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The solution of the translation equation in a real Lie-group G can be defined as the
construction of a continuous homomorphism 4: R — G where #(1) = fis a given element
of G (cf. R. Liedl, [5]). In order to solve.this problem in a more general case and if the

restriction A/[0, 1] is required to be homotopic to a given path ¢: [0, 1] - G from the
" unit element to the element f, R. Lied] has proposed a method called the Pilgerschritt-
transformation. In this paper we shall give sufficient conditions for this method to solve
this problem.

Since a Lie-group G is locally 1somorphlc to a group of matrices and our condltlons
will be formulated using such a local isomorphism, we shall restrict the'group G to a closed
subgroup of the group GI(n,.R) of the real n x n-matrices. Let f € G be the given n x n-ma-
trix and let the Cl-path ¢: [0, 1] - G with ¢(0) = E and ¢(l) = f represent the re-
quired homotopy class of the restriction A/[0, I] of the homomorphism #: R —» G in
question. Then it is possible to consider the solution of the matrix differential equation

do(t, 1)
ot

=10’ (t) (¢, 7)

with the initial condition ¢(0, 1) \,= E (where 7€ [0, 1] denotes a real parameter). The
path ¢@: [0, 1] —» G defined by ¢(z) = ¢(1, 1) is called the Pilgerschritt transform of ¢ .
(cf. R. Liedl [5]).

The 1terat10n of the Pilgerschritt transformatlon gives rise to a sequence of paths

©, P, By ooes qo, ... Liedl’s conjecture was that there exist weak conditions for the path Q@
1mply1ng the uniform convergence of this sequence to a path ¥: [0, 1] — G, which is homo- .
toplc to ¢ and is.the restriction of a continuous homomorphism A: R — G.

"In this paper we wish to show that there exists a positive real numbet L such that this
conjecture is true, if [|@'(#)| <L for each r€[0, 1] (e.g., || is the operator norm). If
ll@’(6)) is small enough for each ¢ € [0, 1], by integration we see that ilgo(t) E|| is small.
Thus ¢(¢) can be written in the form

o) = exp(tD)eXp(A(t))
where exp(D) = f and A(0) = A(l) = 0.
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Because of
¢'(t) = Dexp(tD)exp(A(t))+exp (tD)iexp 4®)

we have | @'(¢)| small iff ||D|l and ||4'(t)] are small. Therefore it is sufﬁment to show the
following

THEOREM: For each Ke(0,1) there exists a ﬁ>0 such that ||Dij<fB, and
max 14| <By and B, <P implies that

te(O0,
@(t) = exp(¢tD)exp(4 (t))
where
max [|A'(#)||<KB, .
te[0,1]

We first prove the following

LEMMA: Let 6>0 be such that for X, Y € % (G) (we identify the Lie-algebra of G with
a subalgebra of the algebra of real nxn-matrices) the Campbell-Baker-Hausdorff-series

H(X, Y) = log(expXexpY) = X+ Y++[X, Y]+...

converges whenever | X, | Y] <. We put

d
FOX, ¥) = S (HGE, V)l = X*z wl 7.7, ,{Y X))
k1 .

(o, = }f—’; where &, is the k-th Bernoulli-number) and

‘g(t , ) = exp((1—1)tD) (%exp (A (t))),exp( —A(D) exp((j: —-1)tD).

If B(1,7) is the solution of the matrix differential equation .

Y (t, 1)
ot

(*) =1F(g(t, 1), Y(t,7)), Y(0,7)=0 for each te[0, 1]

and y’ llg(t, D] <6 and |B(t, v)| <8 for each t,te[0, 1], then
o(t,7) = exp(1tD)exp(B(t, 7)) .
Proof of the lemma: Differentiation shows that

o'Oe()"! = D+exp (tD)( d exp(4 (t)))cXp( A())exp(— tD)

On the other hand, setting ‘
Y (t) := exp(trD)exp(B(t, 1))






