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1. Introduction. Let f be a function holomorphic in a neighbourhood of infinity except
the point z = 0. We define the order of f at infinity as follows:

o(f) = o = inf{u>0: ARV R> RyM ((R) <exp(R")},

where M (R) = ||fllceo.ry = sup{l f@)|: lz| = R}. If g(f) is positive but smaller than
infinity, we define the zype of f at infinity as follows:

o(f) = o = inf{yv>0: EIROVR>ROMf(R)<exp(vR°)}.

We can equivalently define:

' In*tIn* MR
o(/) = limsup 0 MAB)
R—w lnR
and
In M ;(R)

o(f) = limsup , If O<p<oo.

R—w Ra
The following properties of ¢ and ¢ can be proved:
1° o(f+g)<max(g(f), e(g)) for any functions f and g holomorphic in a neighbour-
hood of infinity;
2° if 0<o(f) = 0(g) = e(f+g)<oo, then o(f+g)<max(c(f), 3(9));
3° if p is a nonzero polynomial, then:

(1.1)  e(p =0
(1.2) o(f+p) = o(f'p) = o(f)
(1.3) a(f+p) = o(f-p) = a(f) if O<e(f)<o0.

~ For details see e.g. [5]. \

In this paper we will restrict our interest to the class of meromorphic functions. Denote
by M,(C) the class of all meromorphic functions with exactly m poles (counted with
~ their multiplicities) on the complex plane C. The purpose of this paper is to generalize
the results obtained by Winiarski [9] for the class My(C) of all entire functions onto the
class M,(C), m=0. - |
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2. An extension of the Batyrev-Winiarski theorem. Let £, ,, denote the class of all
rational functions whose numerators and denominators are polynomials of degree not

‘greater than n and m, respectively. For every function f defined on the compact set E

there exists a function f, € 4, ,, such that

I f=fulle = inf{||f=rllg: r € Ry},
where |{pllz = sup{lo(2)}: ze E}. We define:

Cnm([s E) = Cp.m = I/~ LillE>

En(fs E) = Qn,O(f: E)'= lnf{“f_'p”E: PE gan} s

where 2, denotes the space of all polynomials of degree not greater than n. Winiarski [9]
has proved the following theorem: Let E be a compact subset of C with the logarithmic
capacity d>0. Let f be an entire function. Then:

1 1 . 1 »
1° limsupne (E,(f, E)) = d(ego)? if 0<o(f)<,

n—+>w

1 ,
2° lim n*(E,(f, E)}* = O for every a>0 if o(f) = 0.

We shall give the following generalization of this theorem:

THEOREM 2.1. Let EcC be a compact set with the logarithmic capacity d>0. Let [ be

~a function of the class M, (C). If 0<o(f)< o0, then

1 1 1
(2.1) limsup ne(g, ,,)* = d(ego)e .
If o(f) = 0, then
1 .
(2.2) lim n*(g, )* = 0 for every a>0 .

Proof. Since f belongs to the class M, (C), there exists an entire function g and
a polynomial g such that

fiz) = 2@

2.3) | q(2)
q(z) = (z~{y) .. (2=, -

The points 4, ..., {,, are not necessarily distinct. If for any j the point {; lies in E,
then the principal parts of the expansions of f and of the approximants f, at {; are all
equal. That means that

2.4) Cn,m(fs E) = Cns,m-s([, E),

where s is the multiplicity of the pole of f'at {; and fis the difference of f and the principal
part of the Laurent expansion of f at {;. It follows from (1.2) and (1.3) that the order
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and the type of f are equal to those of f. This fact, together with (2.4), allows us to assume
-~ that f is holomorphic on E.
The following inequality holds:

E(g,E
(2.5) P CIL
min|q(2)]
- zcE
Hence \
| | L I
(2.6) lim supn®(gn, )" < him supn(E,(g, E)y for a>0.

