i

ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
DCXXIII PRACE MATEMATYCZNE, ZESZYT 23 1982

Non-commutative calculus
and Pilgerschritt transformation

| by Roman LiEpL

The Pilgerschritt (Pilgrim step) transformation is a method of solving the translatlon'
functional equation (cf. [1, 7,8, 11, 12, 14]). In this paper we give a theory of non-commu-
tative integration (cf. [9, 10, 13, 15, 16]) and non-commutative differentiation (cf. [2, 4, 5])
which allows us to describe the Pilgerschritt transformation in a- very natural»way

Let G be a complete Hausdorff group with group operation * and unit element e, and ‘
let I(G) be the set of all continuous group homomorphisms ¢: R — G, where R denotes

_the additive group of reals. Let [, b= R denote a compact non-empty interval. Differ-
entiation of a function F: V; — V¥, (V;, V, real Banach spaces) in the classical sense gives
a function F': ¥, - Hom(V,, V,). Analogously we shall see that differentiation of
a function F: R —» G gives a function F: R — I(G).

1. Integration. Let U%(e) denote the filter base of symmetric neighbourhoods of the
unit element e € G. For Ve U%e) let V* = {(x, y)|x * y~! e V}. The set {V*|V e Ue)}
forms the basis of a filter of entourages of the so-called right uniformity on G. This uni-
formity is complete because G is complete. The sets V* are symmetric.

For V'e U%(e) and a>0 let be

= {(¢, M1, ¥ I(G), pit) Y (t) ' eV for |t|<a}

It is simple to show that {V,|V € U(e), a>0} forms a basis for the filter of entourages of
a complete Hausdorff uniformity on /(G).

A step function f: [a, b] - I(G) is a function such that there ex1sts a “suitable” sub-
division a = a,<a,£...Za, = b with f constant over (a;,a,+,) (k=0,1,..,n—1).
S[a, b] denotes the set of all these step functions. A basis for the filter of entourages of
a uniformity on S[a, b] is formed by all sets ‘

ylabl = {f, 9\ f. g€Sla,bl, (), g(x))e V,, x€la, b, Ve U¥e),a>0}.

In general this unlform:ty of Sla, b] is not complete.
So far we have considered three uniform spaces, namely G, /{(G) and S]a, b] We
define the group G to be admissible for integration if the function

{:Sla,bl-Gf-> | f
{a.b1 [a.b}
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with

(RIS B,

[a,b] -

has a continuous extension on the umform completion RJa, b} of S[a, b]. In this context
a = aOSa,S .Za, = b denotes a suitable subdivision. Analogously to the integral

introduced by Cauchy we define the (product —) integral j Ria,b] - G ‘which is
[a,b1
a generalization of Cauchy’s integral and which is related to Volterra’s product integral

on the group GL(n, R). Indeed, assume that G is admissible for integration. Then we.

define | as the continuous extension of | from Sla,b] to Rla, b].
fa,b] [a,b]
There is a canonical way of interpreting the elements f* of Rl[a, b] as functions

S [a, 8] » I(G). If f* € R[a, b], then there exists a Cauchy filter % . on S{a, b] which
represents f*. For Fe #% and x, € [a, b] let be

F?* = {fx)|feF}.

Then {F*|Fe #} is a Cauchy filter in /(G) and converges to an element ¢ € /(G). We
define f'(x,) := ¢. A function f given in this way may be called regulated. We have the
following.

THEOREM: A function x: [a, b] - I(G) is regulated iff for each x, € [a,b] there exists
lim yx(x) and for each x, € (a, b] there exists lim x(x).

X—+Xp+0 x=+x0—0

The proof of this theorem follows the proof of the classical analogue, e.g., in [3].

" 2. Differentiation and Pilgerschritt transformation. Let @: [a, b] — G be an arbiirary
function and let be x, € [a, b). The right derivative d°® (&, x,) of & at the argument x,
and the increment =0 is defined by

é m
d*® (&, x,) = lim [d>(x0+—) * d-""l(xo):l
if this limit exists and the sequence converges uniformly in & over a compact interval
[0, £] (¢>0) and is a continuvous function.in &. If <0 we define
dQ@(és xO) = [d0¢(_§’ xO)]w1 .

TueoREM: The right derivative d°®(.,xy): R— G; £~ d®(E,xy) is a continuous’
group homomorphism and therefore an element in 1(G).

Because of the supposed continuity the proof may be reduced to proving that
&S (E+n, %) = dD(E, %0) * d°B (7, Xo)

for rational &,1n, £E+ne(0, €] (cf.-[8] p. 10)..
There is an analogous definition and theorem for the left derivative d*®(¢, x,)






