2): zef~Xw)}, weB, n=0,1,2,..

From the first part of the proof it follows that v, € PSH(B) for n # 0. The sequence
{vy,v;, ...} is decreasing and o = lim v,. Therefore v|B = v, e PSH(B).

n-*+

LemMA 4.2. Let Q and Q' be open sets in C" and let f be a proper holomorphic mapping
of Q onto Q. If ECQ’, then

hz,f"NE), Q) = h(f(2), E, Q), forzeQ.

Proof. It is clear that h(z,f~YE), Q=h(f(2), E, Q). Letus suppose that € PSH (),
u<0 on f~Y(E) and u<1 on Q. It follows from Lemma 4.1 that the formula

v(w) = max {ﬁ(z): zef'(w)}, for we',
defines a‘plurisubharmonic function in €', such that v<0 on E and »<1 on &'. Hence.
u@<o(f@)<h(f (), E, @), ze@,
Therefore h(z,f~Y(E), Q)<h(f(2), E, Q).

LemMma 4.3, Let f* X — Y be a continuous mapping of a locally compact space X into
a Hausdorff space Y. Let E be a compact subset of Y such that SYE) is compact. Then
there is an open neighbourhood U of f"l(E) and there is an open set V in Y such that
FU)Y<V and f: U— V is proper.

Proof. Let B be an open neighbourhood of f~YE) such that B is compact. Define
V= YNf(0B), U=f"'(V)n B. Let K be a compact set in V. Put L =f"YK)n U.
Clearly L<B. 1t is enough to show that Lc U. The set FYK) is closed, therefore
Lef~Y(K)ef~Y (V). Observe that L~ 0B =G because F(L 3B cf(L) nf(dB)
¥V nf(0B) = @. Hence LcB. ‘

LEMMA 4.4. Let E be a compact set in C* and let f be holomorphic mapping defined
in an open subset of C", with values in C". If f~(E) is compact, then :

s P
FUB T E) e fE)

Proof. Obviously, the set f{ITE) is contained in f{ITE) It suffices to show that the
first inclusion is true. A proper holomorphic mapping between two open sets in C” is
open (see [3]). Therefore, by virtue of Lemma 4.3, there exist open sets Q, Q'<C" such
that f: Q — Q" is proper, f(2) = Q, f~Y(£)=Q and 62 ~ £ = @. Take polynomials
Py, ..., P, (see [4], Lemma 2.7.4) such that

EcD, = {zeC™: [P <1,j=1,.., m}cC™\oQ .

Define Dy =DynQ and D, = Dy n (C™\Q'). The open sets Dy, D,, D, are Runge
domains (see [4], Theorem 2.7.3 (iv)). Therefore for every compact set K< D; we have
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(see [4), Theorems: 2.7.3, 42.8, 43.4):
K =Koy = Resnpy, =0, 1,2.
We know that

-1 4 P A _
f (E) =f (EPSH(Do)) =f ((E 0 Dypsnpyy VY (En DZ)PSH(Dz)) =
1 PN
, = f7Y(E o Dypsupyy) -
Let zef (E) be arbitrary. Take u € PSH(C"). The formula
v(w) = max{u(z): zef'(w)}, weD,,
defines a plurisubharmonic function, by Lemma 4.1. Since

u(z)<v(f(2))<sup{o(w): we En D} = sup{u(s): sef’l(E)}

A~ .
it follows that ze (f *(E)esucemy = f~ "(E).

LemMaA 4.5. Let Q and Q' be open sets in C* and let f be a proper holomorphic mapping
of Q onto Q'. Let E be a compact set in C", such that E n Q@ is compact. If aef~ YE)and E
is L-regular at the point f(a), then f~'(E) is L-regular at a.

.Proof. From the definition of the Siciak extremal function it follows that for every
compact set K< C" we have

(@) &(z,K) = d(z,K), zeC".
Hencé the set E is L-regular at the point f (a) if and only if the set £ is L-regular at f ().
Analogously, the L-regularity of the set f~!(E) at & is equivalent to the L-regularity of

SN PN N A
the set f ~'(E) at a. Butf~Y(E) = (f~'(£)), by Lemma 4.4. Consequently, by virtue of (®),
we may assume that the set E is polynomially convex. By virtue of Theorem 3.2 we may
also assume that EcQ’.