The equality (2.2) follows immediately from (2.6) and from the Winiarski theorem.
If 0<o(f)<oo, then, as a consequence of (2.6) and the Winiarski theorem, we get

: 1 1 1
lim supne (g, )" <d(ego)e .
200 )
Assume now that the opposite inequality is not true. Then we can choose a number
¢’ € (0, o) such that

. [€e0 ';'
Opm<d' | — for almost every n.
H .

Then

(2.7) “fn+1“’ﬂa||E<2d"(fQ—a-")Es nzNg.

n

o2 .
Let f,(z) = p__((_l’ where p, and g, are polynomials of degree not greater than n and m,
qn'Z |

n

respectively, and g, is of the form
! qn(.z) = qn.0+qn,1z+"'+Qn,m"—1zmn"1+zm“: mném'

Walsh [8] has proved that m, = m when n is large enough and that g, converges to ¢
" uniformly on every compact set. |
Let 5>0 be smaller than the distance from {; to £ for each j. Set

D= {zeC: |z—{;| 29, 1<j<m}.
There exists an integer N, and a number ¢>0 such that
() =c! if ze D and n=Ny.
Hence we derive, for ze D and n;Nl,'
28 )= (@) L1 P =12~ (DA
The convergence of the seqﬁence g, implies that

(2.9) lglle<M for every n,
12*
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where M is a positive constant. Then we derive from (2.7) and (2.9) that

. [ €90 i :
Hpnqn-—l—pn—lqn”EgzMzd (T)Q for n>N,.

Let 6" € (d', ). Then there exists an integer N, such that

' rtrn+m
n+m GQO'
(2'10) ”pnqn—lwpn"-1Qr:”E“-<-.d ( ) ¢ fOI' n>N2 .
n+m
It follows from (2.8) that
(211) |f(z)l“<-|fN;(Z)|+CZ_NZ+llpn(z)qn—l(z)_pn—I(Z)qn(z)]

for ze D. Repeating the proof of lemma 3.3, (cf. 9D we dérive from (2.10) and (2.11)
that either the order of fis smaller than ¢ or the type of f'is smaller than o, what contradicts
the assumptions of the theorem. |

PROPOSITION 2.1..Under the assumptions of the previous theorem, the order of f satisfies
the equality '

] —nlnn
(2.12) o(f) = lim sup -
"o Ng,,m
, ) —nlnn )
Proof. Put p, = limsup . Assume that p,<oo. Fix u and u’ such that
K= nQn,m
1 /L /1\L
po<u'<u. Then (g, )7 < (—)F"d (—)" for almost every n.
n n
Put ¢ = (ex)”™ 1. Then
1 eua\1
(2.13) (@,m)" <d|— )¢ for almost every .
| 7]

Using the same afgument as in the proof of theorem 2.1 we get o(f)<<u as a conse-
quence of (2.13). But u has been chosen arbitrarily, so o(f)<u,. This inequality remains
valid if p, is infinite.

On the other side, (1.2) implies that

(2.14) - e(f) =e(g,
where g is defined by (2.3). Hence

= S Inn
(2.15) o(f) = limsup 7
e In l Y
(Eulg, EY)
(cf. [9], theorem (4.2). Comparing (2.15) with (2.5) we get the inequality
_ —ninn
lim sup <o(f)

Ing, .(f, E)

and, consequently, u, = o(f), what ends the proof.
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PROPOSITION 2.2. Let O<pu<g(f). Then
o1 1

lim supn#(g, )" = +.

n-—> oo

1 1

Proof. Suppose that n#(g, )t <A<, n=0,1,2,.. Then

A"\ v\~
Qn,m< (___) = d" (_”) 3
n n /

where v is a positive constant. Hence Q( fi<u, as we have shown in the proof of proposi-
tion 2.1. This contradicts the assumptions. |
PROPOSITION 2.3. Let the function f be of finite order. Let > (f). Then lim n#(g, )" = 0

