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Geometries defined by pseudogroups of transformations

by Jacek GANCARZEWICZ

Summary. Let I" be a pseudogroup of transformations of M and let : E — M be a fibred manifold.
If for each transformationp: U — ¥ from a pseudogroup I, a fibred mapping q) E|U — E|V is defined

in such a way that the following three condmons are satisfied: (1) q) covers @, pe w Pop, 1dM 1dE,
and (3) if ;| W = @ul W, 1, s € I" theti @ |m-Y(W) = Gol~1(W), then we say that the correspondence ¢ — ]
defines a I'-geometry on 7: E — M. This definition of I'-geometry was introduced by A. Zajtz. In this
note we state some basic properties of I'-geometries.

1. Let M be a differentiable manifold and let I' be a pseudogroup of local diffeo-
morphisms of M. If ¢ is an element of I'" then we denote by D, the domain of ¢. D, is an
open subset of M and ¢: D, - ¢(D,) is a diffeomorphism of D, onto @o(D,). p(D,) is
also open in M. If ¢ and ¥ are two elements of I' then h

Doy = {xeDy: Yy e D} =y7'(D,).

Let n: E— M be aisurjective mapping of the class C®. (The differentiability always
means the class C®.) If x is a point of M then n~!(x) is called a fibre of . A I'-geometry
on Eis a mapping which to each transforfation ¢ of I' there corresponds a transformation

§: n7H(Dy) > 7~ o (Dy) | '
in such a way that the following conditions are satisfied:

(A) for each ¢, ¢ covers ¢, i.e., the following diagram

4 ~ .
T (IDLP) T oty (Dg))
T l . | g
Dy L ~ 4(Dy)
commutes, - : ' _ '
(B) for two elements ¢ and W of T, q’o—:p =@ o 117,

-

(C) idy = idy,
(D) if ¢ and ¥ are two elements of I' such that ¢|U = y|U for some open subset
Uof D,n D,, then .

Fln~ (V) = &ln*(U) .



44 1

If n: E — M is some special kind of fibred manifold (for example, E is a vector bundle,
a principal fibre bundle, and so on) we assume that @ is a morphism of structures defined
on the fibres of n: E — M. For instance, if 7: E — M is a vector bundle then we assume
that @ is linear on each fibre. '

We fix a I'-geometry on n: E — M. It is obvious that for every element ¢ of I, ¢ is

a diffeomorphism and
p——

=@t
We define I = {¢: ¢TI} and for a point x of M
I={pel: o) =

T, is a pseudogroup of transformations of M and I is a pseudogroup of transformadions.
of E. If ¢ is an element of I' and x is a point of D, then we denote by @, the restriction

= QlE,, where E, = n~(x) is a fibre. @, is a dlﬁ“eomorphlsm of E; onto E,,. In
partlcular if ¢ is an element of I', then @, is a dlifeomorphlsm of E, onto itself. Thus

G, = {q)x: pEe x}

is a group. It is subgroup of the group Diff (E,) of all diffeomorphisms of E, . The group G, is
called a structural group of the I'-geometry at x. We have thé following

PROPOSITION 1. If x and'y are two points of M for which there is an element  of T such
that y(x) = y, then the groups G, and G, are zsomorphzc The zsomorphzsm of these groups

is given by the formula -
s et

Ge3P, > (Weopoy™),eq,.
~ The proof is trivial.
A pseudogroup I' of transformatlon of M is called transitive on M if for each of two
points x and y of M there is an element ¢ of I such that ¢(x) = y. From Proposmon 1 we
obtain

COROLLARY 1. If I' is a transitive pseudogroup on M then all structural groups G, are
isomorphic.

Let 6: M > E be a section of E, i.e,, zoo = idy. o is called I'-invariant if for each
element ¢ of I' and for each point x of D,

$(e(x) = a(p(x) .

Invariant scctions were considered in [3]. We have the following properties of invariant
sections.

ProPOSITION 2. If I is transitive and o, 6,2 M — E are two I'-invariant sections such
that o(xy) = 0,(xo) for some point x, of M, then ¢, = 7,.

Proof. For a point x of M, let ¢ be such an element of I' that ¢(x,) = x. Now, for
i=1,2, we have :

o{x) = 0o ,((P (xo)) = @(Ui(xo))-
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PROPOSITION 3. If 6: M — E is a I'-invariant section, then for each point x of M and
for each element A of the structural group G,

Ale) = o(®),
that is, the group G, stabilizes the point o(x).
Proof. If 4 = $|E,, where ¢ is an element of I', then

A(e(®) = @(o(x)) = o(p(x)) = o(x) .

PROPOSITION 4. If I' is transitive and p,, is a point of a fibre 1~ (x,) such that the struc-
tural group G, stabilizes py, then there is one and only one I'-invariant section c: M — E
such that o(xy) = po (*).

