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In the papers [1], [2] C. Dafermos gives a theory of processes. The process has a mean-
ing for the differential equation x" = f(z, x), similar to that of the dynamical system for
the differential equation x’ = f(x). Dafermos obtained his most important results for
compact processes. In this paper we show that in some sense the theory of compact
-processes is adequate the theory of the differential equatlons of the form x' = f(z, x)
with f almost periodic.

We recall a pseudoprocesses -definition (see [4], [5]) Let X be an abstract space, -
(W, +) an abelian group, U< W a subsemigroup such that Oe U. Let u: Wx XxU— X
be a mapping.

We call the system (X, W, U, u) a pseua’oprocess if
(@) u'(x,0)=x for all te W, xe X,

(b) w'(x, s+1) = u'*(u'(x, s), 1) for all teW, xeX, 1,5€U.

We consider a differential equation

8] : x' = flt,x),

where f: RxR" - R" is a continuous function such that for every (ty, Xg)€ RX R"
" there exists exactly one solution Do, 30y  [t0> ©0) = R™ of equation (1) with the initial
condition x(7y) = x,.
If we put
uto(xo,."-) = Qto, xo)llo+7T)

then we obtain a pseudoprocess (R", R, Ry, u) which we shall denote shortly by u.

A pseudoprocess (X, R, Ry, v), where X is a topological space, is said to be a lifmit
pseudoprocess for a pseudoprocess (X, R, Ry, u), if there exists a sequence {7,}, T, € R,
such that 7, — oo and lim #'*""(x, 1) = v'(x, 1), for every te R, xe X, te R, (see

n— o
definition of limit process in [1]). :
Assume in the sequel that f: RxR" —» R" is a continuous finction such that the
differential equation (1) gives a pseudoprocess u.

THEOREM. Suppose that a sequence {T,}, T,€ R has the property
2) o J@+T,, x) > g(t, x)
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uniformily on compact sets in R and uniformily for x€ R, where the function g fulil the
Lipschitz condition with respect to x. Then the differential equation

3) | x' = g(t, x)

defines a pseudoprocess (we denote this pseudoprocess by v), such that for every xe R"
) W, 1) > 0'x, 1), asn—> 0

uniformly on compact sets in RX Ry.
If the convergence in (2) is uniform in R, then the convergence in (4) is also uniform in R.
In the case T, » oo, v is a limit pseudoprocess for u.

Proof. We show first that for every x € R” there exists lim u't™(x, 1) and the con-
vergence is uniform on compact sets in RX Ry. Ao

Let [A4,, A,] and [0, B,] (4;, A,, B; € R, B;>0) be any intervals of R and Ry
“respectively and let x e R", ¢>0 be fixed. We may assume that [4,, A, w0, B] is
contained in an interval [4, B], where 4, Be R. Let K>0 be the Lipschitz constant for
function 'g. In the sequel we put ‘

Panlts ©) = 1T, )=t T(x, 7)]
for every n,me N and te R, Te R,. We have

Pamts D) = @a+1 0+ Tut D) =0t 1 nyt+ Tut 1)

t+ Tt t+ Tt

=1 [ S0 @urran®)ds— [ f(5, @ur1mn()ds]
t+Tp t+ T
t+t

< [ If6+T,, @uern,=(s +T)) —Q(S, T T)ds+
|3

t+t

+ _’[ 1f(5+ T, @4 1mum)(S+ T.)) — 9(s, P+ 1m0+ TH))Nds+
-I-\ij,,,m/(t,‘s)ds .

It follows from (2) that there exists n, € N such that

D, ml X, 7)<ee™E® +K§'p,,_m(t, s)ds

for n,m>n, and t € [4,, 4,], 1€ [0, B,]. By the known result (see p. 6z in [5]) wé have
pn,m(t, T)S_ge_xslel(tgs

for the same n, m and ¢, r. Thus the sequence {#'*7"(x, 1)} fulfils the Cauchy condition
and we have for every xe R"

I x, 1) - oix, 1)
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uniformly on the compact sets in Rx R, for some tunction v: Rx R*x Ry — R". If the
convergence in (2) is uniform on R, then we may write “7 € R” in place of “t € [4,, 4,]"-
so that this convergence is umiform on R.
Now we show that v is the pseudoprocess defined by the differential equatlon
x'=.g(t, x). Since

4T+, 0™ ™(x, 0)—g(t+1, v'(x, D)
S+ T+, 0" (x, 1)) —g(t+7, u T (x, D))+

+ Kt T(x, 1) —0%(x, 7)|
we have
p W ™x, 1) > g(t+1,1(x, 7)), asn->®
T
uniformly on the compact sets in R,. Hence the function Ry 37— v'(x, 1) € R" is dif-
ferentiable and its derivative is equal g(z+7, v'(x, 7)). This proves that

Yo, xop" [lo» 20) 35 = V'(X, s—15) € R

is the solution of the problem x' = g(z, x), x(t,) = x,. By the Lipschitz condition for
g it is exactly one solution of this problem Thus » is the pseudoprocess generated by
the equation (3).

The proof of the Theorem is completed. :

Let X be a topological space. We say a pscudoprocess (X, R, Ry, u) is compact (com-
pare with [1], [2]), if and only if for every sequence {T,}, 7, € R there exists a sub-
sequence {T,,} such that 2" T*(x, 1) is convergent for every 7€ R, x € R", 7 € Ry (more-
over, if this convergence is uniform on R, then v is said to be uniformly compact pseudo-
process).

We obtain from Theorem the following

COROLLARY 1. Assume that [ fulfils the Lipschitz condition with respect to x, and for
every {T,}, T,e R there is {T,} such that f(t+T,, , x) is convergent uniformly on the -
compact sets in R and uniformly on R". Then the pseudoprocess i is compact. Moreover,
if this convergence is uniform on R, then u is uniformly compact.

Remark. The last two assumptions coincide with the assumption of the almost
periodicity of the function f(-,x): Rt - f(t,x)e R" for an arbitrarily fixed point
x e R" (see [3], [6)).

From Corollary 1 we have as an immediate consequence

COROLLARY 2. If f is an almost periodic function and satisfies the Lipschitz condition
with respect to x, then u is an uniformly compact process. '

We have also
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COROLLARY 3. Assume that the function f is bounded and uniformly continuous. If the
pseudoprocess u is uniformly compact, then f(-, x) is an almost periodic function for every
x e R".

Proof. It is known that the limit of the uniformly convergent sequence of almost
periodic functions is an almost perlodlc function. We fix a point x € R" and define the
functions:

1
5t = nlog (t+ ;) —Pu,x(t)] for neN, teR.

As the process is uniformly compact then the functions f, are almost periodic. We have -

e+ 1
[

G 1AO=S, x)]| = |n {[ T, @) =f(t, 9, x(2))ds]

2
n

<n ! If(ss (P(t,x)(s)) _"f(t’ ¢(!,x)(t))lds .

As the function f is bounded then the function ¢, ,,(-) satisfies the Lipschitz condition
with a constant not depending on 7. Hence, by the uniform continuity of the function f we
obtain: for every >0 there is >0 such that for every 7€ R and |5, —s,] <3, we have

f(51 ’ ¢(:,x)(51)) —f(s2, @, x)(Sz))l <e.

We may use this condition in inequality (5) to finish the proof.
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