" n- o0

Proof. Let u e(e(f), #). Then
1 | ! | 1
lim supn#’(E,(g, £)) <d(ep' )

(see [9], the proof of theorem 4.1.) Owing to this fact and to the inequality (2.6),
1 1
n# (0. m(f» E))* <A, where 4 does not depend on n. Consequently,

! 1 (1_1)
lim n#(g, )" <A limn\r ¥ =0,

n—+o0 B> o0

what ends the proof.
Before stating the converse of theorem 2.1, we shall prove the following

LeMMmA 2.1. Let fe M, (C) satisfy the condition
1
(2.16) lim supn#(g,, ¢ f E)) <d(euv)* ,

where u, v are positive numbers and m=m'. Then for every K>v, M A R)<exp(KR*), when
R is large enough. | |
Proof. Let @ be the extremal function of the set F (see [4]). Put
Ex={zeC: ®(2)<R}, I'x={zeC: d’)(z) R} for R>

Denote M (R) = [|fllr,. It is sufficient to prove that if K>v then M ,(R)
< exp(K(dR)"), when R is large enough (cf. [9], lemma 3.1.) Without loss of generality
.we may assume that the function f has no poles in the set E.
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Choose a number K’, v<K'<K. By (2.16), there exists an integer ho such that
' eK n+4am
(2.17) \ g,,.m-sd"*“'”( # ) for n=n, .
n+4m

Put k = m—m'. It follows from [3] that the best approximant f, is of the form

Pa(2) p,,(z)
q1,n(2)492,4(2) T 2.

where p, € 2,,, 41, € P, 42,5 € P, and the zeros of ¢, , tend to the poles of f when n— co.
Assume that g; (z) = H (z—zf"™) for i = 1,2. Then lim q1 (2) = q(2), where the

polynomial g is defined as in (2.3), with m replaced by m’.

Choose R,>1 such that for every n, |g, ,(2){=1 if #(z)=R,. There exists a constant
M=>0 such that ||g, ,/lz<M for ne N. |

Fix R=R,. Let z belong to Eg. Then

fu(2) =

|pﬂ+ I(Z)qn(z) “pn(z) dn+ l(z.)_l

| fus1(2)—=Sfa(2) =

an(.z)qn-i-l(z)l
“qn“E I]qn+1”E . _ y  prim+1
< T gt R
Hence
(218) 1.ﬁn+l(z)_f;;(?)IQZMZQn,m'R".Fm"kl' HQZ,n“E' ||q2,n+ 1“E

192,002 " |92, 41(2]

Choose R, >R, such that I'y is a Jordan curve for R>R,. Let 2", 287, .., 2"

be the zeros of ¢, ,. Fix a number 0 € (0, 1). Put

0w Kkn
Q= U U BE™", 07,

n=np J=1

where B(a,r) = {z: |z—a|<r}. Put dy = Y 2k,-0". Then Q, is covered by a family of

n=np
circles whose sum of diameters is equal d,. Hence for every R> R, there exists a Jordan
curve Yg o, containing Ey in its interior, such that the distance between each point of
Yr,0 and Eg is not greater than dy and yg o4 does not intersect the set Q,.

For each R we denote Ry = inf{r: yp y<E,}. Then

. R
lim — =1,
R-*ooRg

This equality is a simple consequencé of the well-known fact that
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(cf. {4]). Indeed, we have for zg e I'p and zgz, € I'g, 4

D (zg) ¢
_1_2_ _ |2g] . |zrl -
Ry  P(zg,) |ZR.;.|"

' IZR9|

The points zx and zg, can be chosen in such a way that

|zZr—Zg,| <dg.
Then '

. R . |zgl
Im — = lim—— = 1.
R-+o0 'Rﬂ .IZR9|

Denote
diamE = sup{lx—»|: x,y€eE},

dist(z, E) = inf{lz—x|: xe E}.
Let ze I'y. Then (cf. [9], lemma 2.1):
dist(z, F)<dR<dist(z, E)4+diamkE.