Proof. If x is a point of M then we choose an -element ¢ of I' such that ¢(xy) = x
and we define

a(x) = $(po) -
o (x) is well-defined, that is, ¢ (x) is independent of the choice of ¢, because if ¢ and ¢ are
two transformations such that ¢(x) = @(x,) = x, then ¢ ' o @ belongs to I'y, and

e

= (qo—l © @m € Gxo
stabilizes p,. Thus '
' Po = A(po) = ((ﬁ)_l(é(Po)) .
This implies that @ (p,) = @(p,). Now, ¢ is a I'-invariant section of E such that ¢ (x,) = po.
In the case of vector bundle n: E - M, from Propositions 2 and 3 we obtain

COROLLARY 2. If n: E — M is a vector bundle with some I'-geometry then we have:

() If I is transitive on M and ¢ is a I'-invariant section which is zero at some point of M
then o vanishes identically on M.

(b) If a I'-geometry on E admits a non-zero I'-invariant section, then for each point x
of M there is a non-zero vector in E, which is an eigenvecior of all A e G, with an eigenvalue
equal to 1.

(c) If a I'-geometry on E is such that at some point X, of M the structural group G,
contains an automorphism for which 1 is not an eigenvalue, then this I'-geometry does not
admit a non-zero I'-invariant section.

Next we come back to our general considerations, that is, a ['-geometry is deﬁned on
~an arbitrary fibred manifold n: E — M.
Two sections 0,, 0,: M — FE are called I'-conjugate if for each point x of M there is
an element A, of the structural group G, such that

o,(x) = Ax(ﬁ(")) .
From Proposition 2 we obtain

* PROPOSITION 5. If two sections 6,0, M — FE such that o,(x,) = 0,(x,) for some
point x, of M are I'-conjugate and oy is I'-invariant, then ¢, = 6.

(*) In general, ¢ is not continuous, see the example in this note.
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2. We shall introduce infinitesimal I'-transformations. A vector field X on M is called
an infinitesimal I'-transformation on M if each local 1-parameter group ¢, of transforma-
tions of X is such that for all ¢, |t|<e, ¢, belongs to I'. Let L(I') denote the set of all in-
finitesimal I'-transformations on M. Using the arguments of S. E. Salvioli it is easy to
show

ProrosiTioN 6. L(I') is a vector space.

In general, L(I') is not a Lie algebra.

AT- geometry on a fibred manifold n: E — M is called regular if for each differentiable
mapping ¢: (—&, +&)xU - M, ¢(t,x) = ¢[x), such that ¢, belongs to I' for all ¢, -
|t]<e, the mapping ‘

(—¢, +OxE|Us(t,p) » §(p) e E

is of class C” (as the mapping of two variables).

For a regular I'-geometry on E we define a lifting of infinitesimal I'-transformations
from M to E in the natural way. If X is an infinitesimal I’-transformation on M then X
induces on some neighbourhood U a local 1-parameter group ¢, of transformations such
that ¢, belongs to I for all ¢, |t} <e. Now, @, is a local 1-parameter group of transforma-
tions on 7~ !(U) and let X be a vector field on n~(U) induced by @,. If ¢, and ¢, are two
local 1-parameter groups of transformations induced by the same vector field X respec-
tively on U and on U’, and X and X’ are vector fields induced respectively by @, and @,
then X = X’ on YU n U’). Thus for an infinitesimal I'-transformation X on M we
have obtained a global vector field X on E. X is an infinitesimal [*-transformation. Using
the arguments of S. E. Salvioli [2] we have

ProposITION 7. If X, Y are infinitesimal T'- transformatwnx and a, b are real numbers,
then

——at

(aX+bY) = aX+b¥.

Now we shall give an example of a I'-geometry which is not regular. Let I' be the group
of translations on R, that is

I'={f,:aeR},

where f(x) = x+a, x e R. We define a I'- geometry on the trivial vector bundle £ = Rx R
by the formula

A fat E3(x,3) > (x+a,e(@y) e E,
where &: R — R—{0} is a solution of the equation
ety +h) = e(t)e(ts) .

. If we choose a non-contmuous solutlon ¢ then we obtain a I'- geometry on E which is not
regular. Let us remark that I'-invariant sections of this geometry are defined by the formula

o(x) = (x’ s(x)yo) N

where y, is a real constant. ¢ is not continuous.
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We say that a pseudogroup I is transitive at a point x of M if the set
{X XeLI)}
generates the tangent space f‘,M. We shall now prove two propositions.

i . Lo~ .

PROPOSITION 8. Let I' be a transitive pseudogroup at each point of a connected mani-
fold M. If 6,,0,: M — E are two I'-invariant sections of E and a,(x,) = 6,(x,) for some
point x, of M, then o, = o,. :

PROPOSITION 9 If T is a transitive pseudogroup at each point of M and a I’ -geomeltry
on E is regular, then every I'-invariant section of E is of class C*®.
The proofs of these propositions are based on the following lemma (see [4]).

