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Note on Similarity to Contractions
by Jan STOCHEL

Abstract. A generalization of Rota’s Theorem [4] to the case of countably many operators is presen-
ted here. Consequently, we get a ,,universal model” for such families of operators. From the main resuit
we also obtain a dilation theorem, simiiar to that of Brehmer [5, Prop. 9.2., p. 391

The present paper deals with the following problems:

(1) When a commutative sequence of operators in a Hilbert space is similar to a com-
mon part of a commutative sequence of backward shifts.

(2) When a commutative sequence of opcrators in a Hilbert space is similar to a com-
mutative sequence of contractions, which has a unitary dilation. )

The problem (1) was first solved for a single operator by G. C. Rota [4]. He
showed that every operator with a spectral radius strictly less than 1 is similar to part
ot a backward shift. In other words, the backward shift may be treated as a “universal
model” for such operators. Later D. N. Clark [2] and J. A. Ball [1] obtained similar
results for a finite sequence of commuting operators. The' present note solvcs the
problems (1) and (2) for a special class of infinite sequences.

1. The construction of the “universal model“. In what follows X always stands for
the sets {1,2, ...,n} or {1,2,..}, (# = 1,2, ..). Let Z be the set of all integers. Denote
'by F(X) the abelian group of all functions a: X — Z with finite supports and pointwise
defined addition +. F(X) with pointwise defined partial order relation > becomes a
a partially ordered group, i.e. it «>f then a+y=f+y, for every y € F(X). 0 stands for
the neutral element ot F(X). Let F,(X) be the set of all elements a of F(X) such that
o=0. Denote by e, (me X) the element of the set F,(X) defined by

%
o (') = 1 form =m
" 10 for m #m.

Let H be a complex Hilbert space with the inner product (.,.) and the norm [|4]]
= (h, h)'!* (he H). L(H) stands tor the algebra of all bounded linear operators in H.
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I; stands for the identity operator in H. Recall [4] that an operator V in H is a pure
isometry (or a unilateral shift) if and_only if V is an isometry satisfying the condition
N V*H = {0} .
k=0
The dimension of the orthogonal complement # © VH of VH in H is called the multi-
plicity of V. A backward shift is the adjoint of a unilateral shift.
For a non-empty set 4, denote by /3(4) the Hilbert space of all systems /.= (h,)zen
of vectors h, € H such that Z,||A,||* < + 00, with coordinatewise defined linear operations
and the inner product defined by the formula .

(h, k) = Y.(h,, k) for h = (h,), k = (k,) e 12(4).
. The space l,i(F,,(X )) will be shortly denoted by Hy. We now define the operator V,, in
Hy (me X) by

hy—,, for aze,

(3 (Vieh)o = { (he Hy) .

0 otherwise

PROPOSITION 1. The operator V,, is a pure isometry. The multiplicity of V,, equals the
dimension of H,, = {he Hy: h, = 0 for aze,}, and it does not depend on me X. The
adjoint V¥ of V., has the form

(ViR = hyre, ~for he Hy .

The operators V,, (me X) commute with each other.

Proof. ¥, is an isometry, because

Vbl = 2 (I(Vah)ll* = ; Whoeenll® = 1Al for he Hy.

azem

It is plain that

@) o VEH, = (he He h, = 0 1f apke,) .
Hence B
)] "N VaHx = {0}

k=0

Indeed, if he() VuHy and ae F,(X), then he VI™*VH,. Since a#(x(m)+1)e, we
k=0

have h, = 0 for all € F,(X). This proves (5), so V,, is a pure isometry. The multiplicity
of V,, equals dimH,,, because by (4)

(6) . ; S Hm = HXeVmHX .