‘diam £ | o
. Let zeyg g, x€ E. If z;7°" € E4p,, then

Let R> R, = max (Rl,

Ix — 23" _ diamE+4dR, 5dR,
'(;2'")| = On = Gn *

(2.19)
| |z—z

If ('™ € C\E4g,, then

|x—-—z§2'"’l < d-d>(z(j2’"))+diamE e 2d-¢(zf,2"'))
lz— 277 S 42>~ diam E— (dR+ diamE)  d-®(Z*™)—~3dRy

2.20)

- 1
Let R= R, = max ((—1, Rz). Let z € yg . By (2.18), (2.19) and (2.20) we have

(2.21)- s 1(2)=Fo 2N S A1 @m0~ ™(Rg)" 4™,

where 4, does not depend on n, R and 6.
Choose R, > R; such that |g,,(z)|=1 if @(z)=>R,. Then

(2.22) | SN <1 P DI S || Pl R™ = A R™

lf ZEFR, R?R‘;. . '
Fix R>R,. It has been shown in [3] that f(z) = lim f,(z), if z is not a limit point of

cR=an

poles of the functions f,. Hence, if z € yg,4, then

(2.23)° N1l + 2 s 1) =12

n=ng
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Put ng = A3(Rg)", where A; = 1+[eK'u(2d6™%"] and [d] = max(Z N (— oo, a]).
There exists Rs=>R,, which depends only on 0, such that ng=n, for R=Rs. Then it

follows from (2.17) and (2.21) that Z |f+1(z) —f(2)|<A4,, when zeyg,.

n—=np

We derive from (2.17) that for arbitrary n
O (075 R)" 4™ < exp(K'(07*dRy)") .
This, together with (2.21), (2.22) and (2.23), implies that
1117R,0 < A2(R)™ + A (1 + 43 (Ro)*)exp(K'(07*dRp)")
Hence, we can choose 0 so close to 1 and a number R, such that

MJ(R)S-”f||'}’R,e€exp(K(dR)") it R=2R;, \

what ends the proof.

THEOREM 2.2. Let f be a function defined on the set E. Put

g i
S = {#>0: lim supnr(g,, .(f, E))* <o} .

n—=+co .

If the set S is not empty, then there exists a number m' <m, such that f can be extended
to d function fe M,,(C). Moreover, the function fis of order ¢ = infS and if >0, so f is

of type o, where lim supne(gn m)" = d(ega)ﬂ

n—=w

Proof. The existence of f is a consequence of Saff’s theorem ([3], [7]). It follows from
propositions 2.2 and 2.3 that the order of f is given by the equality:

1 oy
o(f) = inf{u>0: lim supn#(g, )" <oo}.

n-r oo

Since g, < Qupm» We get that 0<o(f). On the other side, lemma 2.1 implies that

pzo=pze(f). Hence o( f) = g. |
Suppose now that ¢(f)>0. Then, by theorem 2.1 and the inequality: On S Qnyme> WE

get that a( f)=o. The opposite mequahty follows from lemma 2.1.

3. The Newton-Padé approximants. Let (z;);%; be a sequence of points on the com-
- plex plane. Denote
(00(2) = l N

a)n+i(z) = w,,(z)-(z—z,,+1), ze C.,
Let f be a function holomorphic in a neighbourhood of the set

i k=1,2,...}.
k .‘
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The (n, m)-th Newton—Padé approximant of the function f with respect to the sequence
(z,) is a tunction f, ,, € #,.,, such that the difference f—f, ,, is given by a formal power
series:

o

(3.1) fO~fum@ = Y aol).
k=np+m+1
The function f, ,, may not exist but if it exists, then it is unique. In the special case
when z, = 0 for each k, the functions f, ,, are called the Padé approximants of the function f.
For details see [1] and [2]. ‘

