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On the convergence of the iterated
' Pilgerscpritt transformation

'

by N. NeTzER

J

The solution of the translation equation in a real Lie-group G can be defined as the
construction of a continuous homomorphism 4: R — G where #(1) = fis a given element
of G (cf. R. Liedl, [5]). In order to solve.this problem in a more general case and if the

restriction A/[0, 1] is required to be homotopic to a given path ¢: [0, 1] - G from the
" unit element to the element f, R. Lied] has proposed a method called the Pilgerschritt-
transformation. In this paper we shall give sufficient conditions for this method to solve
this problem.

Since a Lie-group G is locally 1somorphlc to a group of matrices and our condltlons
will be formulated using such a local isomorphism, we shall restrict the'group G to a closed
subgroup of the group GI(n,.R) of the real n x n-matrices. Let f € G be the given n x n-ma-
trix and let the Cl-path ¢: [0, 1] - G with ¢(0) = E and ¢(l) = f represent the re-
quired homotopy class of the restriction A/[0, I] of the homomorphism #: R —» G in
question. Then it is possible to consider the solution of the matrix differential equation

do(t, 1)
ot

=10’ (t) (¢, 7)

with the initial condition ¢(0, 1) \,= E (where 7€ [0, 1] denotes a real parameter). The
path ¢@: [0, 1] —» G defined by ¢(z) = ¢(1, 1) is called the Pilgerschritt transform of ¢ .
(cf. R. Liedl [5]).

The 1terat10n of the Pilgerschritt transformatlon gives rise to a sequence of paths

©, P, By ooes qo, ... Liedl’s conjecture was that there exist weak conditions for the path Q@
1mply1ng the uniform convergence of this sequence to a path ¥: [0, 1] — G, which is homo- .
toplc to ¢ and is.the restriction of a continuous homomorphism A: R — G.

"In this paper we wish to show that there exists a positive real numbet L such that this
conjecture is true, if [|@'(#)| <L for each r€[0, 1] (e.g., || is the operator norm). If
ll@’(6)) is small enough for each ¢ € [0, 1], by integration we see that ilgo(t) E|| is small.
Thus ¢(¢) can be written in the form

o) = exp(tD)eXp(A(t))
where exp(D) = f and A(0) = A(l) = 0.
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Because of
¢'(t) = Dexp(tD)exp(A(t))+exp (tD)iexp 4®)

we have | @'(¢)| small iff ||D|l and ||4'(t)] are small. Therefore it is sufﬁment to show the
following

THEOREM: For each Ke(0,1) there exists a ﬁ>0 such that ||Dij<fB, and
max 14| <By and B, <P implies that

te(O0,
@(t) = exp(¢tD)exp(4 (t))
where
max [|A'(#)||<KB, .
te[0,1]

We first prove the following

LEMMA: Let 6>0 be such that for X, Y € % (G) (we identify the Lie-algebra of G with
a subalgebra of the algebra of real nxn-matrices) the Campbell-Baker-Hausdorff-series

H(X, Y) = log(expXexpY) = X+ Y++[X, Y]+...

converges whenever | X, | Y] <. We put

d
FOX, ¥) = S (HGE, V)l = X*z wl 7.7, ,{Y X))
k1 .

(o, = }f—’; where &, is the k-th Bernoulli-number) and

‘g(t , ) = exp((1—1)tD) (%exp (A (t))),exp( —A(D) exp((j: —-1)tD).

If B(1,7) is the solution of the matrix differential equation .

Y (t, 1)
ot

(*) =1F(g(t, 1), Y(t,7)), Y(0,7)=0 for each te[0, 1]

and y’ llg(t, D] <6 and |B(t, v)| <8 for each t,te[0, 1], then
o(t,7) = exp(1tD)exp(B(t, 7)) .
Proof of the lemma: Differentiation shows that

o'Oe()"! = D+exp (tD)( d exp(4 (t)))cXp( A())exp(— tD)

On the other hand, setting ‘
Y (t) := exp(trD)exp(B(t, 1))
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and
r=We+h,0—y@ Y@ 9™

we have consecutively:
. - 6 .
r= gxp(‘c (t+h) D)exp(B(t, T+ haB(t, )+ o(h))exp(n-B(t, 7))exp(—1tD)—E
by Taylor’s formula, 4

I' = exp(z(t+h) D)exp(B(t,7) +thF(g(t, 1), B(t, v))+ o(h)) x
' xexp(—B(t, 1))exp(—1tD)—E
by substituting the differential equation,

I' = exp(x(t+h) D)exp(H(zhg (¢, 1), B(t, 7))+o(h)exp(—B(t, 1))exp(—1tD)—E
by using the definition of F,

