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Complete lifts of tensor fields of type (1, k)
to natural bundles

by Jacek GANCARZEWICZ

§ 0. Introduction and notations

Let n: E — M .be a natural bundle. For each local diffeomorphism ¢ of M there is
a fibred local diffeomorphism @ of E such that & covers ¢ and the well-known conditions
are satisfied (the conditions (A)~(E) in § 1). Using local 1-parameter groups of transfor-
mations we can define a mapping & (M) — % (E) of the Lie algebra of vector fields on M.
into the Lie algebra of vector fields on E. If X is a vector field on M then the image of X,
denoted by X, is called a complete lift of X from M to E. The mapping

X—>Xé

" is a Lie algebra homomorphism (Proposition 1.1, see also [14]). This proposition generalizes
the analogous results given in [7]-[10], [18]-[22]. Here we prove this general property by
a homogeneous method using the arguments of S. E. Salvioli [14].

Let ¢ be a tensor field of type (1, k) on M. We say that t admits « complete lift to E if
there is a tensor field ¢, called a complete lift of t, of type (1, k) on E such that
X7, L XD = (X, 0 X))

v

for all vector fields X, ..., X, on M. In the present paper we state some properties of
complete lifts of tensor fields of type (1, k) and we discuss problems of the existence of
a complete lift of tensor fields of type (1, k) from M to E.

This definition of complete lift generalizes the definitions given by K. Yano and
S. Kobayashi [20]}-[22], K. Yano and S. Ishihara [18], [19] and A. Morimoto [7}-[10]
in cases of natural bundles of special kinds such as tangent bundles, tangent bundles of
higher order, tangent bundles of p"-velocities and bundles of infinitesimal near points. Qur
definition does not coincide with that of K. Yano and E. M. Patterson [23] in the case of
contangent bundles (see (14.3) and (15.3) in [23]). We shall prove that in the case of
cotangent bundles, tensor fields do not admit complete lifts in the sense of our definition
(Proposition 6.2) instead of tensor fields written in the form f8, where'fis a function on M.

In § 2 we give a classification of natural bundles which follows from the results of
R.S. Palais and C.-L. Terng [13]. This classification (Theorem 2.1) shows that every
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natural bundle over M is isomorphic to an associated fibre bundle with the r-frame
bundle F'M.

In § 3 we study a complete lift of tensor ﬁelds from M to the r-frame bundle F'M.
These results follow from those obtained by A. Morimoto [7], [8] because F'M is an open
subset of the tangent bundle of n'-velocities, where n = dimM. In the case of r-frame
bundles, using an isomorphism given in Proposition 2.1, we can simplify A. Morimoto’s
arguments to show the basic properties of a complete lift of tensor fields (Proposition 3.3).

Let y be a point of a natural bundle E. We denote by W, the subspace of the tangent
space T,E of all vectors written in the form X €(y), where X is a vector field on M,
and let y

E, = {yeE: dimW, = dimE}
={yeE: W,=T,E}.

We prove (Proposition 1.3) that E, is an open subset of E and n: E, — M is also a natural
bundle if E; is not empty.

In §§ 4 and 5 we always suppose that E, is dense in E. This assumption is necessary to
ensure the uniqueness of complete lifts of tensor fields of type (1, k). This assumption is
verified in the cases of special natural bundles considered in [7}-[10], [181-[22].

In § 4 we prove some (in general, algebraic) properties of complete lifts of tensor fields.
In § 5 we give necessary and sufficient conditions under which a tensor field ¢ admits a com-
plete lift from M to E (Theorem 5.2). In § 6 we give some examples of the applications
of our results.

Let M be a manifold. If x is a point of M then we denote by T, M the tangent space
" to M at x and TM denotes the tangent bundle. If /: M — N is a differentiable mapping
then we denote by df: TM — TN the induced mapping of the tangent bundles. If x is -
a point of M, d,f denotes the restriction of df to T, M. d, f is a linear mapping of T, M
into Ty, N. We denote by C*(M) the ring of all differentiable functions on M and by

Z (M) the C*(M)-module of all differentiable vector fields on M.

~In the present paper, manifolds, vector fields and so on always mean differentiable
manifolds, differentiable vector fields and so on. Differentiability always means the
differentiabilty of class C®.

In. this paper we shall use the Einstein summation convection.

