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Note on Similarity to Contractions
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Abstract. A generalization of Rota’s Theorem [4] to the case of countably many operators is presen-
ted here. Consequently, we get a ,,universal model” for such families of operators. From the main resuit
we also obtain a dilation theorem, simiiar to that of Brehmer [5, Prop. 9.2., p. 391

The present paper deals with the following problems:

(1) When a commutative sequence of operators in a Hilbert space is similar to a com-
mon part of a commutative sequence of backward shifts.

(2) When a commutative sequence of opcrators in a Hilbert space is similar to a com-
mutative sequence of contractions, which has a unitary dilation. )

The problem (1) was first solved for a single operator by G. C. Rota [4]. He
showed that every operator with a spectral radius strictly less than 1 is similar to part
ot a backward shift. In other words, the backward shift may be treated as a “universal
model” for such operators. Later D. N. Clark [2] and J. A. Ball [1] obtained similar
results for a finite sequence of commuting operators. The' present note solvcs the
problems (1) and (2) for a special class of infinite sequences.

1. The construction of the “universal model“. In what follows X always stands for
the sets {1,2, ...,n} or {1,2,..}, (# = 1,2, ..). Let Z be the set of all integers. Denote
'by F(X) the abelian group of all functions a: X — Z with finite supports and pointwise
defined addition +. F(X) with pointwise defined partial order relation > becomes a
a partially ordered group, i.e. it «>f then a+y=f+y, for every y € F(X). 0 stands for
the neutral element ot F(X). Let F,(X) be the set of all elements a of F(X) such that
o=0. Denote by e, (me X) the element of the set F,(X) defined by

%
o (') = 1 form =m
" 10 for m #m.

Let H be a complex Hilbert space with the inner product (.,.) and the norm [|4]]
= (h, h)'!* (he H). L(H) stands tor the algebra of all bounded linear operators in H.
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I; stands for the identity operator in H. Recall [4] that an operator V in H is a pure
isometry (or a unilateral shift) if and_only if V is an isometry satisfying the condition
N V*H = {0} .
k=0
The dimension of the orthogonal complement # © VH of VH in H is called the multi-
plicity of V. A backward shift is the adjoint of a unilateral shift.
For a non-empty set 4, denote by /3(4) the Hilbert space of all systems /.= (h,)zen
of vectors h, € H such that Z,||A,||* < + 00, with coordinatewise defined linear operations
and the inner product defined by the formula .

(h, k) = Y.(h,, k) for h = (h,), k = (k,) e 12(4).
. The space l,i(F,,(X )) will be shortly denoted by Hy. We now define the operator V,, in
Hy (me X) by

hy—,, for aze,

(3 (Vieh)o = { (he Hy) .

0 otherwise

PROPOSITION 1. The operator V,, is a pure isometry. The multiplicity of V,, equals the
dimension of H,, = {he Hy: h, = 0 for aze,}, and it does not depend on me X. The
adjoint V¥ of V., has the form

(ViR = hyre, ~for he Hy .

The operators V,, (me X) commute with each other.

Proof. ¥, is an isometry, because

Vbl = 2 (I(Vah)ll* = ; Whoeenll® = 1Al for he Hy.

azem

It is plain that

@) o VEH, = (he He h, = 0 1f apke,) .
Hence B
)] "N VaHx = {0}

k=0

Indeed, if he() VuHy and ae F,(X), then he VI™*VH,. Since a#(x(m)+1)e, we
k=0

have h, = 0 for all € F,(X). This proves (5), so V,, is a pure isometry. The multiplicity
of V,, equals dimH,,, because by (4)

(6) . ; S Hm = HXeVmHX .
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Now we shall show that dim H,, does not depend on me X. To prove this, we define

a mapping @, n{m, m' € X) from F(X) onto F(X) by
ak) for ke X\{m,m'};
(Oan0)6) = {alm) for k=m;
ta(m)  for k = m'.
The mapping ¢, . is 2 group automorphism which preserves a partial order, that is
«>f if and only if ¢p @)= Pmm(B) for all «, Be F(X).