LeMMA. If a pseudogroup I is transitive at a point x, bf M and Xy, ..., X, are infini-
tesimal I'-transformations defined in some neighbourhood of x such that X,(xq), ..., Xy(xo)
JSorm a basis of T, M, then there is §>0 such that

P: (—¢g, +&)"s(ty, ... t) — ((p,ll °..0 qo;'“)\(xo) eM

is a diffeomorphism, where @} denotes a local 1-parameter group of transformations of X;
~.in a neighbourhood of x,. ‘
We shall now prove Proposition 8. In order to do this, let

= {xe M: o,(x)= Uz(x)} .

e

M, is a non-empty and closed subset of M,. Let x be a point of M, and let
U= ¢((_£’I +£)") ]

where @ and ¢ are such as in Lemma. This lemma implies that for any point y of U there:
is an element y of I' such that ¥ (x) = y. Now

z(y) = ai(l// (X)) = l,b(G',(X))

for i = 1,2, and hence Uc Y, i.e., M, is also open. By the connectivity, we obtain that
M = M, and the proof is finished. \

Next we shall prove Proposition 9. Let o be a I'invariant section of E. For a point x
of M, by Lemma, there are a neighbourhood U of x and &>0 such that

P (—¢, +e)" > U
is a diffeomorphism. We write

(0D, s tn(y‘)) — o).

The functions ¢y, ..., t, are of class C* on U and from the equality

. y= (‘P?,,(y) ©.w. 0 q)tl;(y)) (x)
it follows that ;

o(y) = ((’;:'n(l’) o0 ('/;Jtl\:(y))(a(x)) .

Thus ¢ is of class C* on U.
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3. We fix a regular I-geometry on n: E — M. We shall define a “Lie derivation”
of sections of E in the direction of infinitesimal I'-transformations. We denote by VE — E
the vector bundle of vertical vectors on E, that is, for a point e of E, V,E = kerd,n. Let
o: M — E be a section and X be an infinitesimal I'-transformation. If x is a point of M,
then the curve :

- (ﬁt(a((/’-—t(x))) B
where ¢, is a local 1-parameter group of transformations of X, is vertical because it lies
in 7~ 1(x). Let (Lyo)(x) be the velocity vector of this curve for ¢ = 0. (Lyo)(x) belongs to
Ve E and the mapping
Lyo: M3x—> (Lyo)(x)e VE

is a section of p: VE — M, where p is the composition of #: E — M and the bundle
projection VE — E. Ly is called the Lie derivative of ¢ in the direction of X. The definition
of Lyo implies that the following diagram commutes, where VE — E is the bundle
projection.

VE
e

If Eis a vector bundle, then VE — Eisisomorphic with the pull-back of Eby n: E - M.
Hence, in this case Lyo is uniquely determined by some section of n: E — M denoted .
by Lxo. Lxa is also called the Lie derivative of @ in the direction of X, but Zyo is defined
only in the case of vector bundles. If E = TM is a tangent bundle and a I'o-geometry
~ on TM is defined by the formula ¢ = dp, then Fxo is the standard Lie derivative of

svector fields. (', denotes the pseudogroup of all local diffeomorphisms of M.)

We must stress that Ly (or %y in the case of a vector bundle) is defined only if X is
an infinitesimal I’-transformation.

From Proposmon 7 we obtain

PROPOSITION 10. If X, Y are infinitesimal I'-transformations and a, b are real numbers,
then '

Lyxipyo = dlyo+blyo .

The linear combination aLyc+bLyo is defined in a natural manner:
(aLyo+bLyo)(x) = a(Lyo)(2)+b(Lyo)(x) .

This is possible because (Lyo)(x) and (Lyo)(x) belong to V(. E.
PROPOSITION 11. If E is a vector bundle then for all infinitesimal T- transformanons X, Y,
all real numbers a, b and every function f on M we have

Lax+py0 = a&y0+bZyo
Lylo,+0,) = Exo+FLx0,, Ly(fo) = (Xf)o+fZLxo; .
According to the definitions of L and L we have (cf. [3])

\
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PROPOSITION-12. Let 6: M — E be a section. Lyc = 0 (¥yc = 0 inthe case of a vector
bundi®) for every infinitesimal I'-transformation X if and only if & is invariant with respect
to every local 1-parameter group of I'-transformations of M. If a section ¢ is I'-invariant,
then Lyo = 0 (¥x0 = 0.in the case of a vector bundle) for every infinitesimal I-transfor-
mation X.

4. At the end of this note we give two examples.

(I) Let M be a Riemannian space with a metric tensor g and let I denote the pseudo-
group of local isometries of M. We define a I'-geometry on the vector bundle
E=T*M®T*M. For a local isometry ¢: U — V we set ‘

é = ((do)*) ' @((dp)*)™*: E\U - E[V, |

where (d@)* is the transposed mapping of dgp. The metric tensor ¢ is a I'-invariant section
of E.

(II) Let M, g and T be the same as in the example ([). We define a I'-geometry on the
tangent bundle TM setting ¢ = do, for @ e I'. If I is transitive and v: M — TM is a I'-in-
variant, then v has a constant length. The structural group G, is a subgroup of 0(n, R).
If G, = 0(n, R) for each x, then two vector fields v,, v,: M — TM are I'-conjugate if
and only if [Jo;(x)|| = ||v,(x)]| for all x. Hence, if the I'-geometry on TM is such that
G, =0(n, R) and I' is transitive, then this I'-geometry does not admit a non-zero
T-invariant section of TM.
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