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I Introduction. The convergence rate of multiplier methods with exact minimization
of intermediate problems was investigated by Bertsekas [1] Tapia [2] and Rupp [3]. It
was shown that the multiplier method using the Hestenes-Powell multiplier update for-
mula or the projection formula is locally Q-linear convergent and that the multiplier
method with Buys’ update or Tapia’s update is locally Q-quadratically convergent (For
definition of the (-convergence see [4]). The influence of nonexact minimization of
intermediate problems on the convergence rate of the multiplier method of Hestenes and
Powell was investigated by Rupp, Buys, Bertsekas. In [1] there' was suggested a stopping
criterion for the intermediate minimization such that the convergence rate is the same
as in the method with exact minimization. ‘

In this paper we deal with the convergence rate of the multiplier method using Buys’
and projection updates (see (16) and (15) formulae, respectively) when the intermediate
minimizations involved are approximate. We show (Proposition 3.1) that the multiplier
methods are convergent when the minimizations are asymptotically approximate. The
multiplier method using Buys’ update is considered as the perturbation of Newton’s
method for dual problem. The conditions that guarantee that the method is locally
QO-superlinear and Q-quadratically convergent are discussed.

I1. The multiplier methed. Consider the constrained optimization problem

{minimize f(x)

(1) subject to  g(x) = 0,

where f, g1, ..., §m aTE functiohals on R" and g(x) = (g,(x), s Gu(X))T, With m< n.
For xe€ R* and u e R™ define
| F(x,u) = f(x)+u™g(x) .

The functional F is said to be the Lagrangian functional for problem (1). The vector
x € R" is said to be a critical point of problem (1) if there exists a Lagrange multiplier
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# € R™ such that

@) VF(x, u) = (Vf(x)+Vg(x)-u) _o.

g(x)

where Vf(x) is the gradient of the functional f{x) and Vg(x) = (Vg,(x), ..., Vg u(X)).
Moreover, we say that x is a nonsingular critical point if the Hessian V*F(x, u) is invertible.
If x*e R" is a regular (i.c. the gradients Vg,(x*), ..., Vg,(x*) are linearly independent)
solution of problem (1), then it is a critical point and the associated multiplier «* is unique.
Hence, an obvious approach to the constrained optimization (1) would be to apply the
known methods for the nonlinear system of equations (2). However, such an approach
is unfavourable, because the dimension of problem would be significantly increased and
the Hessian V2F(x*, u*) is not positive definite.

Given a nonnegative number C, we consider the augmented (by penalty term) Lagrangian
functional for problem (1):

o L0, 4, ©) = f0)+4™-g (4 7 9 (-9

It was shown [5] that there exists C>0 such that for all C>C the following holds:
if x* is a nonsingular solution of problem (1) with associated Lagrange multiplier u*,
then x* is a locally unique minimizer of L(x,u*, C) and V2 _L(x*, u*, C) is positive
definite. Conversely, if x* and u* are such that x* is a minimizer of L(x, u*, C) and
g(x*) = 0, then x* is a solution of problem (1).

Let x* be a nonsingular solution of problem (1) with associated Lagrange multiplier u*,
then V. L{x*, u*, C) = 0. Since

(4) V2,L(x* u*, C) is positive definite,

by the implicit function theorem there exists a neighborhood W of u* and a function
x(u): WcR™ —» R" such that the following holds:

(5) x(u*) = x*,
(6) V.L(x(w),u,C)=0,
(7) Vx() = ~V,g(x@)"-ViL(x(w),u, C)~.

| For u e W dgfine 7(4) = minL(x, u, C). The function A(u) is well defined on W and
by (4), (5) x
(8) h(u) = L(x(w), u, C)
Using (7) we obtain
) Vh(u) = g(x(u))—Vxg(x ()T Vi L(x (W), u, C) -V, L(x(w), u, C),
(10)  V*h(u) = —V,g(x @)™ VZL(x(w), u, C)~*V, g(xw)+
‘ +V2x () 'V, L(x (), u, C)
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but V,L(x(u),u, C) = 0 so that
(11) | Vh(u) = g(x ),
(12) VZh(u) = ——ng(x(u))T-VixL(x(u), u, C) 1V, g(xw)).