\

§ 1. Natural bundles and a complete lift of tensor fields

Let M be a manifold. If U and V are open subsets of M then a diffeomorphism ¢: U — V
of U onto Vis called a local diffeomorphism of M. The set Iy of all local diffeomorphisms
of M is a psedogroup. If ¢ is a local diffcomorphism of M then we denote by D, the domain
of ¢. If ¢ and v,b are local diffeomorphisms of M then

D'IINP = {xe D,: p(x)e Dw} = Q-i(Dw)A-
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Let n: £ - M be a locally trivial fibre bundle. It is called a natural bundle if for every
local diffeomorphism ¢ of M thereisa local diffeomorphism @ of E such that the following
conditions are satisfied:

(A) for every ¢, the diagram

- r g
7 (Dg) LI 71,8}
T vl
lP o
commutes, .
(B) if (p and ¥ are local diffeomorphisms of M then l,b’__(p; Yo,
© za'M = idyg,

(D) if ¢ is a local difffomorphism of M and U is an open subset of D then

prm—

gln=(U) = (9U),

(E) if V'is an open subset of K x M, where K is an arbitrary manlfold and ¢: V — M
is a differentiable mapping such that for all ke K

¢k: Vk = M’ ¢k(x) = Q(k9 JC) s
where V, = {xe M: (k,x)eV}, is a local diffeomorphism of M, then

(k,y) — 51:(3’) -

is a differentiable mapping on its domain (this domain is an open subset of Kx E).

@ is called a prolongation of ¢ from M to a natural bundle E.

For our considerations we fix a natural bundle =n: E —» M, ‘

Let X be a vector field on M. In some neighbourhood U of any point of M, X induces
a local 1-parameter group of transformations ¢,. The conditions (B), (C) and (E) imply
that @, is a local 1-parameter group of transformations on E, hence @, induces a vector
field X€ on =~ Y(U). If ¢, and ¢, are two local 1-parameter groups of transformations
induced by the same vector field X on U and U’ respectively then, by the condition (D),
the vector fields induced by &, and @; on =~ }(U) and n~Y(U’) respectively coincide on
n~ (U n U’). Thus, X induces a global vector field X€ on M.

Definition 1.1. X is called the complete lift of a vector field X from M to E.

This definition coincides with the definition of a complete lift of vector fields to tangent
bundles given by K. Yano and S. Kobayashi [20]-[22] (see also [19]), with the definition
of a complete lift of vector fields to cotangent bundles given to K. Yano and E. M. Patter-

_son [23], with the definitions of lifts X" and X* to tangent bundles of order 2 and r given
by K. Yano, S. Ishihara [18] and A. Morimoto [7], [9] respectively, with the definition
of a lift X'%® to tangent bundles of p'-velocities given by A. Morimoto [7), [8] (sce also,



-

54 )
K.-P. Mok [5]) as Well as with the definition of a lift X 4 to bundles of infinitesimal near °
points given by A. Morimoto [7], [10].

Using the methods of S. E. Salvioli (see §§ 2 and 3 in [14]; cf. also [4]) we have imme-

~ diately

ProrosiTION 1.1. The mapping
I(M)sX > XeX(E)

is a Lie algebra homomorphism.

This proposition geperalizes similar propositions proved in [5], [7]~[10], [18]-[25]
in cases of natural bundles of special kinds by methods of local coordinate calculation.
S. E. Salvioli has shown this proposition in a homogeneous and very elegant way [14].

For a point y of E we denote

1y , . V,E = kerd,n .

VE = J V,E is the distribution of .vertical vectors on E. We denote also
4 ‘

1.2) W, ={X%0): XeX(M)}.

From Proposition 1.1 it follows that W, is a vector subspace of the tangent space T,E.
In general the .distribution W = U w, has not a constant dimension. -(For 1nstance, if

E=TMisa tangent bundle then dlmW =n*if y# 0and dimW, = nif y =0.) It is

" a regular distribution in the sense used by H.1. Susman [17], i.e., each point of E has

a neighbourhood ¥ and there are vector fields X, ..., Xy on ¥ such that W, is spanned
by X,(»), ..., Xy(y) for all ye V. From Proposition 1.1 and [17] it follows that the
distribution W is integrable in the sense that for each point y of E there is a submanifold
K of E containing y and such that . K = W, for all ze K. We now show

ProposiTION 1.2. For each point v of E we have
T,E = V,E+W,,
V,En W, = {X(): XeX(M), X(z() =0}

Proof. If ¢, is a local I1-parameter group of transformations of a vector field XonM
then @, is a local 1-parameter group of transformations of. X, and by the condition (A)

To, = @Qom.
This implies that :
1.3) . d, (X)) = X(n(3).

Thus, it follows that the second formula of our proposition is true. In order to show the
first formula, let ¥ be any vector of T,E. We choose a vector field X on M such that
dyn(V) =X (n(y)) and now, by (1.3), we have

d,a(V—X(3)) = 0.



Thus .
= (V- Xc(y))+XC(y)

belongs to V,E+W,. Our proposmon is verified.

Let
1.4 B max {dimW,: ye E}
(1.5) - Ey = {yeE: dimW, = ko} .

From Proposition 1.2 it follows. that
(1.6) . . dimM <k, <dimE.