N
Let G be a bounded neighbourhood of f™!(E). Define
Q] = Q\f(2\G),
Q, =f_1(-Q’1) .

The set Q! is open because fis a closed mapping. Let us observe that Ec Q) and f: Q; — o}
is a proper mapping. From Lemma 4.2 it follows that the function h(z,f~HE), Q,) is
continuous at-the point &. Since ©,cG, we have

0<A(z, fE), G)<h(z. f1(E), @), for zeQ;.

From this inequality it follows readily that the function A(z,f”'(E), G) is continuous
at the point a. Hence the set f*(E) is L-regular at g, by Theorem 3.2.

The following example shows that in Lemma 4.5 the assumption of compactness of
the set £ © cannot be omitted.

. Example 4.6 (see [6], Remark 3.7). Take @ = Q' = C\{0}, E = {z: |z| = 1} v
v {1/2}=C and f(z) = z~1. The set f~'(E) is not L-regular at 2ef '(E).
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It should be noted that in Lemma 4.5 the assumption that the mapping f is proper
cannot be replaced by the assumption that the set f~Y(E) is compact.

Example 4.7. Bet @ = Q' = C2. The mapping f of Q onto Q' defined by the formula

) flzy,2) = (21a21z§—'22)a (2, 2,) € C?

is not proper. Define
E = {(w,, w)eC2: wyl = |wy| =1} U 1(1/3,0)} .

The set f ~1(E) has the form F U {(1/3, 3)}, where F< B((0, 0), 2). Therefore the set /™ (E)
is not L-regular at (1/3,3) ef " Y(E).

We pass now to the proof of Theorem 1.1. Assume that the hypotheses of the theorem
are fulfilled.

Proof of Theorem 1.1. In view of Lemma 4.3 and the fact that a proper holomorphic
mapping between two open sets in C” is open, we can choose open sets 2, ' <C” such
that (Q) = €', f: Q » @' is proper and f~}(£)c Q. By Lemma 4.5 this implies that the
set f~(E) is L-regular at a. '

Observe that in Theorem 1.1 the assumption that the set f ~!(£) is compact is essential
and cannot be replaced by the assumption that the set f~'(E) is compact.

Example 4.8. Take Q, @', f and E as in Example 4.7. Then
- E = {(w;, wy) € C*: max{|w], Iwal}<1}.

The set f~*(E£) is not compact. The set f~Y(E) is compact but not L-regular at the point

(1/3, 3).
Theorem 1.1 yields

COROLLARY 4.9. If P=C" is a closed analytic polyhedron of order n, then P is L-regular,

Now suppose that the hypotheses of Theorem 1.2 are satisfied.
" Proof of Theorem 1.2. Let r be a positive number. The set f~'(f(a)) is a compact
analytic subvariety in C". Hence the set f~!(f(a)) is finite. We may write

f—l(f(a)) = {a13 LA am}

where a;e C" for j-=1,2,...,m, a; = a and a; # a; if i # j. By the same procedure as
in the proof of Theorem 1.1, we can choose open sets @, Q'=C” so that f~YE)c=g,
f(Q) = and f: Q@ - Q' is proper.
Take a real number s such that
O<s<r

B(a;, 5)=Q, forj=1,2,..,m
B(a;,s)nB(a;,s) =@ ifi#].
The mapping f[Q is closed, therefore there is a positive number ¢ such that
m
B(f(a), t)cQ'\f(.Q\jU B(a;, 5)) .
=1

3 — Prace matematyczne z. 23
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Thus we have

i FYB(f @, t)) B(a;, s).

Hence the set F=f“1(EnB(f(a),t)) U F, where F, = '1(En§( , s)) for

J=1,2, .., m. The definition of the Siciak extremal function together with Theorem 1.1
shows that

1< lim &z, U F)<1lim&@z, F)=1.

z=a z—a

By virtue of Theorem 3.2, the function &(z, U F;) is continuous at a if and only if the -
function &(z, Fy) is continuous at a. Therefore we have
1< lim @(z, f “Y(E) A B(a, r))< lim di(z Fl) =1.
Summarizing, we have proved that for every r>0 the function @(z,f~*(E) n B(a, r))

is continuous at a. This completes the proof.
Assume that the hypotheses in Theorem 1.3 are fulfilled.