By (4) the Hessian V2h(u*) is negative-definite and the gradient Vi(u*) = g(x*) = 0.
This proves that u* solves the problem
(13) ' max h(u) .
ueW
Problem (13) is called the dual problem to the primal problem (1). We obtain the
following Local Duality: if x* solves the primal problem, then its associated Lagrange

multiplier u* solves the dual problem and x* can be obtained from u* as the solution
of minL(x, u*, C).

Hence, a natural approach to the constrained optimization problem is to solve the
dual unconstrained problem (13) to obtain u*. Although we do not know the explicit
expression for the function h(u), its gradient and Hessian are defined by (11) and (12),
respectively. This is the idea of the multiplier method.

For the sake of simplicity, we assume that the penalty constant C remains fixed (though
all the results obtained are true for C varying in a compact subsets of [C, o0)).

DEFINITION 2.1. A function U: R**™*1 - R™ with the property that u* = U(x*, u*, C)
whenever (x*, u*) is a critical point of problem (1) is said to be a Lagrange multiplier
update formula for (3)

DEerFINITION 2.2. (Multiplier Method) Let U be a Lagrange multiplier update formula.
Then by the multiplier method for problem (1) with U we mean the following algorithm

Step 1. Determine a u°, set kq:= 0.

Step 2. Find x(#*) minimizing L(x, 4", C).

L{x ("), u*, C) = minL(x, u*, C).

Step 3. u*+1 = U(x(@h), v*, C).
Step 4. Go to Step 2 with k:= k+1.

In practice a stopping criterion would be inserted in step 2 and also between step 2 and 3.
Consider the following multiplier update formulae

(14) Ugp(x,u, C) = u+C-g(x),

(15)  Up(x,u, C) = —[Vg(x)"-Vg(x)]"'Vg (x)"-Vf(x).

(16)  Us(x,u, C) = u+[Vg(x)"- H-Vg(x)] " -g (x).

(17)  Uglx,u,C) = [Vg(x)T-H-Vg(x)]‘l{g(x)—Vg(x)T-H-(Vf(x)-i-C'Vg(x)-g(x))} )
where H:= Vi L(x,u, C)~1.
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The multiplier update formula (14) obtained by using the gradient method for pro-
blem (13) was proposed independently by Hestenes and Powell. The formula (16) sug-
gested by Buys is a result of the application of Newton’s method to problem (13). The
projection formula (15) is the solution for u of the system
{VxL(x, u,C) =0,

g(x) =0.
The formula (17) turns up when Newton’s method is used for the system (18) and was
suggested by Tapia. Having written the formula (17) in the form:

(19)  Uglx,u, C) = u+[Vg(x)T-H-Vg(x)] *{g (x)— Vg (x)"- H-V,L(x, u, C)}

(18)

we can consider the update Uz(x, u, C) as a formula of Newton’s type for problem (13)
in which Vi(u) and V?h(u) are given by (9) and (12) respectively.

It is interesting to observe that in the multiplier method the multiplier update for-
mula (15) is equivalent to the Hestenes-Powell update (14), while Tapia’s update (17)
is equivalent to Buys’ update (16), provided that in the step 2 minimization is exact.

The following result on the convergence rate of the multiplier method with exact
minimization was established in [1], [2]

PROPOSITION 2.1, Let x* be a nonsingular solution of problem (1) with associated
Lagrange multiplier u*. Let the functions f, g, be twice continuously differentiable in
a neighborhood of x*. Then,

(1) The multiplier method using the Hestenes-Powell update is locally Q-linearly con-
vergent. Moreover, Q, -factor is arbitrarily small if the penalty constant is sufficiently large.

(i) The multiplier method using Buys’ update is locally Q-quadratically convergent.

We now establish a lemma which we will use in next Section.