I = exp(t(t+h)D)exp(H(H(rhg(t, 1), B(1, 1)), —B(‘t, r))-}-o(h))exp(—rtD)—E_
by the Campbell-Baker-Hausdorff-formula, | ' |

I = exp(z(1+h) D)exp(thg (¢, D) +o(h)exp(—uD)—E
= exp(t(t+h) D)(E+thg(t, ©)+o(B))exp(—uD)—E

by associativity of the matrix product, and
[d
I' = exp(thD)+thexp((t+1h) D)(d_t exp (A'(t))>exp(— A(t))exp(—tD)+o(h)—E

| ’ d ’
= th(D+exp(tD) (a;exp (4 (t))) exp(—A(t))exp(—1D)+o(h)

by using the definition of d-
Therefore we have

J .
VDY, )7t = ' (Do)’

and the lemma is proved.

Proof of the theorem. We use the lemma to calculate the Pilgerschritt-transform by .
solving the differential equation (). In order to solve this differential equation we try to
get B(z,7) = Y, B,(t,7) which converges uniformly. For constructing the functions

k=1 _
BJt,7) (k =1,2,..) we consider the series g(f,7) = Y. G,, where
ST ’ k=1
Gy = > Gy mamana 1 =DM THEDY A ()24 () () D)™

nytnztnstng=k-1

are reals) is given by a straightforward calculation.

(alh nan3na
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OB, oY )
k((% i fora— and (F) for F(X, Y) in the

Now we substitute Y, By(t, 7) for ¥, E

k=1
k=1

differential equation. In order to interpret the rlght-hand side of the differential equation

OB\ (t, 7 o
to be E k(gt ) it is necessary to consider this rlght-hand side as a series Y Lz, 7)

k=1
k=1 : : A .

in a suitable way.
Therefore we deﬁne

My i= {(tDY" Aty 4'(t) A(r)"*(t DY'*In, na,m,m e N U {0)},
o= { _[Z(s)a’s/Z € My}

and inductively
k—1

Mk = {IXI: [X?,s ---[an Y]] ---]IHEN, X19 ""Xne U M1*3 YEMO} 4
=0

MF = {j'Z(s)ds/ZeM,,} M= U M, and M* := (J M}¥.

k2o . k20
For Z e M we define -degZ by: degZ = n1+n2+n3+n4+l for Ze My;
degZ := Z deng+dng for Ze M, and
i=1 ‘

t : ) :
deg [ aZ(s)ds.= degaZ := deg Z (x e R) .
e ‘

Further we define a Lie-bracket counting function ¢ by

e(Z)=0if Ze Mg U My, 0(Z) := o(X)+...0(X,)+n for Ze M,
and

t
o(JaZ(s)ds) = 0(aZ) := 0(Z) for ZeM and xeR.
0
Now we are-able to define L,(z, 1) := 14'(f) and we set

él(t, 7) 1= thl(s, n)ds = 1A4(f),

B, (. ‘ ' N
because we want to have ltgt ir) = L,(t, 7). Inductively we define L,(z, 'r) to be the

homogeneous part of degree k of the right-hand side. Therefore we have L(t, v
" = 1(G(t)) + the homogeneous part- of degree k of the expressmn

k—~1 k-1

2 LY B, ,[_;1'3,.(:,1), ;1 Gwl.y. ¥

' t
Hence we get B,(t, 1) = ij(s, 7)ds and we have a formal expression for B(t, 1).
. (4]



Convergence can be proved in the following way:

We can see
0B, (t, 1) '
_%?u = PA(0)Z
. . ZeM,degZ=k

where P,(t) = Z aizt is a polynomlal in t ‘with real coefﬁcmnts We define
! i= .

Pj(7) = Zi 1aiz|1' .
" In order to find the number >0 of the theorem we calculate with an arbitra;y b>0,
supposing | D||<b and max ||4'(t)]| <b. Then
: te[0,11
I Z Bz, vl < Z I Y, PAdZ|<
k>1 ZeM*,degZ=k
o(2)’

< : P;(T)IIZ"SZ Pf(f)m,bk

k21 ZeM*degZ=k kz1 ZEM‘.degZ=k

2T S o

kz1 ZeM.degZ=k
First we wish to show that the series

Y — 2@(2)
R“”=Z Z g

k>1 ZeM,degZ=k

‘ k dP4(1). 29?
S(b)=2 Z i @

k>1 ZeMdegZ=k

and

and the series

have positive radii of convergence. o 7
If b is less than each of these radii of convergence, the series Z B(t,7) and

Z HaBk(t, 7) =
ot
k=1

converge uniformly. Therefore we define

o . + k
yk A Z : Ianl nznyul (l +T)m Mb .
. ny+tnztnytug=k—1 - ‘x
Using the identity N ;
B L
e(l 1)bbebe-be(r— l)b Z ) Z : a,, nzn:uuﬁ _T)m +n4bk

k>1 mtmtnstna=k—1
and 1+1=52 we get a real number y = Y y, <be®®. Now consider the differential equation
k=1 ‘

