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Limits of algebraic sets of bounded degree
by Piotr TworzEWSKI and Tadeusz WINIARSKI

Abstract. The main result of this paper states that the set of all pure dimensional algebraic subsets
of C" of bounded degree is compact in the topology of the local uniform convergence.

1. Introduction. Let Q be an open subset of C". Let # be the family of all closed
subsets of Q. We endow %, with the topology 7, generated by the sets

U(S,K)={FeFgq. FNK=@0, FnU # @ for Ue S}

corresponding to all compact subsets K< Q and all finite families % of open subsets of Q.
We call this topology the topology of local uniform convergence.
- Let us recall some properties of the topology 7 (for details see-[7]).

(1) #, is a metrizable compact space;

(2) a closed subset F of Q is the limit of the sequence {F,} in the above topology if
and only if the following two conditions hold ._

i) for every x e F there exists a sequence x,e F,, v = 1,2, ..., such that x, - x.

i1) for every compact subset K< O\F, F, n K = O for sufficiently large v.

E. Bishop [I] (see also [3] and [6]) has proved the following theorem that will be
useful to us.

THEOREM 1 (Bishop). Let {V,} be u sequence of purely k-dimensional analytic subsets
of an open subset Q< C" which I o-converges to a (non-empty) limit set V in Q. If for every
compact set K< Q, 2k-volumes of V, n K.are uniformly bounded then V is again a purely
k -dimensional analytic subset of €.

2. Sequences of algebraic sets. We will denote by ¥7, the family of all pure k-di-
mensional algebraic subsets of C", the empty set included, for k = I, ..., n. Further-
more, we endow ¥, with the topology induced from % ... By degV we mean the degree,
in the sense of algebraic geometry (see [4], Chapter 5), of the projective completion of
Ve, V+#9 and degd = 0 (by definition).
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PRrOPOSITION 1. The function

vV ,3V o>deglVeZ

is lower-semicontinuous.

Proof. We see at once that this function is lower-semicontinuous at &. Let V, e ¥,
for v=10,1, .., be non-empty algebraic sets and lev ¥, > V,. Standard methods of

v
algebraic geometry give the following information. There exists an affine n—k dimensional

subspace L of C" such that
$(LAV)=degV, forv=0,1,...

It follows from [7], Theorem 3 that L n V, - L n V,. Hence degV,>degV, for suf-
ficiently large v. This concludes the proof of Proposition 1.
Let k, d be two non-negative integers. Write

Via={Ve ¥, degV<d}.

Now, we state the main result of this paper
THEOREM 2. ¥, 4 is a compact subset of ¥,.

Proof. One should prove that the set ¥, ,isclosedin F . Let V,e ¥ 4, v = 1,2, ...,
and let V, - ¥, where V is a non-empty closed subset of C*. It follows from [2], Theo-
rem 1.8 that

Vol (V, n B0, r))<a(2k)d-r**  for r>0, v>1

(where «(2k) denotes #**-volume of the unit ball in R*). In particular the sets V,,
v=1,2,.., have uniformly bounded 2k-volumes on compact subsets of C". Therefore
by Theorem 1 the set V is purely k-dimensional analytic subset of C". Applying [6],
Proposition 3, p. 24 to sequences ¥V, B(0,r) —» V n B(O,r),r>0 we get a positive
constant K such that

Vol (¥ n B0, ))<Kr?*  for r>0.

By known Stoll’s criterion ([5], see also [6]) V is algebraic. It is easy to see that the Pro-
position implies that degV'<d. Hence Ve ¥ 4.
Let us end with

COROLLARY (cp. [4], Chapter 2). Let p: C"* = C" ¥ x C* — C* be the natural projection.
Let V be a purely dimensional algebraic subset of C". Then

(1) p(V) is an algebraic subset of C* and dimp(V)<dim V. ( p(V) is the closure of p(V)
in the topology of C*).

(2) if the restriction p|V: V — C* is proper then p(V) is a purely dimensional algebraic
subset of C*, dimp(V) = dimV and degp(V)<degV.
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Proof. For each 1€ C\{0} let
P, C"=C" xC*a(x,y) » (Ax, p) e C"

be a scalar multiplication of x by A. Since the mappings p, are linear isomorphisms, the
sets p,( V) are algebraic with degp,(V) = degV, for A s 0. This implies that p,(V)e ¥ 4
where s = dimV, d = degV, for A # 0. By Theorem 2 there exists a sequence A, — O,
4, # 0 such that the sequence p; (V') converges in % ., to a non-empty limit set # which
is a purely s-dimensional algebraic subset of C” with degW <d. Note also that
W ({0} x C*) = {0} x p(V). Furthermore, if p|V is proper then W = {0} xp(¥). This
concludes the proof of Corollary.
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