LEMMA 2.2. Let the assumptions of Proposition 2.1 hold. Then there exist a neighbor-
hood of u* and positive scalars ry, r,>0 such that in this neighborhood we have

(20) rillx @) =x @l <[l —ull <rallx@)—x @I,

where x(u) is the implicit function defined by V. L(x,u, C) = 0.

Proof. By McLeod’s mean value theorem [6] we have
(21) x(u)—x@W) =Y ti°Vx(u+9i(u’—u))-(u’—u) ,
i=1

where 0<6;<1, #,=0, Zt = 1. By (4) and Lemma on perturbation ([4], p. 46) there

exists a nelghborhood W1 of u* in which the inverse Hessian V2 L(x@),u, C)Y 1 is
bounded uniformly. Hence, from (7) we have |]VA(u)l|<M in this neighborhood. Th1s
proves the existence of r,. -
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Let us usc the notation u' = u+0/u' —u). From (21) and (7) we obtain
V. g(x()" - (x)y—x@) = ) £V g (x )T Vx (- (' —u)
i=1

= — i t," Vg (x()T-VELL(x (), o', C) Vg (x@))) (' —u) .
i=1

By (4) there exists a neighborhood W, of u* in which the matrix

S 1,V g (x(@) " VAL (x (), 4, C) -V, g (x(u)
i=1

is invertible and its inverse is bounded uniformly. This establishes the existence of r,.
So (20) is true in Wy n W,.
Setting v = u*, ¥’ = u* in (20) we obtain

rollx ) — x*|[ < |l —u|E<rollx () — >}

This estimation proves the following

CoROLLARY 2.3. (Proposition 9.1, [2]) Suppose that the multiplier method with an
arbitrary multiplier update formula generates the sequence {(x(u"),u*)}. Then ut - u*
with Q-order q if and only if x(*) — x* with Q-order gq.

IIl. Convergence of the multiplier with approximate minimization. Remember
that in step 2 of the multiplier method we need to find x(u*) such that L(x@", ", C)-

— minL(x, u*, C). In practice, generally, it is impossible to calculate x(u*) exactly.
x

Usually, a stopping criterion, for instance, ||V, L(x*, u*, C)||<é& would be applied and
the approximate minimizer x* is used in the calculation of #***.

Now we will prove that the multiplier method is convergent with asymptotically exact
~ approximate minimization. '

' ProPOSITION 3.1. Let U(x,u, C) be a multiplier update formula for problem (1).
Assume that U is continuous in a neighbourhood of (x*, u*) and the multiplier method with
U(x, u, C) is locally Q-linearly convergent. Then there exist 8., 8,>0 such that the se-
quence generated by u**' = U(x*,u¥, C) converges to u*, provided that:

{“”"—u*llﬁél

22)
(22) [|x* —x ()| <8, for all k, and |x*—x )| = 0.

Proof. By the assumption the multiplier method with U is locally Q-linearly con-
vergent, so we can assume, without loss of generality, that there exists a neighborhood N
of u* such that if #° € N then #**! = U(x(#%), #*, C) remains in this neighborhood and

I+ —u]

23
%) 1 —u*||

<a<l for all k.
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€
Take a sufficiently small §,, ¢ such that the closed ball B (u*, o+ 1—~—~) 18 contained
-0

in the neighborhood N. By the continuity of U there exists a neighborhood of x* and
a positive scalar 6, such that in this neighborhood if ||x'—x||<é, then |U(x', u, C) —
—U(x, u, C)}|<e for all ue B.

Let u° be an initial approximation of the multiplier, |ju®—u*||<d; and u**!

0 | .
= U(x*, u*, C), where ||x"—x(u")||€§. We have the following estimation:

|l —u*|| = (UG, o, C)~u*|l,

(24
D <N, o, C) =¥ UGS 1, C)— U (e, i, Ol

Hence, using (23) we obtain

. &
o+ — | < of o — ||+ e <o [u® — 0] + T
—

This proves that v* e B (u*, 0.+ ) for all k. S the sequence {#*} is bounded. We will

1—a
now prove that the sequence {#*} has the unique limit point u* if ||x*—x@u")|| — 0.