The case.of k, = dimE will be the most interesting. We shall prove the following pro-
position. :

PROPOSITION 1.3. E, is an open subset of E and n(Ey) = M. Furthermore, n: E; - M
is a natural bundle. For’a local diffeomorphism ¢ of M, a prolongation of go to Eo is the
restriction to E, of the prolongation & of ¢ to E.

Proof. Let y, be a point of E,. There are vector fields X7, ..., X, on M such that the
vectors :

XIC(yO)’ vy ng(y)
form a basis of W,,. Hence, there is an open neighbourhood U of Yo such that

Xf(y)> vees Xkco(y)

are linearly independent if y is a point of U, that is, dimW,>k,. By (1.4) this implies
that U is a subset of E,, or E, is open in E.
In order to prove the remaining statements of our proposition we study

FpXC = dpoXCot,

where. ¢ is a local diffeomorphism of M and X is a vector field on M. Let ¢, be a local

I -parameter group of transformations of a vector field X. By Proposition 1.7 in [3] p. 14,

“@og@,op ! is a local 1-parameter -group of transformations of @,X = dp o X o1

—— .
and by Definition 1.1, ¢, and ¢ o ¢, o ¢~ * are local 1-parameter groups of transformations

of X and (p4X) respectively. By the conditions (B) and (C), we have

il

=1

Qoo T =PoPo

hence we obtain
1.7 PuX€ = ((5_*X)C-

Now we show the equality n(E,) = M. To prove this we fix a point y, of E, (by (1.5),
.E, is not empty) and let x be any point of M. There is a local diffeomorphism ¢ of M such
that n(y,) belongs to the domain of ¢ and ¢@(n(y,)) = x. By (1.7) we have

(1.8 oWy = Wi,
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hence @(y,) belongs to E,. Since

7_7((7’ (yo)) = fP(”(J’o)) =X,
thus n(E,) =
If @ is any local diffeomorphism of M then, by (1.8), we obtain @G (Ey) <= E,,. ThlS permits
a prolongation of ¢ to E, to be defined as the restriction of ¢ to E,. By [1], this implies
that E, is a locally trivial fibre bundle, i.e., E, is a natural bundle over M. The proof of
Proposition 1.3 is now complete.

§ 2. r-frame bundles and a classification of natural bundles

Let M be a manifold. We denote by F"M the set of all r-jets at 0 of diffeomorphisms of
open neighbourhoods of 0 in R” n = dimM, onto open subsets of M Letn: FM - M
be the target projection

2.1) . 7(joy) = 7(0).

n: F'M — M is a principal fibre bundle with the structural gfoup L of all r-jets with
the source and with the target at 0 of local diffeomorphisms of R". The group L; acts
on F'M on the right in the natural way

(2.2) -~ Jov et =Joy o O,
where jgy and jg & belong to F’M and L] respectively. 1f @ is a local dlffeomorphlsm of M
then we define its prolongatlon q) to F'M

(2.3) 90 fl F'M|D, ejoy — Jo(@ o y) € F'M|p(D,) -

)
It is easy to sce that the mapping ¢ — qr) satisfies the conditions (A)}~(E) of the definition
of natural bundle. F'M is called the r-frame bundle.
Let N, denote the set of all n-tuples v = (v, ..., v,) of non-negative integers such that

vl = v+ +v,<r.
Every chart (U, x, ..., x") on M induces a chart

(ﬂ_i(U),;é: i=1,..,n; veN,)

on F'M, called the induced chart, where
(2.4) X(jgy) = = D(x' °v)(0)
In future, we shall often use induced charts.

Let us observe that F'M is an open and dense subset of the tangent bundle of n"-velo-
cities, where n = dimM [8].
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We denote by X the complete lift of a vector field X from M to the r-frame bundle
F'M. From Proposition 1.1 it follows

(2.5) (aX+bY)C' = aX +bY"
(2.6) X, YI = [x©, Y“]

for all vector fields X, Y and all rgal numbers g, b. We have the following isomorphism
(see 2], [6] or [12]). '

PropoSITION 2.1. For each point p of F'M the mapping
Ti(TM) €jin X — X%(p) € T(F'M)

is a linear isomorphism, where JTM) denotes the space of all r-jets at x of vector fields
on M.

Proof. Using an induced chart and local 1-parameter groups of transformations of X
and X we can verify by a straightforward calculation that the mapping considered in
our proposition is a well-defined monomorphism. It is an isomorphism because

dim JL(TM) = dimT(F'M) = n(*™").

This remark finishes our proof.
From (2.2) and (2.3) it follows immediately that

(r) @) Y
2.7 - @ oR:=Rzo0,

where R; denotes the right translation on F™M, hence according to Corollary 1.8 p. 14 |
in [3], we obtain

ProposITION 2.2. If X is a vector Sfield on M and & is an element of L, then
RYWXT = X7,
or equivalently, for each point p of F'M
(d,R)(X(p)) = X (p= ).