Proof of Theorem 1.3. We may assume that the domain of f is bounded. In a similar

TN NN
way as in the proof of Lemma 4.4 we can show that f(E) = f(£). Hence, by virtue of (&),
it is no restriction to assume that E is polynonual]y convex.

Let G be a bounded neighbourhood of S (E). From Theorem 3.2 it follows that the
function A(z, E,f 1(G)) is continuous at a. It may easily be verified that

0<h(f(2),f(E), G)<h(z, E,.fG)), for zef XG).
Therefore the function & (w,f(E), G) is continuous at f (a) because the mapping f is
open in a neighbourhood of a.

Hence the set f(E) is L-regular at f(a), by Theorem 3.2.
Theorem 1.3 yields

COROLLARY 4.10. Let E be a compact set in C". Let f be a holomorphic mapping defined
in a neighbourhood of E, with values in C™ (m<n). If E is locally L-regular at a point ae E
and f is open in a neighbourhood of a then f(E) is locally L-regular at the point f(a).
The last corollary is a special case of a Plesniak result (see [6], Theorem 3.12).

5. Extremal functlons and polynomial mappings. In thxs section we shall prove
Theorem 1.4.

LEMMA 5.1. Let f: C" = C" be a polynomial mapping of degree B andlet « be.a positive
number such that Inmmf(lj(z)]/izl Y>0. If ueL and EcC" then

M) (B °f)eL. A
(2) f(C" =C" and v(w) = amax{u(z): zef '(w)}eL,
B)  aV(z,f"HE)SV(f(2), E)<BV(z,f"HE)), zeC™
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Proof. Property (1) follows directly from the definitions. Now we show (2). Since
liminf (| £ (2)]/1z]*) >0, we have
|-+

Jz}=+w

2" <M\ 1 ()|

for each z ¢ B(0, r), with appropriate censtants M >0 and »>0. Therefore the mapping fis
proper. Consequently f is a surjection and the set f~*(f (B(0, max{l, r}))} is compact.
We define ) .
vy = sup{u(z): zef Y f(B(0, max{l, r})))} s
72 = sup{u(z)—log*|z|: ze C"},
y = max{yy, 7.} -

The constant y, is finite because the function u is uppersemiéontinuous. Since u € L, the
constant 7y, is also finite.
Let w¢ f(B(0, max{1, r})). We have the following estimates:

v w)<ay+max{alog®|zl: zef 1(w)}
= ay+max{log|z|*: zef ™ (w)}<ay+logM|w|
‘ <ay+logM+log®w].
If wef(B(0, max{l, r})), then v,;(w)say.ﬁ Thus

N : sup{v,(w)—log*|w|: weC"} <+ .

This fact together with Lemma 4.1 shows that v,e L.
" Take u € L, such that #<0 on f ~'(E). We deduce from (2) that v, e L and v,<0 on E.
Hence v, (w)<¥V(w, E) for each we C". We have

u(z)<max{u(s): sef '(f(2)} :&v,,(f(z))siV(f(z), E), zeC".

Therefore aV(z,f"HE)SV(f(2), E) for all zeC" The second inequality in (3)
follows readily from (1).

Remark 5.2. 1t should be noted that if f: R" — R™ is a proper polynomial mapping
then there exists a positive number o such that liminf (| £ (x)/|x|*)>0. This fact may be
[%]—+
derived from a theorem contained in [5].
LEMMA 5.3. If f = (f1s..rf,): C" = C" is a polynomial mapping and there exists
a>0 such that liminf (| f (2)|j|z|")>0 then a<min{degf;: 1<j<n}.
Y i +

z|=+ o

Proof. Fix je{l,2,...,n}. We can find constants M, >0, M2$0 and r>0 such
that
lzZI*<M,|f(z)] for ze C™\B(0,r)
and X
T1H@ISM, 2P for zeCM.
ki






