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Abstract. The present paper consists of two parts, In the first part we give a'sh'arp estimation of the
degree of the inverse to a polynomial automorphism of C”. The second part contains the theorem on li-
mits of sequences of polynomial automorphisms with some of its applications.

Introduction. In Part One we give a sharp estimation of the degree of the inverse
to a polynomial authomorphism of C". (Theorem 1.5). This result is based on the affine
version of Bezout’s theorem. Since we can not find in bibliography such a version of
Bezout’s theorem we present its proof based on Rouche’s theorem and on the well known
projective version of Bezout’s theorem (cf. [6], p. 191). |

In Part Two a structure of some sets of polynomial automorphisms is examined.
In particular, a formal analogue of known Cartan’s theorem on sequences of bi-
holomorphisms of a bounded domain (cf. [3], p. 78) is proved (Theorem 2.3). The con-
structibility and algebraicity of the sets of polynomial automorphisms of bounded degree
apd fixed jacobian are also given (Theorems 2.5 and 2.6).

We introduce some notations and definitions which will be frequently used in the
sequel.

Let M N be complex vector spaces. Let F: M — N be a polynom1a1 mapping and

let F = Z F, be the decomposition of F into the homogeneous components. As usual,

the number degF = max{k: F, # 0} is called the degree of F. Let us write, for k e N,
PM,N) = _{F: M — N, F is a polynomial and degF<k},
P M) = PM, M), C-[M] = PYM, C),
P(M,N) = OC)F}?”‘(M,N), FM)=P(M, M),
CIM] = #(M, C).

DEFINITION. We call a mapping F: M — M a polynomial automorphism of the space M,
if F is one-to-one polynomial transformation of M onto M and the mapping F~!
polynomial too.
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We write

F(M) = {Fe #M): F is a polynomial automorphism of M},
P (M) = UPYM) .
1

Assume that M is a finite-dimensional 'space.
The mapping J: (M) 3 F — detF ' e C[M] is a polynomial mapping. Thus for Ae C,

k e N, the set
PYM) = {Fe PM): J(F) = 4}

is algebraic in the vector space PHM).

We shall need also some notations from the projective geometry. |

If M is a finite dimensional complex vector space, we denote by P(M) the respective
projective space, i.e. the space of vector lines through the origin in M. Define
o: M2z P((1,2) =C(1,2) e P(C x M). For an arbitrary set ScM the set ¢(S) will

be denoted by P(S).

Part One..In the beginning we present an affine version of Bezout’s theorem.

~ ProrosiTiON 1.1 Let dimM =n22 and F = (fy, ... [p): M — C" be a polynomial
mapping such that F~'(0) = {ay, ..., &}. Then

k
v(F) = Y m,F<degf; ... degfe,
i=1
where m,, F denotes the multiplicity of F at the point a; (see e.g. Stoll [7] for the definition).

The proof is preceded by two lemmas which permit us to use the projective version
of Bezout’s theorem

LEMMA 1.2. Let V,, V, be homogeneous algebraic sets in M of pure dimensions k, I,
respectively (1<k<l<n). Then there exists a linear isomorphism o of M such that

dim(V, n o (Vy)<k.

Proof. Let ¥V, = Vi u..u ¥y be the decomposition of V; into its irreducible
components (which are also homogeneous). Let us fix a point g; inP(VHforj=1,..,5
and a hyperplane X in M such that X n q; = 0,j=1,..,5 Let YoM be a vector line,
complementary to X such that Y n V, = {0}. Fix in turn a point yo € Y\{0} and two
constants r, R>0 such that

(d U ... Ua) N (yo+X)<yo+ Bx(R),
}’0+Bx(r)C(J’o+X)\V2