Let F be a manifold on which the group L, acts on the leftand let E = E(M, F, L, F'M)

~ denote the associated fibre bundle with the r-frame bundle F'M, with the standard fibre F

(see [3] p. 54-55). We recall that Eis a mamfold of all orbits of L], on F'M x F, where L;,
acts on FFM x F as follows

(psf)el =& & o).

Let &: FFM x F — E be the canonlcal mapping, i.e., ®(p, f) is the orbit containing (p, f).
Thus

(2.8) @(P,,f) =o(p, M eItely p =p&f =



Now, ng: E— M, ng(®(p,f)) = n(p), is a natural bundle, where a prolongation ? of
" a local dlﬂeomorphlsm @ of M is defihed by the formula A

. 9) B(2(p.f)) = ¢(<o(p) f).

and go is given by (2.3). ¢ is well-defined because, by (2.7) and (2.8), we have the followmg
implication

®(p.f) = e(p'. 1) = d’(@(p),f) = ¢(<p ®).17).

It is obvious that the correspondence ¢ — ga satisfies the conditions (A)~(E) of the defini-
tlon of natural bundles.
-~ Asin § 1, we denote by X¢ a complete llft of a vector field X from M to E. We have
the following relation between X ¢ -and X°€.

PROPOSITION 2.3. If X is a vector field on M then Jor each element (p,f) of FMxF
we have

@) (X“(p)) = X(@(p, 1)),
where ®;: F'M — E is given by the forfaula

(2.10)- : E D4(p) = 45(p,f)-

Proof Let ¢, be alocal 1-parameter group of transformations of X in a neighbourhood

of n(p). (p, and ‘g, are local 1-parameter groups of transformations of X and X€ in
neighbourhoods of p and @(p, f) respectively. From (2.9) it follows that .

(r)
°© Qj' = @f (pt N

hence we obtain our proposition.
For a point f of F we denote by H; the isotropy. group of f i.e.,

(2.11) ' Hp={¢{eLy:f=f2&.
If P is a point of F'M we denote
(2.12) K(p,f) = {4%: AeL(H)}.

where 4* is a fundamental vertical vector field on F"M induced by an element A of the Lie
aigebra L(H;) of the Lie group H;. K(p,f) is a linear subspace of the tangent space
- p(F'M) and for any point f, the distribution p — K(p,f) is integrable because the
mapping 4 — A* is a Lie algebra’ homomorphlsm (see [3]). We now show the following
technical equahty used in § 5 of the present paper.

PROPOSITION 2.4. If p is a point of F'M and f is a point of F then
- kerd, @, = K(p,f), -

where @y and K(p,f) are defined by (2.10) and (2.12) respectively.
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Proof. Let A be an element of L(H,) and 4, be the 1-parameter subgroup of A4."R,, is
the 1-parameter group of transformations of the fundamental vertical vector field A*
(see [3]), hence, using (2.8) we obtain '

d I
" @, 2)(43) = Z{2HRuD))li-0
d
= ;i—t(@(l"ataf))lmo

= ‘%(Q(p, @ fWi=o
=0,
This means thatt kerd, ;> K(p, f ) We need only to show
(213) ' kerd,®,<K(p,f).
In order to do this;; let ¥ be a vector. of kerd,®,. Since 7 = ngo Py, We have
| (V) = (dng o d,8) (V) = 0.

This implies that ¥ is a vertical vector. Thus there is an element 4 of L(L;) such that
V = A%. We must show that 4 belongs to L(H,).

We choose a local section ¢ of F'M defined on some nelghbourhood U of n(p) such
that a(n(p)) = p. This section defines two diffeomorphisms

(2.14) P UxLya(x, &) »o(x)Ee FFMIU
@2.15) ¢: UxF3(x,f) > &(c(x),f) e E|U,
gnd it is easy to verify

(2.16) 0T e 000D, 8 = (5, 8.
If we denote ‘ :

(2.17) et Ly = 77 @(p)), 0,(8) = p-&,
(2.18) or: Ly = F, o) = E-f,

then, by (2.16) we have '

(2.19) L (@7 e @r00)(8) = (n(p), 0s(9))-

By the definition of fundamental vertical vector fields, Ay = (d.0,) (4), where e is the iden-
tity element of L, and hence, by (2.19) .

(d.00)(A) = d(¢p o P)(A3) = 0.

This means that 4 belongs to kerd,or = L(H,) and the prdof of (2.13) is finished.
At the end of this section we give a classification of natural bundles which follows
from the results of R.S. Palais and C.-L. Terng [13].
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