Let {4V} be a subsequence of {#*} which is convergent to . If # # u* we denote the
distance between these points by d. Take §>0 such that (d—8)—a(d+8)>0. There
exists L such that for all />L we have [[u—i||<d and ¢ = ||U(x(u(”),um, C)—
Ux?, u?, C)|| <(d—8)—a(d+35). But

1t — || <al|u® —u*|| + & <a(d+8)+ 5 <d—6 .

This proves that u'?*! ¢ B(u, ). In the analogous way we conclude that u®** ¢ B(u, d)
for all 5. This contradicts the assumption that ¥’ » #. Thus d = 0 and proposition is
established. -

The inequality (24) shows that the good convergence behaviour of the multiplier
method may be destroyed if [|x*— x (*)|| do not decreases to zero sufficiently fast. Analising
the convergence of the Hestenes—Powell multiplier Bertsekas [1] has given a numerical
example in which the method with nonexact minimization generates the sequence {u*}
which converges to u* but the convergence is not Q-linear. He proposed a special stop-
ping criterion for minimization with which the method has the same rate of convergence
as the method with exact minimization. Namely, we have

- Proposition 3.2, [I] Assume that function g(x) is Lipschitz continuous in a neighbor-
hood of x*: ||g(xX)—g{(II<L||x—y||.. Then the Hestenes—Powell multiplier method with
nonexact minimization has the same rate of convergence as the method with exact minimi-
zation, provided that

(25) | IVLLOE b, ON<nllg oM, and 7, - 0.

For the convenience of the reader we summarize the proof of Bertsekas. Next we
will use some estimations obtained here.
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Proof. Since V2 L(x* u* C) is positive definite there exists a neighborhood 4
of (x*, u*) such that for all (x,u)e A, V2. L(x,u, C) is invertible and its inverse is
bounded uniformly, ([4], Lemma on perturbation), |V, L(x, u, C)||<M. Take a suf-
ficiently large &, such that (x*, u%), (x(@"), v*)e A" for all k=k,. By McLeod’s mean value
theorem we have

V.L(x* u*, C)—V, L(x5), v, C)

= )P: te, V2 L(x (%) + 0, (x*—x(u")), u”, C)-(x"—-x(u")) ;
i=1

m
Whefe 0<Bk,i<15 tk,i>0’ Z tk,i = 1.
i=1

Hence, we obtain ||x*—x(*)||< M|V, L(x*, u*, C)|| and by (25)
16— x u NI Mallg (9]

< M (119 (9 — g (x @I +11g (x (")) — g (M)l
< MEn([1%* = x ()] +11x () — x*]])
Using (20) we get

_ 1Ly, MLy, 1
()| € ——— I P s TP
I“MLﬂk l“ML k 1
X _ MLy, ]
Setting o(n,) = ——— *— we have
(26) = x| <o il ~ull,  where o(n) >0 if 5~ 0.

Tt is well known [1], [2] that the sequence {v*} generated by the Hestenes-P0well
method Q-linearly. converges to u*, i.e. given
— |l |

Pt = vF+ C-g(x (")) we have llm o i =qg<l1.
v —u

Hence, for an arbitrary small ¢ there exists & such that if {|v*—u*{| <4, then
¥+ C- g(h(vk))*u*||<(q+8)||v —u*||. When the approximation x* is taken instead of
x (), The Hestenes—-Powell multiplier method generates the sequence {u*} by the iteration |

Wt = 4 Cg(xh) .

By Propositidn 3.1 and (25) the sequence {u*} is convergent to u*. Assume that k, is large
enough in order that ||u*—u*||<d for all k=k,. By using (26) we estimate
[T —w¥|| = ||u*+ C- g (x*)—u*||

< |fuf+ C- g (x (1)) —u*||+ Cllg (x*) — g (x ()]
< (g +o)|ju* —u*|| + CL||x*— x (u")||
and, therefore,
@7) i — || <(g+e+ CLo ()l —u]]

" Since £ is arbitrarily small and o(y,) = 0, the inequality (27) proves the proposition.







