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Geometries defined by pseudogroups of transformations

by Jacek GANCARZEWICZ

Summary. Let I" be a pseudogroup of transformations of M and let : E — M be a fibred manifold.
If for each transformationp: U — ¥ from a pseudogroup I, a fibred mapping q) E|U — E|V is defined

in such a way that the following three condmons are satisfied: (1) q) covers @, pe w Pop, 1dM 1dE,
and (3) if ;| W = @ul W, 1, s € I" theti @ |m-Y(W) = Gol~1(W), then we say that the correspondence ¢ — ]
defines a I'-geometry on 7: E — M. This definition of I'-geometry was introduced by A. Zajtz. In this
note we state some basic properties of I'-geometries.

1. Let M be a differentiable manifold and let I' be a pseudogroup of local diffeo-
morphisms of M. If ¢ is an element of I'" then we denote by D, the domain of ¢. D, is an
open subset of M and ¢: D, - ¢(D,) is a diffeomorphism of D, onto @o(D,). p(D,) is
also open in M. If ¢ and ¥ are two elements of I' then h

Doy = {xeDy: Yy e D} =y7'(D,).

Let n: E— M be aisurjective mapping of the class C®. (The differentiability always
means the class C®.) If x is a point of M then n~!(x) is called a fibre of . A I'-geometry
on Eis a mapping which to each transforfation ¢ of I' there corresponds a transformation

§: n7H(Dy) > 7~ o (Dy) | '
in such a way that the following conditions are satisfied:

(A) for each ¢, ¢ covers ¢, i.e., the following diagram

4 ~ .
T (IDLP) T oty (Dg))
T l . | g
Dy L ~ 4(Dy)
commutes, - : ' _ '
(B) for two elements ¢ and W of T, q’o—:p =@ o 117,

-

(C) idy = idy,
(D) if ¢ and ¥ are two elements of I' such that ¢|U = y|U for some open subset
Uof D,n D,, then .

Fln~ (V) = &ln*(U) .
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If n: E — M is some special kind of fibred manifold (for example, E is a vector bundle,
a principal fibre bundle, and so on) we assume that @ is a morphism of structures defined
on the fibres of n: E — M. For instance, if 7: E — M is a vector bundle then we assume
that @ is linear on each fibre. '

We fix a I'-geometry on n: E — M. It is obvious that for every element ¢ of I, ¢ is

a diffeomorphism and
p——

=@t
We define I = {¢: ¢TI} and for a point x of M
I={pel: o) =

T, is a pseudogroup of transformations of M and I is a pseudogroup of transformadions.
of E. If ¢ is an element of I' and x is a point of D, then we denote by @, the restriction

= QlE,, where E, = n~(x) is a fibre. @, is a dlﬁ“eomorphlsm of E; onto E,,. In
partlcular if ¢ is an element of I', then @, is a dlifeomorphlsm of E, onto itself. Thus

G, = {q)x: pEe x}

is a group. It is subgroup of the group Diff (E,) of all diffeomorphisms of E, . The group G, is
called a structural group of the I'-geometry at x. We have thé following

PROPOSITION 1. If x and'y are two points of M for which there is an element  of T such
that y(x) = y, then the groups G, and G, are zsomorphzc The zsomorphzsm of these groups

is given by the formula -
s et

Ge3P, > (Weopoy™),eq,.
~ The proof is trivial.
A pseudogroup I' of transformatlon of M is called transitive on M if for each of two
points x and y of M there is an element ¢ of I such that ¢(x) = y. From Proposmon 1 we
obtain

COROLLARY 1. If I' is a transitive pseudogroup on M then all structural groups G, are
isomorphic.

Let 6: M > E be a section of E, i.e,, zoo = idy. o is called I'-invariant if for each
element ¢ of I' and for each point x of D,

$(e(x) = a(p(x) .

Invariant scctions were considered in [3]. We have the following properties of invariant
sections.

ProPOSITION 2. If I is transitive and o, 6,2 M — E are two I'-invariant sections such
that o(xy) = 0,(xo) for some point x, of M, then ¢, = 7,.

Proof. For a point x of M, let ¢ be such an element of I' that ¢(x,) = x. Now, for
i=1,2, we have :

o{x) = 0o ,((P (xo)) = @(Ui(xo))-






