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Abstract. Let f be an element of a normed linear space E and let g be its best approximation in an n-
dimensional subspace V of E. We construct a quotient space [ E ] such that the class [g] is the strongly
unique best approximation to [f] in [ ¥'] = {[4]: k€ V} with the preservation of distance and all best
approximations to f in ¥ are contained in [g].

1. Introduction. Let E denote throughout the paper a normed linear space (real or
complex) and V its n-dimensional subspace spanned by vectors gy, ..., g,,.

An element g € V is called the strongly unique best approximation to f€ E in V iff there
exists a number r>0 such that for every he V

Lf=hl =11 f—gll+rllg—All .
By Py(f) we denote the set of all best approximations to £ in ¥, i.e.

Py(f)y ={geV: If-glI<lf-hll, heV}.

The unit sphere in the space E* of all continuous linear functionals on E is denoted
by S* and for every fe E

CM(f)i={LeS*: Lf = || fI}. |
The set of all extremal points of $* is denoted by ExtrS* (i.e. L e ExtrS* iff there
is no closed line segment contained in S* with L as an interior point).
The idea of the construction of the quotient space [E] such that all best approximations
to an element of E are contained in the same class is taken from Branningan [2], where

the case of E = the space of continuous functions is considered. By the way, a gap in
the complex case of Theorem 4 in [2] is eliminated.

i~

2, I-sets.
DEFINITION 2.1. Let L; € Extr§* and let ZJ- (j =1, ..., k) be such positive numbers,

k
that )’ A; = 1. If for a basis {g,, ..., g,} of V the equation

ji=1
Ligy), ..., LJg,) Ay 0

-------------

Li(gn)s s Li(gn) | | A 0
is satisfied, then the system [V, L;, Z;, k] is called an I-set.
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If, moreover, for an fe E all L;e M(f), then [V, L;, A;, k] is called an I-set with
respect to f. | o
We note that an I-set does not depend on the choice of a basis for ¥ because

Remark 2.2. A system [V, Lf’ Ay, k] is an I-set if and only if

k
Jj=

for all he V. |
The existence of I-sets in an arbitrary normed linear. space E is guaranteed by the
following theorem of Singer:

THEOREM 2.3 {[5], Theorem 11.1.1) Let fe EXV and g € V. Then g is a best approximation
to fin V if and only if there exists ( for some k) an I-set [V, L;, A;, k] with respect to f—g,
where 1 <k<n+1, if the scalars are veal or a<k<2n+1, if the scalars are complex.

By Remark 2.2 we immediately obtain

Lemma 2.4. If [V, L;, A;, k] is an I-set and for some element heV, ReL;(h)=0
(j=1,..,k), then ReL{h) =0 for all j. |

Lemma 2.5. If [V, L;, 4;, k] is an I-set with respect to f—g, where g is a best approxi-

mation to f in V, then it is an [-set with respect to f—p, for every p € Py(f).

Proof. It is sufficient to show that L;e M(f—p) for j=1,.. k We have, for
j=1,..k, | |

(2.1) ReL(f-p)<|Li(f—pI <l f=pll = lIf=9gll = L{f~9) .

Hence ReLip—g)=>0. By Lemma 2.4 ReL{p—g) =0, what means that there is no
strict inequality in (2.1). Thus L(f—p) must be real and Li(f—p) = 1 f—pll.

3. Main theorems. For an I-set [V, L;, 4;, k] and h € E let [1] be the class of equiva-
lence of #,
[h:={heE: Lhy = Lih), j=1,..,k}.

The set of all these classes is denoted by [E] and will be considered as a normed vector
space with the norm

TAlllo := max{|L;(M|:j=1,..,k}.

The subspace [V ]:= {[7]: he V} has the same dimension as the rank of the matrix
[Li{g)), where {gy, ..., g,} is a basis of V. |

THEOREM 3.1. Let g be a best approximation to fe EXV in V. If [V, L;, A5, k] is an
I-set with respect to f—g, then [g] is the unique best approximation to [f] in [V] and

dist([f], [VD = Il/—4ll-








