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Local triviality of a bundle of geometric objects
by Jacek GANCARZEWICZ

Summary. Let M, E be differentiable manifolds and #: E - M be a differentiable surjection. We
suppose that for some pseudogroup I of local transformations of M there is defined an operation of lifting
of transformations of I" to transformations of E. In this note we prove that if I is transitive at each point
of M and I'" is transitive then m: E — M is a locally trivial bundle.

Differentiability always means that of class C*. :

Let M be a manifold and I'" be a pseudogroup of local diffeomorphisms of M. If ¢ is
an element of I we denote by D, the domain of ¢. D, and ¢(D,,) ar¢ open subsets of M.
Let E be a manifold and n: E — M Be a surjective mapping of class C°. A I'-geometry
on n: E —» M is a mapping such that to each transformation ¢ of I' there corresponds
a transformation

¢: n1(D,) = n (9(D,))

in such a way that the following conditions are satisfied:
(A) for every ¢ the diagram

7 (D) 1 iylDgh)
7 |
Dy — ki - ¢(Dy)
commutes, '

(B) for two elements ¢ and Y of I', o = G o,

(C) idy = idy, |

(D) if ¢ 'is an element of I' and U is an open subset of D, then
—

olU = ¢ln~}(U),

(B) if #: K> M is a differentiable mapping (where K is an open subset of Rx M)
such that for all re R

o K, —> M, ®fx)=0(t, %)
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* belongs to I', where K, = {xe M: (¢, x)e K}, then the mapping
(t,e) — Bfe)

is of class C* on its domain (which is an open subset of RxE).

This definition of I'-geometry has been given by’ A. Zajtz.

If I' = Iy is the pseudogroup of all local diffeomorphisms of M then n: E — M with
some I'o-geometry is called a bundle of geometric objects (see [3]) or a natural bundle.

A pseudogroup I is called transitive if for two any pomts x and y of M there is a trans-
formation ¢ of I' such that ¢(x) = y.

We denote by L(I') the set of all local vector fields on M (that is, vector fields defined
on open subsets of M) such that if ¢, is a local 1-parameter group of transformations of X
then ¢, is an element of I' for all ¢.

A pseudogroup I'is called transitive at a point x of M if the tangent space T, M is spanned
by the set

{Xs: XeL(I), X is defined at x}.
We shall need the following lemma (see [1] and [2], p. 183).

LEMMA. Let I be transitive at a point xy and X1, ..., X, be elements of L(I') such that
X1(x0), .o Xy(x0) is a basis of T, M. If we denote by (p(" a local 1-parameter group of
transformations of X; in some nelghbourhood of xy then there is >0 such that

P (=8, 483ty s ) > (@) o0 ) (x) €M
is' a diffeomorphism of (—e, +&)* onto some open neighbourhood of x.
From this lemma it follows (see ‘[l] and [2)]).

CoROLLARY. If I' is a transitive pseudogroup at each point of a connected manifold M
then I' is transitive.

We shall now prove thé following theorem.

THEOREM. If I' is transitive at each point of M and transitive on M and some T -geometry
is defined on n: E—> M then n: E~> M is a locally trivial fibre bundle.

Proof. Since n: E — M is surjective, by Sard’s theerem there is a non-critic value x,
of n. We fix such a point x, of M. Now n~!(x,) is a submanifold of E and dimn~(x,)
= dim E—dimM. Let X, ..., X, be elements of L(I') such that X;(x,), ..., X,(x;) is a basis
of T,,M, and let ¢{? be a local 1-parameter group of transformations of X; in a neigh-
bourhood of x,. By the Lemma, there are £>0 and an open nelghbourhood U of x, such
that

D: (=&, +8'3 (tg, s 1,) = (@) 00 @) (Xo) € U
is a dlffeomorphlsm We can tuppose that ¢ is defined on U for all e (—¢, +¢) and
i=1,..,n Let
Usx = (14(x), ..., t(x)) € (—¢, +8)"
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be the inverse diffeomorphism to ¢. We define
W Uxnixg) - w0, Y(x ) = @ o w0 9@
From (E) it follows that ¥ is a differentiable mapping and by (A), (B) and the definition -
of the functions #,, ..., ¢,, we have '
(m ° P)(x, e) = ((PS()x) (P:(:()x))(n(e))
L= (D(tl(x), s 1(%))
= X .
that is, the diagram

UxT i, )

P

U

- commutes, where p;: UXx n"Y(x,) = U is the projection on the first factor.
In order.to show that ¥ is a diffeomorphism we construct a differentiable mapping

¥: 2 YU) » Uxn Yx,)

' 7(9) = (TI (@), ((pg()n(e)) °...0° (p::()n(e)))_l(e)) .

To show that ¥ is well-defined we must verify the formula

L(e) = [T o (@f}(eiery © - © Phrtnieny) ' 1(€) = X,

for all ee n~Y(U). In fact, the conditions (A) and (B) imply that

1), L -1 ) (M —1
o (g .ot = (g0 ..opm) tor,
and hence
a -
L(e) = ((P:,()n(z)) °..0 (pl(:()n(e))) 1(7'5(‘5')) = Xg
because

(@fs0ncen © -+ ° ¢f:()n(e)))(xo) = @(H (), -\ ’n(”(e))) = n(e).
Now it is easy to‘see that ‘
VoW =id, V¥ =id,
hence ¥ is a diffeomorphism. Thus, we have proved that E is trivial on U.
Now, let y be any point of M. There is an element ¢ of I such that ¢(x,) = y. By (B)

and (C), ¢: n~(D,) — n~Y(@(D,)) is a diffecomorphism. U, = ¢(U n D,) is an open
neighbourhood of y and

%= @oWo(p ' xidp): UxF-n YU
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is a diffeomorphism, where F = n'l(xo), and the diagram

commutes. Thus n: E— M is a ]ocally tr1v1al fibre bundle.
As an immediate consequence we have:

COROLLARY. If I' is transitive at each point of a connected manifold M and some I' -geo-
metry is defined on n: E—~ M then n: E—> M is a locally trivial fibre bundle.

CoroLLARY. Each bundle of geometric objects is locally trivial.
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