Moreover ‘pm,m'(F+(X)) = F+(X) and (Pm.m‘(em) = Cyes ‘pm,m'(eu') = Epy.
It is clear that the operator U, . in Hy defined by

(Un,mh)e = Mo, iy  for he Hy,
is unitary and satisfies the following cOnditions
@) UiV = VeUniw s UnmVewr = VenUn,me -
It follows from (6) and (7) that U, ,.H, = H,., thus dimH, = dimH,,.
To find the form of the operator V,,, take &, i’ € Hy. By a simple computation we get

(V;h, ) = (h,V,h) = Z (8 h;—em = Z (h¢+e,..: hclx) = (k, k),
2z ]

aAFem

where k = (k,) is defined by k, = h,,,,. This shows that -
(8) (Vab)y = hys,,, for all ae F (X).

Moreover, (8) implies that the operators (V,),.x commute with each other. This
completes the proof. :

2. Properties of the representation (-, T).Let H be a complex Hilbert space. Suppose
that T = (T,),,ex IS @ commutative sequence of operators in H (i.e. T,T,. = T,T, for
each m, m' € X). For xe F (X) we put : '

I 7™ for «+# 0;
la, T> = {m:a(m)*o

Iy for a=0.

Let § = (S,)me X be another commutative sequence of operators in H such that T,
and S, commute for each m and m’. Denote by T* the sequence (Tp)mcx and by T-S
the sequence (7, S, )mex- ’

ProrosiTION 2. The mapping F,.(X)3 o — {a, T) e L(H) is a representation of the
semi-group F _(X) and satisfies the conditions

(9) ) <eﬂl) T> = Tma mEX;
(10) . (o, T*) = o, TO%;
(1n {a, T8 = <o, TH{a, S.
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If V stands for the sequence (V,)nex as in Proposition 1, then the mapping F.(X)3a —
- {a, V) € L(Hy) is an isometric representation of the semi-group F . (X) such that «

- (12)  Hy is the smallest subspace which contains U (et, VYA, where

I? {he Hy: b, = 0 for all & # 0} and B is unitarily equivalent to H.

Proof. (9), (10), (11) are clear. We prove (12). It is easy to see that the formula

Rep—q for a'zo;
0 for other o

(13) K, VO h)p = {

holds true. Let f(fe H) be the vector in B defined by
for & = 0,
e = {0 for a« #0.
Take £ = f in (13). Then \
‘ f fora =a,
> V = .
- (@) {0 for o' # a.

This proves (12). Finally, the linear mabping H>f - fe A is evidently unitary.
In what tollows, [T| = (Z,l<a, TD||>)*"?, where T = (T,)mex is @ commutative se-
quence of operators in H. In case T = {T} we write |T| = |T}.

3. Main results. Let H, K be Hilbert spaces. We say that a commutative sequence
T = (T)mex of operators in H is similar to a commutative sequence S = (S,)mex Of
operators in K, if there is a linear homeomorphism U: H — K such that

UT, = S,U for all me X.

We then write T ~ 8§ or I'~S. Notice that

Prorosition 3. If T > S then
(14) Ua, Ty = {a, SYU  for each e F,(X),
(18) T* ~ §%, where W = (U*)™".

We are now able to formulate our main result.

THEOREM 1. Let T = (T mex be a commutative sequence of operators in a Hilbert
space H. If |T|<+ o0 then T is similar to a common part of the sequence V*, i.c., there.

is @ closed subspace K of Hy such that each operator V,, leaves K invariant (me€ X), and
I~5 (Sm)mex where S = leK



Proof. First we define the operator W: H —» Hy by the formula
" (Wh), =<a,TH)h for all he H, ne F (X).
It is easy to check that the following inequalities hold
(16) 1A <||WhI12<|TI2|IA)|>  for all he H .

Let K = WH. It follows from (16) that X is a closed subspace of Hy. Moreover, by
Proposition 1, we have

WT,,h = ((Ca+e,, TYh),) = VaWh for all he H,
hence

(17 WT, = VaW.

This implies that each operator ¥, leaves X invariant. Now define the operator U: H— K,
putting Uh = Whfor h e H. It follows from (16) and (17) that U is a linear homeomorphism
such that

UTm= ;IKU, meX.

This completes the proof.

Recall [5] that a commutative sequence S = (S, )mex Of operators in the Hilbert
space H has a unitary dilation, if there is a Hilbert space Ko H and a commutative se-
quence U = (U,)neyx of unitary operators in K such that

‘<aﬂs>=P<a:U>'H7 dEF.,.(X),

where P is the orthogonal projection of K onto H.