LemMmA 3.1. Let f be a function of the class M,(C), whose poles are {, ..., {,, not
necessarily distinct. Let (2;)p=1 be a bounded sequence of points in C\{{,, ..., {,}. Then,
for almost every n, there exists the Newton-Padé approximant f, ,, of the function f with
respect to the sequence (z;). The poles of f, ., tend to the respective poles of f, if n tends to
infinity. Moreover, lim f, ,.(z) = f(z), uniformly on every compact subset of C\{{1, ..., {m}-

 (axde o]

This lemma is only a slight modification of the Saff theorem [6], so we omit the proof.

THEOREM 3.1. Let fe M,(C). With the notations as above, let the functions f, ., be of
the form: |

P(2)
0.z)

where P(z) = Y pniz and Q,(z) = (z—=C 1) o (2= Lom)y My<m, n2ngy. Then
i=0

Jnml2) =

—nlnn

3.2y e(f) = lim sup — :
n= 0 lnlpnnl

Proof. Lemma 3.1 implies that lim'Q,,(z) = ¢g(z), where ¢ is defined by (2.3). Hence

there exists R, such that
(3.3) |0, () =1 for |z| =R, .
It follows from (3.1) and (3.3) that

pnn wn + m(z)

Qn-1(2) 2(2)

For every £>0 there exists R,>= R, such that

‘<- |pnu wn +m(z)] .

(3.4) | fD)—fa-1(D)] =

(3.5) Dt mllco, y<((1 +&)R)"™™  for R2R,.
We derive from (3.4) and (3.5) that

(3.6) MR o llcomt Y 1ol (Q+) R,

n=no+1
if R>R,.
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Hence, by a standard argument we get the inequality:

—nlnn

o(f)<lim sup -
B+ a0 Inlpnnl

Suppose now that g(f) <pu. Let R be greater than s := sup{z,: k= 1,2, 3. ...}. It follows
from (3.1) and the Hermite formula that : |

. r
L[ 900

3.7 _ T .
G- ‘ d 27i J Oy 4+ 1(2)
C(0, R)

Let [z] = R. Then |w, 4+ 1(2)| Z(R—5)""""". By lemma 31. there exists a constant C
such that for almost all »

NQullco,n <Cr™  if r21.
Hence we derive by (3.7) that
|pn"|_\-(\C.exp.(R#)Rm'f'l(R_S‘)~n+m+1.

1
Put R = (E)E. Then it follows directly that
H .
_ —nlinn
lim sup —— .
B o0 lnl,pnnl
Hence
. —nlnn
lim sup <eo(f),
n| Py,

what ends the proof of (3.2).
In similar way as the previous theorem we can prove the following

THEOREM 3.2. 1° If 0<po(f)<oo and f is of type o, then
L
lim supne|p,,|* = (ega)e ;
2° If o(f) = 0, then for every o>0,

1

lim #%| p,,|n = 0.
B—00

Suppose now that for every k, z;, = 0. Denote:

+1 G SRR L

Clk, ) =

Opvi-1 A+i-2 - G
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where f(z) = ), a;z'. There are known some algorithms which enable us to derive the
i=0
determinants C(k, /) in an easy way (see [1]). Due to the well-known equality:

Cn,m+1)
Cn+1,m) ’

APl =
 we can restate the last two theorems in a some\n}hat different form:
PROPOSITION 3.1. Let f€ M, (C) be holomorphic at zero. Then ( provided C(n, m) are
different from zero for almost every n):
. - —nlnn
1° o(f) = lim sup

M SUp i . mt D=1 [Clnt 1, m)]
2° If o(f) = 0, then for every a>0: |

C(n,m+1) | 0
Cin+1,m|

lim supn”

n—+owm

’

3° If 0<o(f)<ow and the type of f is equal 10 o, then

1 L

- L@, m+ D -

1 supn = \&€pa .

VU Gl 1, m) ¢
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