V=4 Y a2y, 0@ =0, (+#)

k=1



96

If we can show that the solution of (%) is a majorant of R(b) for a b which is small
enough, then we have ensured that R(b) has a positive radius of convergence. ‘
In order to show this we put v = ) v, and get

=1
Yo =114+ ) lakIZk(Z ) Y e
k=1 k=1 =1 k=1

A recursive calculation quite analogous to that of the functions B(¢, t) gives us v; = ty,,
v, = ttyl and
vy = 775 the homogeneous part of degree k of

T(Z chzIZ’(kZ1 J)l) Z "

t
and v, = [v(s)ds. The degree is given by interpreting the functions v, and y, as poly-
0

' 29(Z)
E * b <] =
P¥(7) o @) v, fork=1,2,..

ZeM,deg Z=k
The series Y. v, and Y, v; converge uniformly. To see this, we solve the differential
k=1 k=1
equation (#%) in a different way. We put w = ) w, and have
k=1

2w =t(1+ Y el 25 Y, w)¥)y.

k=1 k=1 1z1

nomials in'b.
Then we have

Again wy is calculated recurswely by wy = ry, w, = 1ty, w; = homogeneous part of de-
gree k of 7(1+ Z Jog) 2( Z v)'y) and w, = j wi(s)ds. The degree is given by interpreting
the fumctions wk and wk as polynomials in 7. ‘

Perron (cf. [2], [7]) has proved that the series ) w, and Y wy converge uniformly

k=1 k=1
and that wk is the solution of (%), if y is small enough. The convergence of R(b) is
k>t ‘ '
ensured, if b is small enough, because
k- k
Yo Y wit) fork=1,2,.
i=1 i=1

§(b) has also a positive radius of convergence because the polynomials P} have nonnegative
coefficients. Therefore we have constructed the required majorants. Now choose a po-
sitive real B which is less than each of the radii of convergence of R(b) and S(b) such that

e <5, R(P)<d and
B (O
Z i e+’ <X

k>2 ZeM,degZ=k
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Let be 0<f,<P and || D] <f, and rnax |]A ()| <B;. Then we have |g(t, 1) <é and
efo,
|B(z, )| <é and therefore the lemma may be used. For B(l, 1) = t4(1) = 0 we have

29(2)
Z Z Ot <K

k>2 ZeM,degZ=k

”uB(t 7)

Q.E.D.

Remarks:

1. If G is an abelian Lie group, then @ = A/[0, 1], cf. R. Liedl [5](}).

2. If G is an abelian Banach-Lie group, then ¢ = A/[0, 1], ¢f. H. Reitberger [8] ().

3. If G is a unipotent linear group, then there exists a natural number N such that

= A/[0, 1], cf. K. Kuhnert [3] (*).

4. For solvable Lie groups K. Kuhnert [3] has proved that the sequence ¢, @, By
converges to A/[0, 1] under weaker conditions than those proposed in the theorem of this
paper.

5. The followmg example shows that the condition || D[ <8 in the theorem cannot be

replaced by more special conditions on the path A4 (except the trivial condition A() = 0
for each t€][0, 1]). Put n = 2,

00 / 0 a(r)
D=(0c> and A(t)=(0 0).

700,

i) = —t } (t—Dca(s)e 1 ds .
.0

Then

Now choose reals o, § and ¢ such that O<a<f<1 and
K = gl Dee(B-eli-a_1y51

Further choose a: [0, 1] — .R‘such that a(#)>&>0 for each re[u, f] and a(t)=0 for
each te[0,1]. Then d(¢)=<0 for each te{0, 1] and

g 8
ﬁ(t)g —1 I (t—])ca(s)e(t—l)stdsé — &t J’ (I—- l)ce(r—l)scds

= _st(e(t--l)cﬁ_'_e(t—l)ca)é ___aa(ﬂ—l)ca(e(ﬂ—l)cz(e(ﬂ—l)c(ﬁ—a)_1)< —Ke

for te[a, f]. An analogous calculation shows that

0 4()
@) = (0 0 )

(*) g is a path in G not necessarlly having one of the properties required in the theorem or in the intro-
duction to this paper.

S

7 — Prace matematyczne z. 23
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where d(¢)=0 for each € [0, 1] and 5(1)>Kzs for t e [«, B]. This implies that lé(t)]gK'a
for te [x, B] and the sequence ¢, @, (p, ... diverges.

'

6. I have proved (unpublished) that go = g, if G is a nilpotent (not necessarily simply
connected) Lie group whose degree of nilpotence is equal to N ().
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