COROLLARY 1. Let T = (T,)nex be a commutative sequence of operators in a Hilbert
space H. If |T|< 400 then there is a Hilbert space K and a commutative sequence S
= (Spmex of contractions in K such that T~S and S has a unitary dilation.

Proof. Since |T*| = |T|< + o0, it follows from Theorem 1 that there is a subspace K
of Hy such that each operator Vi leaves K invariant and T*~S’ = (S, )mex, Where
Si, = Vmlx. Thus, by Proposition 3, we have T~S = S'*. The sequence S = (S,)mex
consists of mutually commuting contractions S, = ( V,:lK)* PV, |k, whete P is the
orthogonal projection of Hy onto K. By a simple computation we get

@8y ={ T o™} = e V" = P4V,

hence
{a,8) = Pla, V)| for all ae F (X).

To complete the proof we can apply the Brehmer—Itd Theorem [5, Proposition 6.2,
p- 22]. However we shall present another proof, because our situation is much simpler
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than that of the Brehmer—Itd Theorem. To begin with, we define the unitary operator v,
in I3(F(X)) by
(Unh)y = by, tor all  helf(F(X)).

If we identify the space Hy with the subspace {/ e IH(F(X )): h, = 0 for each a ¢ F,(X)}
of I3(F(X)), then U, HycHy, and

Uyh=V,h for all he Hy.

The proof is finished.

4. Sufficient conditions for similarity to a part of the sequence V*. Let T = (T,)nex
be a commutative sequence of operators in a complex Hilbert space H. Now we shall
prove a sufficient condition in order that [T|< +o0. We start with the simplest situ-
ation T = {T7}..

PROPOSITION 4. If the spectral radius of the operator T in H is strictly less than 1,
then |T}< + 0.

Proof. It follows from the spectral radius formula [3, Theorem 2.38, p. 45], that
1T =kZOIIT"II2< + co.

Let now T = {T}, ... T} be an arbitrary commutatlve sequence of operators in H.
It is not difficult to show that

(18) max |T,I°><|T]*< H | T2 .

. 1<m<n

PROPOSITION 5. If the spectral radius of all the operators T, (m = 1,2, ...,n) is
strictly less than 1, then |T|< + c0.

Consider now the case T = (T,)-;. By standard argumenis we can prove

19 7| = fim [T}, T, = Ty,

n-w

(18) and (19) imply
PROPOSITION 6. If Y In|T}|<+o0 then |T|< + co.
k=1

Now we are able to prove



_ProprosITION 7. If there is a positive integer m such that

(20)  the spectral radius of T, is strictly less than 1 for all k =1,2,...,m,

1) . WTll<1  for all k>m,
22 DT <+o0,

then |T|< + oo0.

Proof. It follows from (20), (18) and Proposition 4 that )’ In |T;| <+ co. Thus, by
k=1

Proposition 6, it is enough to show that ¥ In|T}| < +co. We may assume that {|T;]I*<1/2 -

k>m
for all k>m without loss of generality. Since

x
—]n(l—x)slm——r— tor all x:0<x<1,

and

- X
. £2x forall x:0<x<1/2,

we get .

1
E ln[Tk|<1/2§ In—— <1/2 E (= (n(1=|ITH)<
=Tl
k>m k>m k>m
z : 1731 2 2
<1/2 —_— T,l|* < + 0.
<1/ TR < NToll ©

k>m k>m

This completes the proof.

5. Final remarks. It follows from Proposition 7 and Theorem 1 that each sequence
T = (T,)3-, satistying the conditions (20), (21) and (22) is similar to a common part
of the sequence V* (as in Proposition 1). In other words, the sequence ¥* may be treated
as a “universal model” for such families of operators. We notice that in the case when
X = {1} our model coincides with Rota’s. Moreover, Proposition 4 and Theorem 1
imply the Rota theorem.

It is well know [5, Prop. 9.2, p. 39] that if a commutative sequence of contractions
T = (T, )= satisfies the condition

TP <1, /

M8

k

[

1

then it has a unitary dilation. We can obtain a similar result‘from Proposition 7 and
Corollary 1, i.e. if a sequence T = (T,);-, satisfies the conditions (20), (21) and (22),
then T is similar to a commutative sequence of contractions, which has a unitary dilation.
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